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Chapter 1 


Trigonometric Equations, Systems, 
Inequalities 


1.1. Trigonometric Equations 


The canonical trigonometric equations. First recall the 
formulas for solving the canonical trigonometric equations: 


(—1)" arcsina + xn for jajx< 1, (4) 


sinz=a, 2f& 


cosz=a, x= +arccosa + 2nn for |ja|/X 1, (2) 
tanz =a, 2z = arctana+ nn, a€R, (3) 
cotrz =a, x = arccota + an, ae€é R, (4) 


where m = 0; +1; +2; ..., ie. MEZ. 

The equations sinz = a and cosz = a have Solutions 
for any a€[—1; 1], ie. for |a |< 1. Now if |a|>1, 
then these equations have no solutions. 

The equations tan z = a and cot x = a have solutions 
for any a@E€R. 

To write solutions of the canonical trigonometric equa- 
tions, we can use the designations from the theory of sets. 
‘or example, the set of solutions of the equation sin z = a, 
|a |< 1, can be written as 


{(—1)” arcsin a + an |n€Z}. (5) 


In equations (1)-(4) the solutions are expressed in terms of 
the values of inverse trigonometric functions. Let us recall 
some properties of these functions. 

Each of the functions arcsin a and arccos a is defined on 
the interval [—41; 1] and 

—n/2 <arcsina< n/2, a € [—1; 4], 
O< arccosaxn, a€[—1; 4]. 


The function arcsin a is odd, that is, 
arcsin (—a) = —arcsin a. 
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The function arccos a is neither even nor odd. Each of the 
functions arctan a and arccota is defined throughout the 
number axis and 


—n/2 < arclana< n/2, a€R, 
0 < arccota <n, a€R. 
The function arctan a is odd, that is, 


arctan (—a) = —arctan a. 


The function arccot a is neither even nor odd. 

To solve a trigonometric equation which is not among the 
canonical equations, it should be reduced, by means of 
requisite transformations, to one or several canonical equa- 
tions: 


Example 1. Solve the equation 
2 sin? z = 1. 


A We transform the equation, making use of the equality 
2 sin? z = 1 — cos 2z valid for any x and get 
1 —cos2zx = 1, cos 2z = 0. 


This means that 22 = - +n, n€Z. 


Answer: x = 7+- n€Z. A 


Example 2. Solve the equation 


tan? z = 3. (6) 

A If z is a solution of the given equation, then 
either tanz = V3, : (7) 
or tan z = —/ 3. (8) 


The converse is, evidently, also true: if z is a solution of 
(7) or (8), then z is also a solution of (6). Thus it follows 
that the set of solutions of equation (6) is a union of the 
sets of solutions of equations (7) and (8). In that case we 
say that equation (6) is equivalent to the collection of equa- 
tions (7) and (8). 
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I;quations (7) and (8) have the following respective solu- 
lions: 


r= mn, n€@, 
r= —= +an, ne€Z@. 


‘The union of these two sets is precisely the set of all solu- 
tions of equation (6). For brevity, we can write these solu- 
tions in the form 


z= + 3+ an, neZ. A 


We cannot name a unique method of solving trigonometric 
equations. In each definite case, a success in solving a trigo- 
nometric equation depends, in particular, on the knowledge 
of trigonometric formulas and the know-how of solving 
problems. 

Many trigonometric formulas are true equalities for all 
the values of the variables appearing in them. Such are, for 
instance, the formulas for a double argument: 


sin 2a = 2 sin a-cosa, 
cos 2a = cos? a — sin? a = 2cos?a —1=1 — 2 sin’ a, 
the formulas for half the argument: 


5 a a 
sin? 5 = (1— cosa), cos? oF =+ (1+ cosa), 
and the formulas for the sum, the difference, and the product 
of sines and cosines, the formulas for the sines and cosines 
of the sum and the difference. 

Certain trigonometric formulas are true equalities not 
for all the values of the variables. For instance, the equal- 
ity 

sin 2a 


a= Garcon 2a 


ix true only for a4 5+ mn, n €Z. Note that both the 


right-hand and left-hand sides of this formula, as the func- 
tions of a, have the same domain of definition, namely; they 


uro defined for all a #5 +an, n€ Z. We can cite, as 
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another example, the formulas 


2 tana Pr ee 1— tan?a (9) 
1+tan?a °  4+tan?a ? 


which are also true for all a #5 +nn,nE€EZ. But, as dis- 


tinct from the previous formula, the right-hand and left- 
hand sides of these formulas have different domains of defi- 
nition. The left-hand sides of (9) are defined for all a ER, 


and the right-hand sides are defined only for a #5 + mn, 


n€Z. As will follow from the examples below, this fact 
must be taken into account when using formulas (9) and 
similar formulas, for instance, the formula for the tangent 
of the double argument, the formulas for the tangent of 
the sum and the difference, and the like. 

Let us consider some examples of solving various equa- 
tions. 

The equations 


sinax + sin br = 0, sin ax — sin bx = 0, 
cos ax + cos br = 0, cos ax — cos br = 0, 


sin 2a = 


are easy to solve with the use of formulas for the sum and the 
difference of sines and cosines. 
Example 3. Solve the equation 
sin 6z + sin 4z = 0. 


A Applying the formula for the sum of sines, we get 
2 sin oz cos x = 0. (10) 


If x is a solution of this equation, then at least one of the 
following equalities is true: 


sinoz =0 or cosz = 0. (14) 


Conversely, if z is a solution of one of equations (11), then, 
evidently, z is a solution of equation (10) as well. Thus, 
equation (10) is equivalent to the collection of equations 
(11). Equations (11) have the solutions 


wn 


aU 
T=, r= > Tan, n€Z 


respectively. 
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All these values of x and only these values are the solu- 
lions of the original equation. A 
The equations 


sin az + cos br = 0, sin ax — cos br = 0 


can be reduced to the above-indicated equations by means 
of the reduction formulas. 


‘xample 4. Solve the equation 


sin xz = Cos 22. 


A Let us transform the equation using the reduction for- 
mula and the formula for the difference of sines: 


sinz—cos2z=0QO, sinzx—sin (5-—2z) =Q, 
2 sin 5 (32-4) cos + (= — ) = Q. 


The resulting equation is equivalent to the collection of 
two equations: 


uv \ 1/n 
sin + (3z—+) =0, cos-5 (+ — 2) =0. 
We solve the first equation: 5 (32 —+ )=nk, z= = + es : 
k€Z. For the second equation we have 
1 Ay _ tt a ' 


[t is easy to see that all solutions of the second equation 
are contained in the set of solutions of the first equation. 


Indeed, for & = —1—3l, LE Z, we have go et 


6 
elise! — — + — 2uil, that is, we obtain all solu- 


tions of the second equation. 
Answer: { {~+}| kez}. A 


Remark on the form of notation for solutions. Integral 
parameters in various sets of solutions of one equation may 
be designated either by different letters or by one letter. In 
Kxample 3, for instance, we used one letter n. 
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However, in cases when elements of sets are compared 
to one another, use should be made of different letters to 
denote integral parameters, as was done in Example 4. 

Equations of the form 


asinwz+ dcoswxr =c, @+ b*-~0. (12) 


Example 5. Solve the equation 


sin 2x + cos 2x = —1. 

A This equation is a special case of the equations be- 
ing discussed for a = 6 = 1, c= —1, w = 2. Dividing 
both parts of the equation by |’ 2, we obtain 

4 ; 1 1 
— sin 27+ ——cos2zx = ———., 
V2 ; zs V2 ; V2 


Taking account of the fact that 1/2 = cos (n/4) = 
sin (m/4), we write the equation in the form 


sin 2x cos (1/4) + cos 2z sin (n/4) = —4/V/ 2. 
Using the formula for the sine of the sum of the arguments, 
we arrive at an equation 


sin (22+ a 


V2" 
Hence we have z = ((—1)"*t? — 1) = + So n€ Z. These 
values of z constitute the set of all solutions of the original 
equation. A . 

In a general case, to reduce equation (12) to the canonical 
form by introducing an auxiliary angle, we divide its both 


sides by V a? + b?. Then we obtain 


a ; b c 
——————_ SN WZ -+- ——_—_—_————- C0S OF = ——_—_,, 
V a?+ 6 , V a?+ b? V a+b 
Let @ be one of the solutions of the system 
a b 


COS (p Vat ; ee Ta 


Using these equalities, we write the equation in the form 


sin wx cos p + cos wz sin » = c/V a? 4+ B?. 
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Applying the formula for the sine of the sum of the argu- 
mants, we get an equation 


sin (ox + g) = c/V a? + B?, 
which, as can be seen from the computations carried out, 
is equivalent to the original equation. The equation ob- 
tained, and, hence, the original equation have solutions if 
and only if [e |< VY a? + 6b. 
‘lo transform equation of form (12), use can also be made 


of the formulas for the sine of the difference, cosine of the 
sum, and the difference of the arguments. 


IXxample 6. Solve the equation 
12 cosz — Ssinzg = —13. 
A Dividing both sides of the equation by VY 12? -+ 5? = 


13, we get 


Ee Ly 
32° °°" 43 aa ; 


One of the solutions of the system 
cos g = 12/13, sin g = 5/13 


ls @ = arccos (12/13). Taking this into account, we write 
the equation in the form 


cos z cos g — sinz sing = —1 
and, applying the formula for the cosine of the sum of the 
arguments, we get cos (z + @) = —1, whence we have 


r--@=au+2nn, x = —o + (2n + 1), that is, 
= —arccos (12/13) +  (2n +1), n€Z. 
This formula yields all the solutions of the original equa- 
lion. A 
Introduction of a new unknown. In some cases it proves 


lo be possible to reduce an equation to a form containing 
only one trigonometric function. 


Example 7. Solve the equation 
sin 3x + cos 2x = 1. 


A We make use of the formulas cos 2x = 1 — 2 sin? x 
and 
sin 3z = sin z (3 — 4 sin? z). 
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It is easy to obtain the second formula by transforming the 
right-hand side of the equality sin 3x = sin (2 + 2z) by 
the formula for the sine of the sum and then by the formulas 
for a double argument. 

After the substitution, the original equation assumes 
the form 


sinz (3 — 4 sin? xz) + 1 — 2 sin? z = 1. 
From this we get 4 sin? zx + 2 sin? x — 3 sin x = 0. Denot- 
ing ¢ = sinz, we obtain 4é° + 2t? — 3t = 0. This equa- 
tion has the roots ¢, = 0, t, = (V13 — 1)/4, t = 


—(V 13 + 1)/4. This means that the original equation is 
equivalent to the collection of the equations 
sinz=0, sinz=(V13—1)/4, sinz= ee, 


We consecutively find the solutions for the equations ob- 
tained: 


zr=mnn, n€Z; xr=(—1)" are sin —— — Us tan, n€Z; 
the third equation has no solutions since —(V13 + 1)/4 < 
—1. The values of xz we have obtained and only these values 


are solutions of the original equation. A 
If the equation contains only one of the expressions, 


sin xz + coSz or sin xz — CoS 7Z, 


and the function sin 2z (or the product sin z cos z), then, 
introducing the new unknown 


t = sinz + cosz or t = sinz — cosz 


and bearing in mind that 


sin 2x = (sin x + cos zx)? — 1, 
(13) 


sin 2x = 1 — (sin zr — cos 2)’, 
we arrive at an equation with respect to f. 
Example 8. Solve the equation 
sin xz + cosx = 1 — sin 2z. 
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A We designate ¢ = sinz + cosz and use the [first 
formula (13). Then we obtain 


t=1-— (7 — 4), 


whence we get 1? + ¢—2 = 0, ¢t, =1, t, = —2. The orig- 
inal equation is equivalent to the collection of the equa- 
Lions 


sinz +cosz=1, sinz+cosz = —2. 
l.el us solve each of the equations, say, by introducing an 
uuxiliary angle. For the first equation we find zx = 
((—1)" — 1) > + nn, n€ Z; the second equation has no 
solutions since |—2| = 2. 
Answer: x = ((—1)" — 1)5 t+an,n€Za 
Example 9. Solve the equation 
sin‘ x -+ cos* x == S sin zcosz. 
A We transform the expression sin* xz + cos‘ z isolating 
a perfect square: 
sint z + cost z = sin* x + 2 sin? z cos? z + cos* z 
— 2 sin® x cos? x = (sin? x + cos? x)? — 2 sin? z cos? z, 
whence we get 
sin‘ z-+ cos‘ z= 1— * sin? 22. 


Using the formula obtained, we write the equation in the 
form 


a 5 sin? 2 = als sin 22. 


4 
Introducing the designation sin 2z =t, we get 2t? + 
71 —4=0, whence ¢t, = 1/2, t, = —4. The equation 
sin 2x = 1/2 has solutions + = (—1)" 5 1 n€ Z; the 
equation sin z = —4 has no solutions. A 


We can express the sum sin® z + cos® x as sin 2z, fac- 
toring it as the sum of cubes. 

To transform equations in previous examples, we have 
used formulas whose right-hand and left-hand sides are 
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defined for all values of z, the formulas themselves being 
true equalities for all zx. 

Let us consider examples of solving equations in which 
use is made of formulas whose right-hand and left-hand sides 
are defined not for all values of z. 


Example 10. Solve the equation 
6 tan? x — 2 cos? z = cos 2x. (14) 


A Let us transform the equation by the formulas 


1—cos 2z 
2 a = ane a NY 
2cos*z=1--cos2z, tan?z= {Leos da ° 


Note that both sides of the second formula are defined, al- 
though not for all, but at least for the same values of z, 


namely, for all ZK = + an, n€Z. The left-hand side 


of the equation is defined for the same values of x. The 
substitution results in the equation 

. 1—cos 22 

6 Tics (1 +- cos 22) = cos 22. (15) 
Any solution of equation (14) is, evidently, a solution of 
equation (15) and, conversely, every solution of (15) is a 
solution of (14), that is, equations (14) and (15) are equiva- 
lent. Let us solve equation (15). Designating cos 2x byt 
and transforming (15), we get (2t? + 9¢ — 5)//(4 + ¢) = 0, 
whence we have ¢t, = 0.5, ¢, = —o. Consequently, equa- 
tion (14) is equivalent to the collection of the equations 


cos 2x = 0.5, cos 2x = —5. 


The first of these equations has solutions x = ae -++ mn, 


n€Z, the second equation has no solutions. A 

Let us now discuss the case when a transformation of an 
equation requires formulas whose right-hand and left-hand 
sides possess different domains of definition. 


Example 11. Solve the equation 


o sin 2x — 5 cos 2z = tanz + 9. (16) 
A Let us express sin 2z and cos 2z as tan x by formulas (9): 
: 2tanz 1—tan?z 
sin 27 = cos2z = 


4+tan?s? 4+tan?2z ° 
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Substituting the right-hand sides of these formulas for 
sin 2z and cos 2z in equation (16), we obtain 


5 2 tan z ~ 1—tan*z 


ftlantz ° its (17). 


Let us now find whether equations (16) and (17) are equiva- 
lent. The functions sin 22 and cos 2x are defined for all zx 
while the right-hand sides of formulas (9) substituted for 


them are defined only for x #F 4+ nn, n€Z. Hence, as 


a result of the substitution, the values z = 5 +an,n€ Z@ 


have got out of the consideration. But it is clear that neither 
of these values of x is a solution of the original equation 


(146) since its right-hand side is not defined for z = > + mn, 


n €2Z. Hence it follows that every solution of equation (16) 
is also a solution of equation (17). The converse is, evident- 
ly, also true. Thus we see that equations (16) and (17) are 
equivalent. 

Let us solve equation (17). Designating tan x = t, we get 


102 1—?? 
a4 ae 


Simple transformations lead us to the equation ¢? — 9¢ + 
10 = 0 equivalent to the preceding equation. One of divi- 
sors of the constant term, namely, ¢, = 2, is a solution of 
this equation. Factoring now the left-hand side (say, by 
dividing the polynomial ¢® — 9t + 10 by the difference 
t — 2), we get (¢ — 2) (t#? + 2t — 5) =0. Solving the 
quadratic equation ¢# + 2¢— 5 =O, we find two more 
solutions tj = /’6 — 1, tj = —/6 — 1. Thus we see that 
the original equation (16) is equivalent to the collection 
of the equations 


tang = 2, tanze =VY6—1, tanz = =V 6-4; 
which have the following respective solutions: 


x arctan 2 + mn, neZ, 
z = arctan(/6 —1) + an, n€Z, 
x = —arctan (/6 + 1)+ an, n€Z. 
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These values of z constitute the set of all solutions of equa- 
tion (16). A 

As was noted, in formulas (9) the left-hand sides are de- 
fined for all values of z while the right-hand sides are defined 


only for z+ > + an, n€Zz. Therefore, the substitution 


into the equation of the right-hand sides of these formulas 
instead of the left-hand sides may lead to a loss of solu- 


. IU cry 
tions of the form z = a + mtn, n €%. To use such a trans- 


formation, one should either establish the equivalence 
between the equation obtained and the original equation (as 
was done in Example 11) or verify by means of the sub- 


stitution of the values x = 5 + mn, n €Z into the original 


equation whether there are any solutions among them. 
The following example proves the necessity of such a veri- 
fication. 


Example 12. Solve the equation 
sin 2x + cos 2x = —1. (18) 


A Let us transform the equation with the aid of formulas 
(9) (we prefer the method suggested in Example 5): 


2 tan z 1—tan’z 
Titantz 1+tan?z 1. (19) 


Equation (19) is not equivalent to the original equation 
(18). Indeed, the values z = 3 + nk, k € Z, are, evidently, 


not solutions of equation (19). At the same time, we can easi- 
ly ascertain by means of a substitution that all these values 
of x are solutions of equation (18). 


Let us now consider the values z+ s + nk, k EZ. 
It is clear that any solution of equation (18), satisfying 
the condition z #S + sk, is a solution of equation (19) and, 


conversely, any solution of (49) is a solution of (18). Let us 
solve equation (19). We transform it and get 


2 (tan 2-1) _ _ 
1-+tan?z =0, whence we have tanz -—1, 
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+ —4 nk, k€ Z. Together with the values z= % + 


nk, k €Z, these values of x constitute the set of all solu- 
tions of equation (18). 


Answer: {5 + wk; —F + nk |keE 7} (if we take n = 


Yk + 41 and n = 2k, respectively, in the answer to Exam- 
ple 5, we shall get this answer). 

A substitution into the equation of the left-hand side of 
formulas (9) instead of the right-hand side may lead to the 


appearance of the values x =5 + an, n € Z, which are 


extraneous to the original equation. When performing such 
transformations, it is necessary to verify whether all the 
solutions of the equation obtained are solutions of the 
original equation. 

The indicated peculiarities of transformation of equa- 
tions by means of formulas (9) and the resulting necessity 
for verification arise in other cases as well, when use is 
made of formulas whose right-hand and left-hand sides 
have different domains of definition. 

It should also be pointed out that transformations by 
formulas (9) often lead to a cumbersome equation. There- 
fore, before applying these formulas, other means of solu- 
tion should be sought. 

Ilomogeneous_ equations. 


Example 13. Solve the equation 
sin? x — 3 sinxcosz + 2 cos? z = 0. 

A Let us consider z’s such that cos x = 0. It follows from 
the equation that in this case sin x = 0, as well, and that 
is impossible. Consequently, there are no solutions among 
these values of z. Let us now take the values of x for which 


cos z 3&0. Dividing both sides of the given equation by 
cos z, we obtain an equation 


tan? z — 3 tanz +2 =0, 


which is equivalent to the original equation. Solving it as 
i quadratic equation with respect to tan x, we find that 


tanz=1, tanz = 2. 
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Hence we get the answer: x = ; + mn, x = arctan 2 + an, 


n€z. A 
The equation we have considered is an example of an 
equation of the form 


au? + a,uv + av? = 0, (20) 


which is a homogeneous second-degree equation with respect to 
u and v. In the previous example u = sinz, v = cosz. 
As was indicated, the division of both sides of an equation 
of form (20) by v? can lead to the quadratic equation 


a,t? + at +- as = 0 


for t = u/v. The same transformation can be used to solve 
homogeneous equations of a higher degree. 

Some equations, which are nonhomogeneous, can be re- 
duced to homogeneous equations using the equation 


sin? z + cos? z = 1, 
which is true for all z. 
Example 14. Solve the equation 
2 sin? x = cos z. 
ASince cos x = cos z (sin? x + cos? z) for all x, the given 
equation is equivalent to the equation 
2 sin? z = cos z sin? x + cos* z, 


which is homogeneous with respect to sinz and cosz of 
degree 3. In the case of cos z = O, there are, evidently, 
no solutions. Dividing both sides of the equality by cos? x 
and introducing the designation tan xz = t, we arrive at 
an equation 


20) — #2? 1=0. 
One of its roots is ¢; = 1. Factoring the left-hand side, we 


get (¢ — 1) (2 +¢-+1) =0. Since 2¢? -+¢+1>0 for 
any t, the root ¢, = 1 is unique. Hence it follows that tan c= 


1,2= 5+ nn, n€Z. 


wv 


Answer: {5 +nn|n€Z}. A 
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lactorization. Transformation of an equation with the 
uim of isolating a common factor is often the shortest way 
(o its solution. Let us consider some examples. 


cxample 15. Solve the equation 
2 sin’ x + cos* 27 = sin 2. 
ACollecting the terms of the equation, we transform it 
ns follows: 
(2 sin'z — sin x) + cos* 2x = 0, 
sin x (2 sin? x — 1) + cos? 2z = 0. 
Using the formula 1 — 2 sin? z = cos 2z, we get 
—sin x cos 2x + cos? 27 = 0, 
cos 2x (cos 2x — sin x) = 0. 
The last equation is equivalent to the original equation. 
At the same time, it is, evidently, equivalent to the collec- 
tion of the equations 
cos 2x = 0, cos 2z — sinz = 0. 
These equations have the respective solutions 
pee c= =, ned 
(the second equation was solved in Example 4), which are 
nlso solutions of the original equation. A 


Example 16. Solve the equation 
sin (x + =) = sin? x-+ cos x, 
/\ We transform the leftehand side of the equation as fol- 
lows: 


It 


: mt : m1 ‘ 
aim € ++) = sin t COS —— + COS Z sin | 


= oe (sin x -4- cos 2), 
and expand the right-hand side into a product as the sum of 
cubes: 
sin? x + cos® x 

= (sin x + cos z) (sin? x — sin x cos x + cos? zx) 


= (sin x -+ cos z) (1 — sin z cos 2). 
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We can now write the equation as follows: 


(sin z-- cos z)( —1-+sin x cos x == (). 


1 
V2 
This equation is equivalent to the collection of the equations 


sin z--cosr=(O, _1__42sinzcosz =0. 
V2 
The first of these equations is equivalent to the equation 
tan zc = —1, and the second, to the equation sin 2x = 


2 —V2. Consequently, 


eas —+ +n, r=: — arcsin (Q—-V2)+-, nei. 
These are precisely all the solutions of the original equa- 
tion. A 

In some cases, when solving equations by the method of 
factorization, some extraneous values of the unknown may 
appear. They can be removed by substitution of the values 
obtained into the original equation or the equation equiva- 
lent to it. 

Let us consider a requisite example. 


Example 17. Solve the equation 
tan x — sinz = 1 —tangsingz. 
AGrouping the terms of the equation, we transform it 
as follows: 
(tan z -- tan z sin r) — (1 + sin z) = 0, 
(1 + sinz) tanz — (1+ sinz) =0, (21) 
(4 + sin x) (tan z — 1) = 0. 
The resulting equation is equivalent to the original one. 


If x is a solution of this equation, then it is also a solution 
of one of the equations 


1+ sinz=0, tanz—1=0. (22) 
In the given case (and as distinct from what can be found 
in Examples 15 and 16) the converse is not true. The first 
equation in (22) possesses solutions z = —5 +i 2nn,n€ Z@. 
For all these values of x the function tan z is not defined and, 
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therefore, these values cannot serve as Solutions to the orig- 
inal equation. The second equation in (22) possesses solu- 


lions z= 5 +n, n€ Z. Substitution into (21) shows 


that these values can serve as solutions of this equation and, 
hence, of the original equation. 
cinswer: {= +an|ncZ}. A 
Using estimates. It is possible to solve some trigonometric 
equations with the use of the inequalities 


—1< sina<x1, —1<cosaxi, 
true for all a. 
Example 18. Solve the equation 
sin 3z + cos 2x + 2 = 0. 


A Since sin 3x >> —1 and cos 2x > —1, we have sin 32 + 
cos 27 >> —2, the equality holding true here if and only if 


the following equalities are valid simultaneously: 
sin 3x = —1, cos 2x = —1. (23) 


This means that the original equation is equivalent to 
system (23). The equations of this system have the follow- 
ing respective solutions: 


20k 


I r 
feta, kee, 
x--+ +a, LEZ. 


I.et us represent these solu- 
tions as points of a unit circle 
(in Fig. 1 thick points corre- 
spond to the solutions of the 
first equation and_ crossed 
points to the solutions of the 
second equation; to find these 
points, it is sufficient to take 
; -- 0, 1, 2 in the first case, and / = OQ, 1 in the second). 
‘The number z is a solution of system (23) if and only if it is 
a solution to both equations in (23). It can be seen in Fig. 4 


that such numbers are only x = 5 + 2nm,m€Z. A 
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Kxample 10. Solve the oquation 


2-1 V2—1 


108 —---—- £-COS ——-z-—— = 1. 
: D 7} 


A Using the formula for the product of cosines, we reduce 
the equation to the form 


cos (V 2x) + cos z = 2, 
This equation is equivalent to the system 
cosV 2x = 1, cosx = 1. (24) 


The equations of the system have the respective solutions 
x= V2nn, n€Z: «= 2nm, m€_-Z. The solutions of 
system (24) are those and only those values of xz for which 
the equalities = V 2nn = 2m hold for certain integral 
m and n. Let us find all integral values of m and n for which 
V 2nn = 2mm. Cancelling here by V 2x, we get n = V 2m. 
This equality is possible only for m = 0, n = 0. In fact, 
if m ~ 0 and n = V 2m, then Y2 = n/m. But this equality 
does not hold since Y 2 is not a rational number and n/m 
is a rational number. Consequently, m = 0, but then n = 0 
as well. Thus it follows that system (24) and, hence, the 
original equation, have a unique solution z =0. A 

To conclude this section, we shall consider, as an exam- 
ple, an equation which is not trigonometric but whose in- 
vestigation requires use of the properties of trigonometric 
functions. 


Example 20. Prove that the equation | 
sin x =+ lz] +a 
has no solutions, for a> (3 V3 — n)/6. 

A Assume that a > (3V3—n)/6. Note that 
(3 V3 — n)/6 > 0. Supposing that |[z]>2, we have 
; [z]{+a>1 whereas sinz<.1. This means that the 
given equation has no solutions on the set | x | > 2. 

On the! interval [—2; 0] we have sin r< 0, but laft+ 


as>-a>0O0, and this means that there are no solutions 
here either. 
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On the interval (0; 2) the equation has the form 


. 1 
sini — 52% = a. 


[Let us find the greatest value of the function / (x) = sin z— 


'») 
te 


xz on this interval. We determine the critical points: 


{' (xz) =cos xz — . =0, z =F (the other solutions of 


this equation do not belong to the interval (0; 2)). IfO< 
c<n/3, then f’ (x) >O and, therefore, the function 
{(z) increases monotonically on the interval (0; n/3) and 
this means that f (x) < f (n/3). And if n/3 << z< 2, then 
{’ (rv) <0 and, therefore, the function f (x) decreases mono- 


tonically on the interval (F; 2} and f (xz) < f (n/3). Thus, 
the value 


a ha 6 
{fs the greatest on (0; 2), that is, 


/3—: 
sin z— > eq ition < a. 


2) V3 a 34/3—n 


or all x € (0; 2). This means that the given equation does 
not possess solutions on the interval (0; 2) either. A 


1.2. Systems of Trigonometric Equations 


We shall discuss here some techniques employed in solv- 
ing trigonometric systems, and use examples as illustra- 
tions. We shall restrict our consideration to systems with 
two variables (often called unknowns) z and y. We shall 
write the solutions of the system in the form of ordered 
pairs (xz; y) as usual. 

Systems containing an equation of the form 


z+t+y=aorzr—y=a. 
can be reduced to one equation by substitution. 
Example 1. Solve the system 
‘Sin(x—y)=2sinz siny, 
{ z+y=n/2. 
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A Wo make the substitution y = 5 — zx in the first 
equation and transform it as follows: 
| 
sin (2z—+} 2sinz sin (+—-=) ; 


dnd 


. IU F 
— sin (+ — 2} _:2 sinxcos2z, 


2 
—cos2z =sin2z, tan2z2= —1. 
Hence it follows that z = —+4+, n€Z. Now we find 
on un aa 
ees ee ee 


: mt mm | on tn 
Answer: {(-$+$: = — 3) 


In some cases, before making a substitution in the equa- 
tion of a system, it is expedient to transform it. 


neis. A 


Example 2. Solve the system 
sin?z + sin? y =1/2, 
r—y-=:4n/3. 
A We transform the first equation of the system: 
+ (1—cos 2x) +4 (1—cos2y).-+, 
cos 2x + cos 2y = 1, 2 cos (x + y) cos (x — y) = 1. 
It is clear that the system 
cos (x-+- y) cos (x — y) = 1/2, 
x—y=4n/3 


has the same solutions as the original system, that is, the 
systems are equivalent. After making the substitution 
x — y = 4n/3 in the first equation of the system obtained, 
we have cos (x + y) cos (4/3) = 1/2, whence cos (x + y) = 
—1 and, consequently, x+y=a(2n+1), ne€EZ. 
Now, for any n € Z, we find from the linear system 


_.  . 
xr—y —4n/3, 
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(hat c= & +n, y= —= +an, n € Z. The set of all 


such pairs of values of x and y is the set of all solutions of 
the original system. A 

In previous examples we wrote the obtained relationships 
hetween the unknowns z and y and the set of solutions of 
the system with the aid of only one integral parameter. 
ln practical applications, however, we usually encounter 
(wo integral parameters when solving systems with two 
variables. 


Example 3. Solve the system 


pa ae (4) 


sin (x— y) = 0. 
Alt follows from the first equation of system (1) that 
zrty=am, m€éZ, (2) 
and from the second, that 
r—y=nn, n€Z. (3) 
Now, for arbitrary m and n, from the linear system 
x = 1m, 
onal C 


we find that 
IU It 
I=—> (m+n), y== (m—n), 


with m€Z and n€ Z. These pairs of numbers and only 
they constitute the set of all solutions of system (1). A 

It would be erroneous to consider, instead of systems of 
form (4) (where m and n are arbitrary integral numbers), 
only the systems 


palin 


xr—y=nm, mEéZ 


(9) 


(such an error often arises when one letter is used to des- 
ignate the parameters in relations of the kind of (2), (3)). 
Indeed, systems of form (4) include all possible pairs of 
parameters m and n whereas systems of form (5) only involve 
pairs with equal values (m = n). This can lead to a loss of 
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solutions. From (5) it follows that 
x=mnm, y=QOJ, 
where m €%, while, for instance, all the pairs 
g=0, y=an, n€Z, 
are also solutions of system (1). 
Let us now take examples of solving more difficult sys- 
eee re of new variables can be employed, say, in 


cases where a system contains only two trigonometric func- 
tions or can be reduced to such a form. 


Example 4. Solve the system 
sinz-| cos y =1, 
| cos 2x— cos 2y = 1. 
A Let us transform the second equation: 
1—2sin?z +1—2cos?y = 1, sin?z-+cos*y = 1/2. 
It is clear that the system 
sinz-+cosy —1, 
ick ae 1/2 


is equivalent to the original system. Designating, for sim- 
plicity, u = sin z, v = cos y, we obtain 


u+v=1, 
u?-- v2 == 1/2. 


It is easy to establish that this algebraic system has a unique 
solution u = 1/2, v=-1/2. Consequently, the original sys- 
tem is equivalent to the system 


sin 22s 1/2. 
cosy == 1/2. 
These equations have the respective solutions 


ae (—1)"= + nm, me€Z, 


y= t= -+2nn, n€d@Z. 
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‘The set of various pairs formed from these values of z and 
y is precisely the set of all solutions of the original system. 
lor brevity, such pairs are written in the form 


r= (—1)"2+am, y= by + 2an, m, n€Z@. 
It is implied that the sign in the formula for y is chosen 
arbitrarily. A 
Example 5. Solve the system 
sinz+siny=V 2, 
coszcosy =1/2. 


(6) 


A Using the formula for the sum of sines, we reduce thie 
first equation to the form 
z+y zy 

5 C08 —5 =" 
We transform the left-hand side of the second equation as 
ollows: 


sin 


COS Z COSY = (cos (x+y) + cos (2— y)) 
= 5 (1—2sin? $4 fi +2 cos? —+* —1) 
= cos? =>4 — sin = FY 


As a result we get a system 


- &+y zr—y | 

81D cos — > = 

2 2 5? 
2t—V tna ety 1 
cos*’—> sin? —, wD 


which is equivalent to the original system. Introducing the 
designations u = sin ((x + y)/2), v = cos ((x — y)/2), we 


arrive at a system 
| uv =1/V 2, 
v2 —u?2 = 1/2, 


which possesses two solutions: u, = 1/) 2, v, = 1; uu = 
—1//2, v, = —1. Thus, every solution of the original 
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system is a solution to one of the systems 


(a) - tty 4 (b) - tty 4 
sin —— = sin —,—== a, ; 
cos—_ =1 cos—-~ = —1 i 

ys eis 

Performing the computations in a reverse order, we make 

sure that the converse is also true: every solution of any 

of the systems (a) and (b) is a solution of the original system. 

In such cases we say that system (6) is equivalent to the 

collection of systems (7). 


System (a) yields 


ary =(—1)™ > +m, 
z—y 
5 —=2nn, 


where m, n€Z, whence we find 
x == (—1)" +m (m -+ 2n), y=(—1)"=+n(m—2n), (8) 
where m, n€@. 
We solve system (b): 
Spe = (1) Zam, 
z—y 
2 
where m, n€Z. ITlence it follows that 


x= (—1)™1 + (m+ 2n-+-1), 


=n(2n-+1), 


9 
y=(—1)"4 = +2 (m—2n—1), ™ 


where m, n€Z. 

Answer: The set of all solutions of the system is given by 
formulas (8), (9). A 

Let us consider an example of one more substitution. 


Example 6. Solve the system 


‘ 4 ; 
sin z-|-Cos zr = ——— + Sin y— Cosy, 
af V3 2G y y 


2 sin 2¢--+4sin 2y. 
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A We introduce the designations: 
u=sinzx-+cosz, v=siny — cosy 


and make use of the fact that sin 2x = u? — 1, sin 2y = 
1 — v*. This allows us to reduce the given system to the 
algebraic system 


pay. 


V2 
2u2 + v2 = 9/2. 


The system obtained possesses two solutions: 


Thus we see that the original system is equivalent to the 
collection of two systems: 


(a) ae (b) eecaneni ts 


sin y—cosy = — 7/3) 2; sin y—cos y=1/) 2. 


System (a) has no solutions since | sin y — cosy |< V 


and | —7/3 V2 | > V2. We shall find solutions to equa- 
tions of system (b) by introducing an auxiliary angle: 


sin (z+) =1, x= + 2am; 
sin(y—T)=>, y=(—1"44+Z+a0, 


where m, n € Z. These pairs of values of x and y constitute 
the set of all solutions of the original system. A&A 

In some cases, to solve a system, we transform it by means 
of termwise addition, subtraction, multiplication, and divi- 
sion of equations with the aim of eliminating one of the un- 
knowns (variables), factoring the equation obtained and 
so on. Let us consider some examples of using such trans- 
formations. 


Example 7. Solve the system 
{ cosx cosy =3/4, 
sin x siny = — 1/4. 
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Q Adding and subtracting the equations of the system 
term-by-term, we obtain, respectively, 


cos zcosy + sinzsiny = 1/2, cos (x — y) = 1/2; 
coszcosy —Ssinzsiny=1, cos(z+y) = 1. 
The system 
{os (z— y) = 1/2, 
cos(z+ y)=1 


is equivalent to the original one. We solve each equation of 
this system: 


z—y=-+ = +2nm, m€Z; xzty=2an, nCZ. 
Taking the upper sign in the first formula, we find that 
z=—+n(m-+-n), y= —=+a(n—m), (10) 
where, m, n€Z. For the lower sign we get 
r=—=+a(m+n), y=z+n(n—m), (11) 


where m, n€Z. Formulas (10) and (11) give the set of all 
solutions of the original system. For the sake of brevity, 
we can also use the notation 


rab pa(min), y= Fp +a(n—-m), 


where m, n €Z, with the reservation that in these formulas 
either only the upper signs or only the lower signs should 
be taken simultaneously. A 


Example 8. Solve the system 
tan (+ +2] = 2) 2cos* y, 
tan (= —z) —2Y 2 sin3y. 
A By tlie reduction formula we have tan (+—2] a 
i 


cot (+—++2] = Cot (++ x) . Hence, the original sys- 


1.2. SYSTEMS OF TRIGONOMETRIC EQUATIONS 35 


lem is equivalent to the system 
tan (+2) = 2 V 2 cos? y, 
cot ($+ z) =2Y 2 sin? y. 


Multiplying the equations of this system term-by-term, we 
yet an equation 


(12) 


1 = 8 cos? y sin® y, 
whence we have sin? 2y = 1, sin2y = 1, 2y = - + 20, 


y= _ +an, n€Z. We substitute these values into 
system (12) and, taking into account that 


cos (a + mn) = (—1)"cosa, sin(a + an) = (—1)" sina, 


we obtain 


i” (F4+2) =(-1)", ae 


cot (=+2} = (—1)". 
If n = 2k, k €Z, then y =F + 2nk, and system (13) is 


equivalent to one equation tan (F + x)= 1, whence it 
follows that z = al, LEZ. 


If n=2k+1, kEZ, then y=-—-+-n(2k-|-1) and system 
(13) is equivalent to the equation tan( 7+ x} = —1, whence 
we have z = —> + al, Ke Li: 

Answer: { ( a; F+2nk ] ‘ (—+ +a; 7+ m (2k-+1)) 
|, ken}. A 
Example 9. Solve the system 


peas 


=e 14 
cosz—cosy=/ 3. a) 
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od 


A We first transform the equations of the systern by the 
formulas for the sum of sines and the difference of cosines 


and obtain the system 


y z—y i 
Ree oe ee 
tty 9.) oy V3 

> sin = 5, 
equivalent to the original system. Introduction of the nota- 
tion (x + y/2 =u, (x — y)/2 = v reduces the system to 


the form 


a 
sin 


sin 


sin ucosv:= 1/2, 
| (15) 


sinu sinv= —YV 3/2. 
It is clear that if (u; v) is a solution of (15), then sin u cos v= 


1/2 ~ 0. Therefore, for any solution of the system, we find, 
dividing termwise the second equation of (15) by the first, 


that 
tan v = —V3. 


Hence we find that v = —F +n, né€Z. Substituting 
these values into (15), we get a system 
| sinu=(—1)", 


sin u =-(—1)”", 


whence it follows that u = (—1)" = + 2mm, m€Z. Now, 


from the system 


9 


2a a (— 14 Inm 


Pi 
xr—Yy au 
5} aay spe aes i 
we find that 
ee (—1)">—2+n(2m +n), 
: . | (16) 
y= ( 7 1)” > -} 3 st (2m — n), 


where m, n€Z. 
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Answer: The set of all solutions of the system is given 
ly formulas (16). A 


Iixample 10. Solve the system 
a 
V 2sinz=siny. 
‘\Squaring the equations of the system term-by-term 
und summing up, we obtain an equation 
2=1++2cosy + cos* y + sin? y. 
llonce we have cosy = 0, y = = + an, n€Z. Substitu- 
lion of these values of y into the original system yields 
cos z= 1/V 2, 
sin zr =(—1)"/V 2. 
If n 2k, kEZ, then 
cuosz— 1/V 2, 
sinz —1/V 2, 
whence it follows that z = z -- 2nl, 1€ Z. In this case, 
y = + 2nk, k EZ. 
Now if n = 2k +1, k€Z, then 
[ cosz= 1/V 2, 
ieee —1/V 2, 
whonce it follows that z= —++ 2nl, LEZ. In this case, 
/ 3% 4 Onk, keZ. 
< SI 
Answer: { (= +21; + +2nk] : (— 4+ 2n; 3h 
tai\[L, keZS. 
If, in order to find the values of xz in the given example, 
wa used, say, only the first equation of the system, then, 


nx it is easy to see, we would get extraneous values of the 
variables. 


38 1. TRIGONOMETRIC EQUATIONS, SYSTEMS, INEQUALITIES 


1.3. Trigonometric Inequalities 


To solve inequalities including trigonometric functions, 
it is good practice to use periodicity of those functions and 
their monotonicity on the corresponding intervals. 


GY=SiNw 


Fig. 2 


The canonical trigonometric inequalities. ‘The function 
sin x has the least positive period 2x. That is why it is 
sufficient to solve inequalities of the form 


sinz>a, sinz><a, (1) 
sinz<(a, sinzx<a, (2) 
first on an interval of length 2x. We get the set of all solu- 


tions by adding numbers of the form 2mn, n€7, to each 
of the solutions obtained on that interval. 


Fig. 3 


It is convenient to solve inequality (1) first on the inter- 
val [—x/2; 3n/2] (the graph of the function sin z forms a 
“hill” here, Fig. 2). 


Example 1. Solve wie inequality 
sin zs > —1/2. 


A Let us solve this inequality on the interval [—wx/2; 
3/2). We consider its left-hand half, the subinterval 
[—n/2; xn/2] (Fig. 3). Here the equation sinz = —1/2 
has one solution z = ~—zx/6, and the function sin z increases 


1.3. TRIGONOMETRIC INEQUALITIES 39 


monotonically. This means that if —n/2< x< —n/6, then 


sin z< sin (—x/6) = —1/2, that is, these values of 
x are not solutions of the inequality. Now if —x/6< «4#< 
n/2, then sin x > sin (—nx/6) = —1/2. All these values 


of z are solutions of the inequality. 

On the other half of the interval [x/2: 31/2] the function 
sin x decreases monotonically and the equation sinz = 
—1/2 has one solution + = 7x/6. Consequently, if n/2< 
xz<( 7x/6, then sin x > sin (7n/6) = —1/2, that is, all 


these values of z are solutions of the inequality. For z € 
[7x/6; 3/2] we have sin r< sin (7n/6) = —1/2. These 
values of x are not solutions of the inequality. 

Thus we see that the set of all solutions of the given in- 
aed on the interval [—x/6; 3n/2] is the interval (—x/6; 
7x/6). 

Because of the periodicity of the function sin z with period 
2x the values of x belonging to any interval of the form 


(—% +2nn; = + 2nn) , n€Z, 


are also solutions of the inequality. No other values of z 
can serve as solutions of this inequality. We write the an- 
swer in the form 


——+2%n<r< & + 2nn, where nC€Z, 


with an implication that those and only those values of z 
each of which satisfies these two inequalities for a certain 
n€ Z can serve as solutions to the original inequality. A 

It is convenient to solve inequalities (2) first on the inter- 
val [x/2; 52/2] (here the graph of sin x forms a “hollow”, 
Fig. 4). The figure illustrates graphically the solution of 
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the inequality _ 
sin r< V 3/2 


(the reader is invited to give detailed reasoning). Its solu- 
tions are those and only those values of z each of which 
satisfies the inequalities 


= + 2mn<r<s 4 2nn 

for a certain n €Z. 

For the inequalities 

cosx<(a, coszrma (3) 

it is more convenient to find solutions first on the interval 
[(0; 2x] (a “hollow”, Fig. 5). 

Example 2. Solve the inequality 

cos rx —1/2. 


A On the interval [0; x] the function cos x decreases mono- 
tonically (Fig. 5) and the equation cos z = —1/2 has one 


Fig. 5 


solution z = 2n/3. Reasoning as in Example 1, we find that 
the values of xz on the interval [2n/3; x] and only they are 
sclutions of the given inequality on the interval [0; x]. 
On the interval [x; 2x] the function cos z increases monoton- 
ically and the equation cos z = —1/2 has a solution z = 
4n/3. Hence it follows that all the values of zx belonging to 
the interval [x; 42/3] and only they are solutions of the 
given inequality in this case. 

Thus, on the interval [0; 2x] the set of solutions of the 
inequality cosz< —1/2 is the interval [2n/3; 42/3]. 
The function cos zx is periodic with period 2x and, therefore, 
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all the values of x each of which satisfies the inequalities 
= +2un<xr< ae 4-2nn, 


for a certain m € Z, and only those values are solutions of 
the original inequality. A 
It is convenient to solve the inequalities 


cosz>a, cosz>a (4) 


first on the interval [—zx; x] (a “hill”, Fig. 6). This figure 


Fig. 6 


illustrates graphically the solution of the inequality 
cosz > 1/2 

(we do not present detailed reasoning). All solutions of 

this inequality are given by inequalities of the form 


— 4 2an<2r< 4 2an, where n€Z. 


The inequalities 
tanz >a, tanz>a, tanz<a, tanz<a_ (9) 


can be most conveniently solved first on the interval (—x/2; 
m/2), and the inequalities 


cotz >a, cotx>a, cotxrx<a, cotr<a, _ (6) 


or the interval (0; x). The functions tan x and cot x have 
a period x. Therefore, adding the numbers nn, n € Z, to 
the solutions obtained on the corresponding intervals, we 
get all solutions of inequalities (5) and (6). 
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Example 3. Solve the inequality 
tan z < 2, 


A On the interval (—wx/2; x/2) the function tan z in- 
creases monotonically (Fig. 7) and the equation tan z= 2 has 
one solution z = arctan 2. If —n/2 << x < arctan 2, then 
tan z < 2 and this means that these values of zx are solu- 
tions of the given inequality. If arctan 2< 2 < n/2, then 
tan z> 2. These values of zx cannot serve as solutions of 


the inequality. Consequently, the set of solutions of the 
inequality tan z< 2 on the interval (—z/2; x/2) is the 
interval (—x/2; arctan 2). 

The solutions of the given inequality on the entire number 
line are all those and only those values of zx each of which 
satisfies the inequalities 


ie > + nmni< z<arctan2-+ nn 


for a certain n€Z. A 
Figure 8 is a graphical illustration to the solution of 
the inequality 


cot z< —2., 
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Its solutions are those and only those values of z each of 
which satisfies the inequalities 


wn << £< arccot (—2) + mn 
for a certain n€7Z. 


: 
| 
| 
| 
) 


wztarccct (-2 


Fig. 8 


Examples of solution of more complex inequalities. To 
reduce trigonometric inequalities to the canonical trigono- 
metric inequalities use can be made, in requisite cases, of 
the same transformations (introduction of a new unknown, 
factorization, and the like) which were used for solving 
equations in 1.1. 


Example 4. Solve the inequality 
(3 WN ce Ps 
ee ers 


A If we designate t= Sa+ the inequality will as- 
sume the form _ 
sint < 41// 2. 


On the interval n/2< t< 5mn/2 the set of solutions of this 
inequality is the interval 3n/4 << t < 9/4. The set of all 
solutions can be written in the form 


3h Onn <t<"2 4 2an, where n€Z. (7) 
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Substituting ¢ =$a + az into (7), we obtain 


3n _3 It 9x : 

a beans 5 tag SZ ean, 
h 
an +oin<r< on += an, where n€Z. 


All those and only those values of z each of which satisfies 
these inequalities for a certain n€Z are solutions of the 
original inequality. A 


whence we get 


Example 5. Solve the inequality 
cos 2x — sin 2x > 0. 


A We transform this inequality by introducing an auxilia- 
ry angle and obtain an inequality 


cos (22+ 7) => 0, 


which has the same solutions as the original inequality. It 
follows from the properties of a cosine that solutions of 
this inequality are those and only those values of x each 
of which satisfies the inequalities 


— = 4 2nn< 224 4 <4 + 2a, 


for a certain n € Z, that is, _* + an< TSF + mn. A 


Example 6. Solve the inequality 
sin zx + cos 2x > 1. 
A Using the formula cos 2x = 1 — 2sin*z and _ intro- 
ducing the notation ¢ = sin x, we write the given inequality 


as 

ti (1 — 2t)>0. 
Hence we have 0< t< 1/2. Thus, those and only those 
values of x for which 

0< sinz < 1/2 


can serve as solutions to the original inequality. On the 
interval [—n/2; 3/2] the left-hand inequality has solu- 
tions (Fig. 9) 0 << «x < x. Among these values of z, 


O<ax<n/6, 5n/6<r<nx 
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are solutions of the right-hand inequality of (8). And this 
is precisely the set of all solutions of (8) and, hence, of 
the original inequality on [—x/2; 3n/2]. 


sinao7 


Fig. 9 


Using now the periodicity of the function sin z, we can 
easily find all solutions on the number line. 


Answer: 2ann<czr<t = +.2nn, 
= 2Zan<xr<n+2nn, where nE€Z. 
PROBLEMS OF SECTION I 


Solve the equations in problems 1 through 9: 


1. cos 5z cos z = cos 6z. 

2. 2 sin? 27 + sin? 4z = 5/4. 3. sin 52 = sin z + sin 2z. 
4. 4 cos x cos 2x = cos 3z. 5. (1 + cos z) cot z = sin 2z. 

6. 2(yf2 —1)sinz-+ 1 — tan z = 1/cos z. 

7. tanz + cot 2x = 2cot 4z. 8. Y1+sinz+cosz = 0. 
9. | cos x*— 2 sin 2x — cos 32 | = 1 — 2 Sin z — cos 2z. 
10. Prove that arccos a + arccos (—a) = 1, ]a| <1. 

11. Find all the values of a (a ~ 0) for which the equation 


x 
\ (t2?— 8t+- 13) dt =z sin _ 
0 


has a solution. Find that solution. 
Solve the systems of equations given in problems 12-14: 


12. | tan z= tan? y, 13. 2 sin ¢ Sin y+-cos 2y— V2 =0, 


Sin z=COS 2y. cos 24+ 2coszcosyt+ Y 2-0. 


tan (2+) == C05 2y, 
14. 


at ; 
tan (v++) ==cos 27. 
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Solve the inequalities given in problems 15-417: 


15. sin z > cos 2z. 16. 2 tan 2z < 3 tan z. 
17. sin z < | cosz |. 
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Solve the equations given in problems 1 through 17: 
1. cos 62+ 2 cost z = 1. 2, sin 22 = cost — sint 5. 
3. tan? z-tan? 32 = 1. 4. sin zs + cos z = Y 2 cos 5z. 


3. cos Zz -++ sin 2z = cos zx -+ sin z. 
6. cos z sin 7z = cos 32 sin 5z. 
7 


_ cot 4z-+-1 ie = 
. tang =~. 8. VY 2sinz + cotz = 0. 


9. cot? z — tan? = 5.10. sin? 2 — costz + 5 = 0 
144. sint‘z + 5cos2x+ 4 = 0. 12. cos 4x + 2 cos? 27 + 4 sin 


2z = 0. 
13. 6 | sin z | cos z — 1 = cos 4z. 14. 1 — cos 3z- cot x = sin 3z. 


15. cot (2+ z) + cos (z+) — cos 22. 


e Ut ° aU ° 
16. Sin (s+) - Sin (=-$] = Sinz. 
17. 144 cot z—5 tan ge 
sin z 


18. Find the intersection of the set {z | cos 2x + 3 cos z + 2 = 0} 


and the set {c| |WY2z2—5]< . 
Solve the equations in oblean 19-22: 


19. sin4 z-+ cos! z= . 20. 2cos* z—2 sin’ r= Sin 4z. 
qt 
21. tan (=++) —tanzx=1. 


IU Ais = 

22. tan (+2) en (--} =2— 73. 
23. Find all the values of p for which the equation 

sin z -++ pcos x = 2p 


has_ solutions. 
Solve the equations given in problems 24 and 25: 
; ed ie = cos 2z —— 
24. 2sin x-+ cos 9 +2+cosz=0. 25. “sin De 1 


26. Calculate sin 2a if sina — cosa = 1/2. 
Solve re ee given in problems 27 and 28: 


27, ae =2Y2. 28. 3cos (2+) = V2sin 22. 


Sin z COS x 


29, 
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Prove that 


tan 37 = tan z-tan (>-=) tan ($+=] 


for all x & zt. n€Z. 


Solve the equations given in problems 30 through 53: 


30. 


34. 


32. 


34. 


39. 


36. 


37. 


en 
= 


04. 


sin (++) 4-cot (2n—z)=0, 


, _ [a 

Sin 2x = Sin z-Sin (+ — ). 
sin4dz+2cos?z=1, 33. sin? 2r—4cos! x=sin 4z. 
cos 27 = ue (cos z— sin z). 


2 


cot z— tanz= = (Sin 2— COS z), 


Sin 4z AL 
i) = 2 Sin (e+). 
sin 4 
cos? 2r 
Cos z-+ 608 (1/4) = COS Z— COS (70/4). 
cos 2x 
“uses 0 
nes een ere in 
COS Z 3m \ ( 4 ). 
cos (2=—] 


a 
. 3 (cos z — sin z) = 1 -++ cos 2z — sin 2z. 
. cos Sz — cos 3z = 3 sin 4z. 
. sin 32 — sin z + cos 2z = 1. 
. sin 3z + sin 42 + sin oz = 0. 
. 4sin 3z + sin 5z — 2 sin z-cos 2z = 0. 


. sin z-cot 3z = cos dz. 46. 1+ sec z = cot? > 


. : , ; 
. Sin z-Sin 2z-Sin 3x = — Sin 6z. 


4 


cos z—1 : dee 
=2sinz. 49. cos 4z— 3 cos r= 4 Sin’ —, 


sin 2z 
(sin z + 3 cos z) sin 3z = 2. 


. sin z — sin 2z-+ sin Sz + sin 82 = 0. 


20x — 
tan z-tan (1/z) = 1, 53. tan 4241 = —Vy3. 


Find all solutions of the equation sin? z +- sin? 2z -++ sin? 3z = 


3/2 satisfying the inequality cos z> 41/y2. 
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Solve the equations given in problems 55 through 65: 


. 1 
Sin (22—= ) ' 
99... ————__———_ = 2 sin z— — : 
sin (2-4) aad 
3 
4—tanz 


56. T+tang 2z—1. 57. tan 3z—tanz—4Sinz. 


58. sin? 27 — tan? z = 5 0s 22. 


59. sin? z + cos* x = sin 2x + sin z + cos z. 
60. 2 sin x = sin 3z. 61. cos 3x + 6 cos? x = cos z. 


62. 2 cos r — cus grt=t. 


63. sin 3z + sin 52 = 2 (cos* 2x — sin? 3z). 

64. 5sin z + 6 sin 27 + 5 sin 32 + sin 4z = 0. 

65. sin? 2x -+ sin? 32 + sin? 4z + sin? 5z = 2. 

66. Verify which of the numbers of the set A serve as solutions of 


the given equation: 


a 1 V3 6: 
ee {arecos a . ’ sin z + cos oo 6; 
(hb) A={an—arctan 3|n € Z}, 12 tan 27+ ve +4=0. 


Solve the equations given in problems 67 through 76: 


1— sin 2x . 
67. {+ tan2z=— 35, 68. tan z+2cot 2x =Ccos x+sin 22: 
1—cot3r _ 23 - 
69. anos 4cos zt 2. 70. 2 tan 22+ tan 3x = tan 52. 
4 4 4 sin 32 cos 3x 2 
71. sinz sin 2z ss Sin 3z ~ 72. COs 2x + sin2z sin 3z° 
1 
73. tan Bg ae pe SON ee 
— —cos 4 
7h. cos ces 22 cos af cos Az sefpegae 
sin 4z-+ sin 3z— sin 2x— sing ? 
75. 2coS x—-Sin apt ROSE COE oF. 
|sinz| 
76. sin z — 2 sin 2z + sin 3z = | 1 — 2.cos z +- cos 22 |. 


77. For what values of a does the equation 


asin (2+) = sin 2z+-9 


possess a solution? 


Solve the equations given in problems 78 through 86: 
78. sin® z + cos® z = asin 4z. 
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79. acos 3x + sin 2z-sin x — cos z = QO. 
80. sin? 2z + asin? 2x7 + sin? xz = sin? 3z. 
81. VY 2sin2z+ 2sinz=0. 82. W1i+sinz=cosz. 
83. i aad 2x—5 sinz4-2cosz=0. 


84. V + —cos 2+ Vt tcos22=1. 


85. 7/ sin? z— y/cos? z = j/ 2 cos 2c. 
86. 2cost=YV/ 2-+Sin 3z. 
87. For what values of a does the equation 
Vsinz —Ycosz =a 
possess solutions? 


88. For what values of a does the equation 


Victsinz+Vi+cosz=a 


(a) possess solutions? 


(b) possess a unique solution on the interval [—x/3; 1/3]? 


Solve the equations given in problems 89 through 97: 
89. tan 7z = 2 tan 52 + tan? Sz-tan 772. 


90. cot (+ +3z) 4-cot (+2) —2 sin (+22). 
91. sin z + 2 cos z = cos 2x — sin 2z. 
92. cos 3x — cos 2x = sin 3z. 
: in ah 4 ., Bs 
93. sin z — sin > a z sin? 9 “sin x. 
94. cos!? x + sin® x (1 + cos? z)3 = 1. 


95. cos? zx — sin? (rV 3) = 1. 96. cos® 2nzr — 2 sin? nz = 3. 


97. 2 sin? z-cos? 4x = sin? x + cos? 4z. 


Solve the systems of equations given in problems 98 and 99: 
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4x + 2y= dn. 99. z+ dy =Sn. 


100. For what values of a does the system 
8 cos z-COS y- eee ea 9, 


prossess solutions? Find those solutions. 


Solve the systems of equations given in problems 101 through 124: 


104. { sin z-+ siny = sin (x ++ y), 


lz] +1lyl 4. 
102 { tan z + tan y = 4, 
: cotz-+ cot y= 5. 
cosz-+cos y= i, 
103. 2 
{cn 2 owt = VE 


00 


120. 


121. 


7 eet cette TE ete TE crete OE cet EE cet TE cetiee cet TE et EE arti een TE cette tine ET ae at TE ati ete 
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cos zr — sin x -= 1 + cosy — siny, 
3 


3 sin 2x — 2 sin 2y = F 


cos r-sin y = 1/2. 
gin 2r -|- sin 2y = 0. 
lan z-tan 2y == 1, 
V 3 sin 2x — 3 cos 2y = 0. 
Sinz-+ sin y=2 sin (z+ y), 
jos tis 
2 2 4° 
tan 2 (cx + y) = tan 2z -+ tan 2y, 
2 sin (2x + y) cosy + cos 2y + 1= 0. 
2 sin z-cos y = 2 cot z -+- cot y, 
2 sin y-cos z = cot z 4- 2 cot y. 
sin 5x = sin (x + y) — sin (x — gy), 
sin 4x = sin y — sin 6z. 
4sinz — 2siny = 3, 
2 cos z — cosy = 0. 
sin 2z siny + sin zcos y = 1/2, 
cos 2zsiny + coszcosy = 1/y 2. 
cot z + tan z cos 2y + cosy = 0, 
cot z — tan z sin 2y — siny = 0. 
2 sin z sin y = cos 2x +- cos 2y, 
2 cos xz sin y = cos 2x — cos 2y. 
cos? zx = 2 sin* y + cos? (2y — 2), 
2 sin? x = cos 2y. 
sin (4x — 2y) + V2 sin (32 — y) = 0, 
V 2 sin (2z — y) + sin (3x — 2y) = 0. 
Vi-+ sinz-sin y =cos z, 
2sin z-coty-+1= 0. 
sin (x + y) — cos (x + y) = cos (x — y), 
sin y — cos y = cos (2z + y). 
| 2 sin? y + sin 2y = cos (x + y), 
cos? x -++ 2 sin 2y -++ sin? y = cos (rt — y). 
3 tan (y/2) -- 6 sin x = 2 sin (y — 2), 
tan (y/2) — 2 sin z = 6 sin (y -+ 2). 
sin z + cosz = 2siny, 
sin 2x = Y3 sin 2y — 3 cos 2y. 
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COS x =COS y COS z, 


cos y =COS z COS z+ 


4 
122, V3 


cos z=coS rcos y+ 


sin z sin z. 


—sinzsiny. 


cos « + cosz = Y2 sin y, 
cos 2y ++ cos 2z = sin 2z. 


123. sinz + sinz = V2 cosy, 


sin z 


tone Tay ose tosy 
sin z 
a . = 
124. pany tans cos y COS 2 9; 
Si 
ianetane a 
coSZCOSZ 


Solve the inequalities given in ‘problems 125 through 138: 
125. 2 cos? z > 3/2. 126. sin x > cos z. 

127. sinz-+ 2cosz < 2. 

128. cos 2x + 3sinz > —1. 

129. sin z + sin 3z > 0. 130. tan z > 2 cot z. 

131. tan mz + tan 2nz < 0. 


132. sin 2x + sinz — Y2cosz < 1/V2. 
133. sin z + sin 3x < sin 5z + sin 7z. 

134. | sinz|>|cosz |. 

135. AP Gia Se cba (le a coal 
se WZ 


136. Y3+2 tanz—tan?z< 5 


/ A 
137. V “+ — C08 22 > sin z—coSz. 


138. Ysinz+ Ycosz< y2. 
139. Prove the identities: 


(a) (sin (y + 6) — sin ) (sin (y — B) + sin a) 
= (sin (y + a) — sin B) (sin (y — @) + sin B); 


(b) cosa@-+ sin a-+ cos 3a + sin 3a= 22 cosa sin (z ~|- 2a) ; 
140. Simplify the expression 
sin? a -+ sin? B + 2 sin a sin B cos (a + B). 
141. Prove the following equalities: 
(a) tan (2+) +tan (a +) =2 tan 2a. , 


(by 12t08 (2a.+ 630°) + sin (24 + 810°) 


1—cos (2a — 630°) sin (2a—810% ~ “OC % 
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142. Prove 
tan (a : B) = 4 tan B, 
if 5sina = 3 sin (a -|- 2B) # 
143. Prove the fllowars ss aalities 
(a) cot 7.5° + tan 67.5° — cot 67.5° — tan 7.5° = 2 (3+ 3). 
1 1 1 
eae ima as 3n ° 
sin = sin —— sin —— 
144. Calculate 
(a) cos 3a cos? a + sin 3a sin’ a, if cos 2a = a, 
(b) (sin 4a + 2 sin 2a) cosa, if sina = 1/4. 


145. Express ls ? ++ ——— = Yin terms of a and b if 
sin‘@ , costg ff 

7 aca a we 207 

146. Find 


(a) sin (arccos (3/9). (b) cos (2 arcsin (3/4)). 
(c) tan (arcsin (2/3)), (d) cos (arccot (—2)), 
(e) cos (2 arctan 2) — sin (4 arctan 3). 


147. Prove that 
(a) arcsin z + arccos z = n/2, x € [—1; 4], 
(b) arctan x + arccot z = n/2, zE€R, 
(c) arctan zx = arccot (1/z), zr > 0, 
arctan xz = arccot (1/r) —n, r< 0. 


(d) arcsin x = arccos V1 — 22, OX xz <1, 
arcsin z = —arccos Y 1 — 22, —1<2<0. 
(e) arccos z = arcsin Y 1—2,0<2<1. 
arccos x= a — arcsin Y¥1 — z4, -1<2<0. 
148. Prove that the function 
y = 2 arctan x-+-arcsin Tr nee 
assumes the same value for all z > 1. Find that value. 
149. Find all values of a for which the equations 
4 cos* x — cos 3r = acos xz — | a — 4 | (1 + cos 2z) 
and 
2 cos z cos 2z = 1 + cos 2x + cos 3z 
are equivalent. 
Solve the equations given in problems 150-154: 


150. cot (+ cos 2nz | — V3. 


151. 2 sin? (+ cos? x) = 1—cos (x sin 22). 
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152. 2 |xz—6| cosx=2z—6. 
1 1 
ae z=]. 


154. —2Y3nsinzg=|2+n| +] 2—2n|. 
155. Prove that for any @ and any natural n> 1 


cos a-+cos (a +=) +...+cos (a+ (n—1) =) ==(). 


153. cos nz = 


Lee et ale re 
156. Find the sum tan 16 + tan i6 +...+ tan 16° 
157. Find the common solutions of the equations 
sin 5nz-+cos 5az-+ 2 sin St =0 


and 
V 3sin oT i33 cos AL art 40nz = 0 
22 22 : 


158. For what values of a does the equation 


x 
og Us. gg = Oe gd 
{ sin 9 du—a*z 5 Tos 


0 


possess a solution? Find that solution. 
159. Find the least value of the function 


On? : 
_ +sinz 


y= 42+ 


for z> 0. 
160. Find all values of « for which the quadratic function x? cos a-+- 


2x sin a + x (cos @ — sina) is the square of a linear function. 
161. Find all values of a for which the quadratic trinomial 


z* sin 2a — (sin? 2a — 4 cos® a) z + possesses two roots equal in 


cos & 
absolute value but different in signs. 
162. Find all solutions of the equation 


a 
\ cos (x+ a?) dr=sina 
0 


belonging to the interval [2; 3]. 
Solve the equations given in problems 163-165: 
163. arccos x = 2 arcsin zg. 
164. arctan? z + arccot? z = 5n?/8. 


165. arctan (2 tan 2x — 6 tan z) = z + 2. 
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166. For what values of a@ does the equation 
(arcain wr)" | (arccos x)? = a 


pommens ao unique solution? 
167. Mind all pairs of numbers (2; p. such thal 
(n) sin (x — y) -| sin y -- sin x =. 4 sin (y/2). 
1 

4 ' CeCe CO": 
(b) cus4 z+ cos' y cos3 cost | 1. 
(c) cos z + cos y — cos (x + y) = 3/2. 
(a) { sin? xz + sin? y > 3/2, 

cos z-cos y = 1/4. 
168. Solve the system of equations 


{ 2-* + 2% cos 2y + cos y 
2 y 


: 0, 
-* _ 2% sin 2y — sin 0. 


169. Prove the inequality 
in22 
cosz2>i1 — a 


170. For what values of a does the inequality 
tan? (cos VY 4n? — z2) — 4a tan (cos VY 4n? — x2) + 2+ 2a <0 


possess solutions and the number of those solutions is finite? Find 
them. 


Chapter 2 


Exponential and Logarithmic Equations, 
Systems and Inequalities 


We shall first recall some properties of the exponential 
and the logarithmic function often used in solving equa- 
lions, systems of equations, and inequalities containing 
those functions. 

The exponential function a* is considered for any positive 
base a (a > 0). Its domain of definition is the set of all 
real numbers (x € R), its range being the set of all posi- 
tive real numbers (a* > 0). The following statements are 
true for any positive a and any real z and y: 


1. ata’ =a**?, 2. =a", 
a 
3. a=, 4. (a>) a. 
Do. a®=1. 6. ai=-=a. ie 1 =1, 


8. If a> 1, then the function a* increases; ifO<a< 1, 
then the function a* decreases. 

The logarithmic function log, x is considered for any posi- 
tive base a not equal to unity (a > 0, a ~ 1). Its domain 
of definition is the set of all positive real numbers (zx > 0), 
its range being the set of all real numbers (—o < log, rz < 
+oo). The following equalities hold for any positive a, 
not equal to unity, and any positive zx and y: 

1’. qioga* = x (basic logarithmic identity). 

2°. log, a =z. 

3’. log, zy = log, x + log, y (formula for the logarithm 
of the product). 

4’. log, (4/xz) = —log, z. 

5’. log, (x/y) = log, « — log, y (formula for the logarithm 
of the quotient). 
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6’. logg z* =a log, x for any a (formula for the loga- 
rithm of the power). 


7’. logg ax = ’ log, x for any a0. 


ca for any b>0, b=1 (formula for 
a transition to a new base). 
9". log, a = 1. 10’. log, 1 = 0. 

11’. If a>1, then the function log, x increases and if 
O<a< 1, then the function log, x decreases. 

The functions a* and log, z are mutually inverse, which 
fact is expressed by equalities 1’ and 2’. 

Remark. An important peculiarity of formulas 1’, 3’, 
©’, and 6’ must be pointed out. Their right-hand and left- 
hand sides, taken separately, are defined on different sets 
of values of the variables (z or x and y respectively). In 
formula 4’ the left-hand side is defined only for x > 0, 
and the right-hand side is defined for all x € R. In formu- 
las 3’ and 5’, the left-hand sides are defined for all pairs of 
values of x and y of like sign (i.e. for zy > 0), and the 
right-hand sides are defined only for x>0O, y>0O. In 
formula 6’, for @ = 2n, where n is a nonzero integer, the 
left-hand side is defined for all x= 0 and the right-hand 
side is defined only for z > 0. 

In using these formulas to transform equations and in- 
equalities, the indicated difference of the sets of definition 
must be taken into account. It may lead to a loss of solu- 
tions or to an appearance of extraneous values of the un- 
knowns. We shall draw your attention to this fact when 
considering respective examples. Note that we have encoun- 
tered circumstances of this kind before (see, for instance, 
Ch. 1). 

It follows from the properties of the exponential func- 
tion that for any a > 0, a «1, the equation 


aX = b 


8’. log, x = 


possesses a solution for any b > 0, and that solution is 
unique. In a general case, the solution is written as z = 
log, b. If a= 1, then the equation 1* = 6 has!‘ a solu- 
tion only for b = 1. Any real number can serve as its solu- 
tion. 


2.4. EXPONENTIAL EQUATIONS 57 


It follows from the properties of the logarithmic func- 

tion that for any a > 0, a 1, the equation 

log, x = b 
has a solution for any b€R, and that solution is unique. 
In a general case, its solution is written as x = a’. 

When solving exponential and logarithmic equations, 
use is often made of two transformations, taking logarithms 
and taking antilogarithms. 

Taking logarithms to the base c > 0, c #1, is a transi- 
tion from the equality 

a=b (1) 


to the equality 
log. a = log, b (2) 


(a and b here can designate both the numbers and the expres- 
sions containing variables). If (1) is a true equality and 
its both sides are positive (a >0O, b> 0), then (2) is a 
true equality as well. 

Taking antilogarithms to the base c>0O, c= 1, is a 
transition from equality (2) to equality (1). If (2) is actrue 
equality, then (1) is a true equality as well. 


2.1. Exponential Equations 
Example 1. Solve the equation 
4.9x-1 — 3 V 22= +1, 


A Both sides of the equation are positive. Taking loga- 
rithms to the base 2, we get an equation 


24 (x—1) log, 9 = log, 3+ 5 (22-+1), 


which, evidently, has the same solutions as the original 
equation, that is, is equivalent to it. Thransforming this 
equation and taking into account that log, 3 = 5 log, 9, 
we obtain 


x (log, 9—1) = + (log, 9—1), 


whence we have x = 3/2 (since log, 9 — 1 # 0). 
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Answer: 1.5. 2 
Just like in the above example, we can take logarithms 
of the oquation of the form 


alt=) — ps) 
lo a certain base c > 0, c ~1 and thus reduce it to the 
equivalent equation 
f (x) log, a = g (2) log, b. 
By introducing a new variable, it proves to be possible 


to reduce some exponential equations to algebraic equations, 
say, a quadratic equation, and so on. 


Example 2. Solve the equation 
5*-t + 5.0.2°-? = 26. 

A Since 0.2 = 5-1, it follows that 0.2*-? = 52-* and, 
therefore, the equation can be written in the form 5*-? + 
o3-* = 26. Designating 5*-! = t, we have 

t+ — 26, 


whence we get ¢? — 26t + 25 = 0. The solutions of the 
quadratic equation obtained are t, = 29 and t, = 1. Hence 
5*-1 = 25,27 = 3; 5*-! = 1, e = 1. The values of x we have 
found are precisely the solutions of the original equation. 
Answer: {3; 1}. A 
Example 3. Solve the equation 
do” — 12-2* — 6.25-0.16* = 0. 
A We write the equation as 
oe” — 12-2* — 6§.25-0.4 = 0. 
Noticing that 2 = 5-0.4 and, consequently, 2% = 5*-0.4*, 
we arrive at an equation | 
o2* — 12-5*-0.4* — 6.25-0.42* = 0, 


which is a homogeneous equation of degree 2 with respect 
to 5* and 0.4*. Dividing it by 0.4% and introducing the nota- 


tion ¢ = (5/0.4)* = 12.5*, we get a quadratic equation 
i? — 12t — 6.25 = 0. Its roots are t, = —0.5 and ¢, = 
12.5. The equation 12.5* = —0.5 has no solutions, the 


equation 12.5” = 12.5 has a solution x = 1, which is also 
a solution to the original equation. A 
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It is sometimes possible to solve certain exponential 
equations proceeding from the properties of the increase and 
the decrease of an exponential function. 


Example 4. Solve the equation 
4* + Q* = 25%. 

A It is easy to guess and to verify that z = 0.5 is a 
solution of the given equation. 

The question is whether this solution is unique or not. 
Until it is shown that there are no other solutions or until 
all other solutions (providing they exist) ‘are found, the 
problem cannot be considered as solved. 

The answer to the question we have put follows from the 
solution of the following problem. 


Example 5. Suppose 0< a<1, 0<b<1 and let the 

equation 
aX + b* = 1 
have a solution z,. Prove that the solution is unique. 

A An exponential function with a positive base less than 
unity decreases and, therefore, if r< 2), then a* > a* 
and b* > b*o. Hence it follows that a*~ + b* > a* + 6% = 
1. This means that for x < zx, the given equation ha$ no 
solutions. If z > 2z,, then a* < a*™> and b* < 6%, whence 
aX + b* < a*%o + b*0 = 1. Thus, for «>z, the given 
equation has no solutions either. We have thus proved 
that x, is a unique solution. A 

Let us return to Example 4. Dividing both sides of the 
given equation by 25*, we write it in the form 


(4/25)* + (9/25)* = 4. 


This equation has a solution z, = 0.5, and there are no 
other solutions according to what was proved in Example 5. 
We have now completed the proof of Example 4. 

Answer: 0.5. A 


2.2. Logarithmic Equations 
Example 1. Solve the equation 
log, x (x — 1) = 1. (1) 
A Taking the antilogarithms to the base 2, we get 
(2 —1) = 2. (2) 
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This equation has the solutions xz, = 2, xz, = —1. Substi- 
tuting them into (1), we make sure that they serve as solu- 
tions of this equation as well. 

Answer: {2; —1}. A 

As follows from the solution, equations (1) and (2) are 
equivalent. In a general case, as well, an equation of the 


form 
loga f (z) = g (2) (3) 
is equivalent to the equation 
f(z) = a. (4) 


In fact, if z is a solution of (3), then we can take antiloga- 
rithms of the true equality (3) and find that (4) is also a true 
equality. On the other hand, if z is a solution to (4), then 
we can take logarithms of the true equality (4) (its both 
sides are positive) and find that (3) is a true equality as well. 


Example 2. Solve the equation 
log, (3° — 8) = 2— dz. 
A Taking antilogarithms to the base 3, we get an equa- 


tion 
oO 8 St 


whence it follows that 32° —8-3* — 9 = 0. This quadratic 
equation with respect to 3* has the roots 9 and —1. The 


equation 3* = —1 has no solutions and the equation 3* = 9 
has a solution x = 2 which is also a solution of the original 
equation. 

Answer: 2. A 


Example 3. Solve the equation 
log (xz? — 6x + 7) = log (x — 8). 


A Taking antilogarithms to the base 10, we arrive at 
an equation 
z?—6r24+7=27—3, 


whence x? — 7x + 10 = 0, xz, = 5, x, = 2. The substitu- 
tion xz, = 95 in the original equation leads to the true equal- 
ity log 2 = log 2, hence z, = 5 is a solution of the original 
equation. The substitution x, = 2 in the equation leads 
to the appearance of an expression log (—1), which is not 
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defined. Hence z, = 2 cannot be a solution of the original 
equation. 

Answer: 5. A& 

The equation we have considered is an example of an 
equation of the form 


log, f (x) 7 log, & (x) (9) 
which is not, in general, equivalent to the equation 
f (x) = g (2). (6) 


Solutions of (5) are, evidently, all those and only those 
solutions of (6) for which f (x) > 0 (or, which is the same, 
g (xz) > 0). In Example 3, out of the two solutions of the 
equation x? — 6x + 7 = x — 3, only one solution, name- 
ly, z, = 5, satisfies the condition xz — 3 > 0. Only that 
value of z can be a solution of the original equation. 


Example 4. Solve the equation 
log, x + log, (x — 1) = 1. 


A Let us transform the sum of the logarithms to the 
logarithm of a product: 


log, xz (x — 1) = 1. 
This equation (see Example 1) has the solutions z, = 2, 


Z, = 1. Substituting z, = 2 into the original equation, 
we get a true equality 1 = 1, and, hence, z, = 2 is a solu- 


tion of the original equation. Substituting x, = —1, we get 
an expression log, (—1), which is not defined, already in 
the first term of the left-hand side. Hence, xz, = —1 is not 
a solution of the original equation. 

Answer: 2. A 


As can be seen from this example, a transformation of 
a sum of logarithms to the logarithm of a product can lead to 
an equation which is not equivalent to the original equa- 
tion, namely, not every solution of the obtained equation 
can serve as a Solution to the original equation. This fol- 
lows from the fact that, as was noted earlier (see the remark 
to formulas 1’, 3’, 5’, and 6’), the logarithm of a product 
can be defined even when the logarithms of the factors are 
not defined. When we use the indicated transformation in 
solving an equation, we must verify all the values of the 
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obtained unknown by substituting them into the original 
equation. Or, else, we must find for which of those values 
the expressions appearing under the logarithm sign in the 


original equation are positive. 
All this also refers to the case of transformation of the 


difference of logarithms into the logarithm of a quotient. 
Example 5. Solve the equation 
log, (2 — x) — log; (2 + z) — logsz+1=0. 


A We transform the given equation as follows: 


(2Q—z)3__ (2—2)3_ 
1083 Gaya OPayem 
Hence we have 2? + 54 —6=0, xz, = 1, xz, = —6. For 


x, = 1, all the expressions appearing in the original equa- 
tion under the logarithm sign are positive and this means 


that z, = 1 is a solution of that equation. For z, = —6, 
even log, (—6) is not defined and, therefore, x, = —6 
is not a solution of the original equation. 
Answer: 1. @& 
Example 6. Solve the equation 
2 log (2x) = log (x? + 75). (7) 


A Bearing in mind that 2 log (2x) = log (4x?), we trans- 
form the given equation as follows: 


log (4x7) = log (x? + 75). (8) 
As can be easily established, this equation has solutions 
x, = 9, XZ = —Oo. Pay attention to the fact that in equa- 


tion (8) the expression log (4x?) is defined for all z ~0 
whereas in the original equation (7) the respective expres- 
sion 2 log (2z) is defined only for z > 0. Verification shows 
that out of the two solutions of (8) only xz, = 5 is solu- 
tion of (7). 

Answer: 9. 

This example shows that the substitution of log, (f (z))2” 
for 2n log, f (x) in the equation (nm being nonzero integer) 
can also lead to the appearance of extraneous values of the 
unknown. As before, it is due to the fact that the expres- 
sion being substituted has a “wider” domain of definition 
than the expression being replaced. 
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A replacement of one of the expressions appearing in the 
equation by another expression having a “narrower” domain 
of definition, can naturally lead to a loss of solutions. Exam- 
ples of transformations of this kind are, for instance, a trans- 
formation of the logarithm of a product into a sum of loga- 
rithms, taking the exponent outside the logarithm sign. 
In such cases, one or another technique should be used to 
consider all the values of the variable some of which can 
serve as solutions of the equation. Say, when transforming 
log, (f (z))?", where n is a nonzero integer, we must con- 
sider two cases: 


if f (cz) >0, then log, (f (x))*” = 2n log, f (2), 
if f (cz) <0, then log, (f (x))?” = 2n log, (—f (2)). 


Example 7. Solve the equation 
log (22) = log (x — 15)¢. (9) 


A Assume that z— 15 >0, then log (x — 15)* = 
4 log (x — 15), and, hence, 


log (2x) fa log (x — 15). (10) 


From this we find that 2x = x — 15, x = —15. This num- 
her is, evidently, neither a solution of equation (10) nor a 
solution of equation (9). 
Suppose now that z— 15< 0, then log (x — 15)* = 
4 log (15 — x) and the original equation reduces to the 
equation 
log 2x = log (15 — 2x). (11) 


Its solution is x = 5. This value of z is also a solution of 
the original equation (9). 4 

Note that if we considered, instead of two cases and the 
respective equations (10), (11), only the case when 
log (c — 15)* = 4 log (x — 15) (equation (10)), then we 
would not find solutions of equation (9). 

It is sometimes possible to reduce some logarithmic equa- 
tions to algebraic equations by means of transformations 
and introduction of a new variable. 


Example 8. Solve the equation 


log.z _ log, 4z 
log, 2z logy, 82° 
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A Introducing the notation log, x = t, we pass to the 
base 2 and make use of the formula for the logarithm of a 
product. We shall have 


1 


log, 2x = — log, 2x 25 (1+ ¢), 


logs 4z = — log, 4x = = (2+ 1), 


2: 
a 
3 
1 1 

logy, $2 = 7 log, 8& == (3+ ft). 


As a result, we can write the original equation in the 
form 


_t _ 2(2+2) 
4+t 3(3+2)° 
Solving this equation, we find that ¢, = 1, ¢, = —4. Accord- 
ingly, we get log, x = 1, x = 2; log, z = —4, 2, = 1/16. 


Answer: {2; 1/16}. ~zA 


2.3. Various Examples of Equations 


Example 1. Solve the equation 
log, x = 1 + log, 9. 


A Passing to the base 3, we get log, 9 = nny: Desig- 
OF352 


nating ¢ = log, z, we write the original equation in the 
form 


t=1+—. 


This equation has solutions ¢, = 2, t, = —1. Accordingly, 
we find that log, z = 2, x = 9 and log, x = —1, x = 1/3 
Answer: {9; 1/3}. & 
To transform the expressions a!°%.? , it is convenient to 
use the formula 
gi%e b ae p!&e ap (1) 


where a >0, 6>0, c>0, c 1. The derivation of (1) 
is quite simple: it follows from the true equality log, b- 
log, a = log, a-log, b that the equality log, (a!%%) = 
log, (b!°£<7) is also true, and from this, by taking anti- 
logarithms, we arrive at (41). 
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Example 2. Solve the equation 
95 log x65 lf Lb Ns) 


A In accordance with (1) we have 2! > = pics ~*, 
Taking this into account, we write the original equation 
in the form 57!os* — 4.5! * —_5 =Q. This is a qua- 
dratic equation with respect to 5!°¢ *. Its roots are 5 and 
—1. The fact that 5!°¢ * = 5 implies that log x = 1, x =, 
10. [The equation 5!'°¢* = —1 has no solutions. This 
means that the original equation has one solution, z = 10.4 

Let ‘us consider now some examples of equations contain- 
ing the expressions (f (x))®). We shall take here only such 
values of z for which the base f (x) is positive. 


Example 3. Solve the equation 
giog 202 an 
A We should, evidently, consider here only the values 
xz > 0. Taking logarithms to the base 10, we get an equation 
log (2z)-log x = log 5, 
which, as it is easy to see, is equivalent to the original 


equation. We reduce the equation obtained to the quadrat' c 
equation 


log? x + log 2-log x — log5 = 0 
with respect to log z. Hence we find that 
log x = +. (—log2 + V log?2 + 4log5). 

Taking into consideration that log 5 = 1 — log 2, we find 
that log? 2 + 4 log 5 = (log 2 — 2)?, and, consequently, 
log x = 5 (—log 2+ (log 2 — 2)). We get log x = —1, 
x =0.1; logz = 1 — log 2 = log5, x = 5, respectively. 

Answer: {0,1; 5). A 

Example 4. Solve the equation 

| x — 3B |(st-ext1(x-2) — 4, 

A The equation a? = 1, where a > 0, is true if and only 

if either a = 1 (in the case b is any number) or b = 0 (in 


that case a is any positive number). In accordance with 
this statement we shall consider two cases. 
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(41) |e —3|=—1. Hence tx —3 = +1, x, = 4, 2, = 2. 
For the first value, z, = 4, the exponent of the left-hand 
side of the original equation is defined and, consequently, 
xz, = 4 is a solution of the original equation. For the second 
value, z, = 2, the exponent is not defined and this value 
is not a solution of the original equation. 

(2) (2 — 8x + 15)/(a2 — 2) = 0. Hence we have xz? — 
82 + 15 = 0, z, = 5, z, = 3. Of these two values, only 
x, = 5 is a solution of the original equation and the value 
x, = 3 is extraneous since for this value the base of the 
power on the left-hand side of the original equation is zero. 
Thus we see that the original equation has two solutions, 
a=4,7,=5. A 

In the general case, as well, an equation of the form 


(f(@)ro = 4 
reduces to the collection of two equations: 


(1) f(z) = 1, 
(2) » (z) = 0. 
All those and only those solutions of these two equations 


can serve as Solutions to the original equation for which 
the expressions q (z) and f (xz) are defined and f (z) > 0. 


Example 5. Solve the equation 


4t2 
logex-1 aa ° 


A Taking antilogarithms to the base 2x — 1, we arrive 
at an equation 


zit? 

ae =ea—I, 
which, as can be easily seen, has the following solutions: 
z, = 1, t, = —1, 23 = V3, — = —V3. These values of x 
contain all solutions of the original equation. Substitution 
into the original equation shows that only z = Y'3 is its 
solution. For z= —1 and z = —/3, the base of the 
logarithm 22 — 1 is negative, and for zs = 1 it is equa: 
to 1. These three values cannot serve as solutions to the 
original equation. 

Answer: V3. A 
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The equation we have considered is an example of an 
equation of the form 


loggx) f (x) = a. 


The set of all solutions of this equation consists of all 
those and only those solutions of the equation 


f(z) = (@ (@))", 
which satisfy the conditions @ (z) > 0, ¢ (x) #1. 
Example 6. Solve the equation 
logsx £ = logox x. 


A We should, evidently, seek solutions to this equation 
only among the values of x satisfying the conditions z > 0, 
32 «1, 9x 1. Setting, in addition, «1, we pass to 
the base zx: : 


1 4 
log, 3z —s logy Ya° (2) 


Hence it follows that log, 9x = log, 32, log, 3 = 0, 3=2°, 
3 = 1. The false equality we have obtained shows that 
equation (2) has no solutions. It would be incorrect to infer 
from this that the original equation has no solutions either. 
We have not yet investigated the value z = 1. And this, 
evidently, is a solution of the original equation. & 

This example shows that upon a transition to a new base, 
which is an expression containing the unknown, a loss 
can occur of the solutions of the original equation for which 
this expression is equal to 1. 


2.4. Systems of Exponential 
and Logarithmic Equations 


Let us first consider systems which can be easily solved 
by the method of substitution. 


Example 1. Solve the system 
log, x—log,y? = 1, 
| log, x — log, y== 1. 
A It follows from the second equation of the system that 
log, (z/y) = 1, whence z = 4y. Replacing x by 4y in the 
5s 
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first equation of the system, we get an equation 
log, (4y) — log, y* = 1 


in one variable. In the first expression on the left-hand 
side of this equation we pass to the base 2 and transform 
the second expression by the formula for the logarithm of 
the ‘power, taking into account that y > 0, y ~ 1. Simple 
transformations result in the equation log} y = 1. ‘Hence it 
follows that log, y = 1, y = 2 and, then, x = 8; log, y = 
—1, y = 1/2 and x = 2. Substituting the pairs of values 
z= 8, y= 2 and x = 2, y = 1/2 we have obtained into 
the original system, we can easily verify that they both 
are solutions of that system. A 


Example 2. Solve the system* 
yaa — y**Y, 


Vz-y=1. 
A Finding y = x~®® in the second equation and replac- 
ing y by z~®-® in the first equation, we arrive at an equation 


gx—x— 98 _ 9 0.5%- 0.527 005 (1) 


Taking into account that z > 0, we divide both sides of 
the equation by the expression appearing on the right-hand 
side (it is also positive) and get an equation 

yi-5x-0.5x70-5 4 


Hence we have: (1) z = 1, then y = 1 as well, and this 
pair of values of x and y can, evidently, serve as a solution 
of the original equation; (2) 1.52 — 0.52-°-® = 0, whence 
x5 — 1/3, 2 = 1/3/9, and then y =j/3. Direct verifica- 
tion can prove that the pairz = 1/°/ 9, y = Vee is a solu- 
tion of the original system. We can use another procedure. 
This pair is, evidently, a solution of the system formed by 
equation (1) and the equation y = x~°-®, But this system 
is equivalent to the original system, which we can immedi- 
ately see when we replace x~°-> by y in equation (1). 


Answer: {(4; 1), (1/7/9; 7/3)}. zA 


* If the base and the exponent depend on the variables, then here, 
as before, we consider only those values of the variables for which 


the base is positive. 
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It proves to be possible to reduce some systems of exponen- 
tial and logarithmic equations to algebraic systems of 


equations. 
Example 3. Solve the system 
log, x = log, y + log, (4—2), 
logs (z+ y) = log, x — logs y. 
A We pass to the base 2 in the first equation of the system 
and then reduce the system to the form 
{ log, x? = log, (y(4—2)), 
logs (x -|- y) = log; (z/y). 


.S 


Hence it follows that 
et y (4 —2), 
zt-y=2l/y. 


Each solution of the original system is also a solution of 
system (2). The values of x and y giving solutions of the 
original system evidently satisfy the inequalities 


O<r<4, 0O<y. (3) 


Performing inverse transformations, we can easily verify 
that each solution of system (2) satisfying inequalities (3) is 
also a solution of the original system. 

Let us write system (2) in the form 


x (x+y) = 4y, 
zrty=c/y. 


Substituting z/y for x + y in the first equation, we find that 
x? = 4y*, If x = 2y, then it follows from the second equa- 
tion that y = 2/3 and, hence, x = 4/3. Now if x = —2y, 
then inequalities (3) are evidently not satisfied and so the 
original system has no solutions. The pair of values x = 
4/3, y = 2/3 we ‘have found satisfies inequalities (3) and 
is the unique solution of the original system. A 


Example 4. Solve the system 
{ logs (xy) = 3 logs x- logs y, 


xz loggz 


4 logs 7 


(2) 


~ logs y* 
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A Taking into account that x > 0 and y > 0, we trans- 
form the left-hand sides of the equations, using the formu- 
las for the logarithm of a product and a quotient and, after 
introducing the new variables u = log,z, v = log, y, 
obtain a system 


u--+v == 3uv, 
| (4) 

4(u—v) =ulv 
Multiplying the equations of system (4) term-by-term, we 
get u? = 4v?, whence it follows that u = 2v or u = —2uv. 


Substituting uw = 2v into system (4), we find that v = 1/2 
and, hence, uw = 41. From this we find that log, z = 1, x =8; 


log, y = 1/2, y= 2 V2. In the case when u = —2v, we 
obtain, by analogy, x = 1/2, y = VY 2. Thus we see that 
the original system has two solutions, x = 8, y=2V2 
andx=1/2,y=/V2. -~z 


2.0. Exponential and Logarithmic Inequalities 


We can manage to solve some exponential and logarithmic 
inequalities directly, by using the properties of an increase 
and a decrease of the exponential and the logarithmic func- 
tion (properties 8 and 11’ indicated in the introductory part 
of this chapter). 


Example 1. Solve the inequality 
0.51/* > 0.0625. 


A Noting that 0.0625 = 0.5, we write the inequality 
in the form 
0.5/= > 0.54. (1) 


Since the exponential function with the base less than unity 
decreases, the inequality is true if and only if the inequality 


V/x<4 (2) 


holds true. In other words, inequality (2) is equivalent to 
inequality (1). Inequality (2) is satisfied by the following 
values of a: xz<(0,27>1/4. A 


Example 2. Solve the inequality 
2 1 
logs a a : (3) 
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A Here we should consider only the values of x for which 

22 

Pan, > 0. (4) 

The logarithmic function with the base greater than unity 

increases, and, therefore, inequality (3) is true if and only 
if both inequality (4) and the inequality 


22 “ 
ae ed (9) 


hold true. ) 

It is evident that any solution of inequality (5) satisfies 
condition (4) and, therefore, inequality (5) is equivalent 
to inequality (3). Inequality (5) has the following solutions: 
—3<r<—l. A 


Example 3. Solve the inequality 


logy.. (t? — 4) > —1. (6) 
A We should consider only the values of x for which 
x?—4>0. (7) 


The logarithmic function with the base less than unity de- 
creases and, therefore, the solutions of inequality (6) are those 
and only those values of x which satisfy both inequality 
(7) and the inequality 


z4*— 4< 0.271 = 5. 
To put it otherwise, inequality (6) is equivalent to the 
system of inequalities 
O— 7? —4= 5. 
This system evidently possesses the following solutions: 


2<[/r#|x<3. A 
Inequalities of the form 


al) >> a8, log, f (xz) > dD, etc. 


can be solved in the same way as those considered in Exam- 
ples 1-3. 


Example 4. Solve the inequality 
15 
log, 080.5 (2*— 7) <2. 
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A This inequality is equivalent to the system of in- 
equalities 


0<logy.s (2*—7@) <4. 


In its turn, this system is equivalent to the system of in- 
equalities 


{ > 2*— 250.54. 


We have taken into account here that the base of the loga- 

tithm is less than unity and also the fact that the inequal- 

ity 2* aS O follows from the right-hand side inequal- 

ity of that system. Transforming the system obtained, 

we get 31/16 > 2*>1, whence log,31—4>2>0. 
Example 5. Solve. the inequality 
2x <— 31/*, 


A Note that both sides of the given inequality are posi- 
tive. Consequently, their logarithms are defined, say, to 
the base 2. We find, by the property of the logarithmic 
function, that the given inequality is true if and only if 
the inequality 


log, 2* < log, 3'/* 


is true, that is, if these inequalities are equivalent. Trans- 
forming the inequality obtained, we get 


z*— log, 
z 


z< — log, 3, 2 <0. 


Solving the last inequality, say, by the method of intervals, 
we find that its solutions are: z< —V log, 3, O<r< 
V log. 3. 

Example 6. Solve the inequality 

log (x? — 16)< log (4x — 11). 

A This inequality is equivalent to the system of inequal- 

ities 
0=< 27 — 16< 4r — 11. (8) 
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The set of solutions of the first inequality, 0 < x? — 16, 
is a union of two intervals, (—co; —4) and (4; -+-co). The 
set of solutions of the second inequality is the interval 
(—1; 5]. The intersection of these two sets, the interval 
(4; 5], is a solution of the system in question and, hence, 
of the original inequality. A 

As in Example 6, when solving inequalities of the form 


log, f (x) < log, g (2) (9) 


or nonstrict inequalities of such a form, we should consider 
only the values of x for which f(x) >O and g(r) > 0. 
Under that condition, an inequality of form (9) is equiva- 
lent to the system of inequalities 


O<f(rz)< g(r) for 1<a, 
or to the system of inequalities 
f(z) > g(r) >0 for O<a<i. 
Let us consider examples of more complicated inequa- 
lities. 
If an inequality contains a power whose base and expo- 


nent depend on the variable, then we shall consider only 
those values of the variable for which the base is positive. 


Example 7. Solve the inequality 
(2 — 3)°*°-7*> 1. (10) 


A If «—3>>1, then the given inequality is true if 
and only if 277 — 7x > 0. This means that any solution 
of the system of inequalities 

z—3>1, 
(11) 
2z2— 7x >0 
is a solution of the original inequality (10). 

If O<2—3<l, then inequality (10) is true if and 
only if the inequality 27? — 7z <0 is true. This means 
that any solution of the system of inequalities 

0O<2z—3=<l, 
{ (12) 
222 —7Tz<0 


is also a solution of inequality (10). 
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For x — 3 = 1, i.e. tr = 4, inequality (10) is, evidently, 
not true. It follows from what we have stated that the set 
of solutions of inequality (10) is a union of the sets of solu- 
tions of systems (11) and (12). 

It is easy to find that the set of solutions of system (11) 
is the interval (4; +00) and that of system (12) is the inter- 
val (3; 3.5). The union of these two intervals is precisely 
the set of solutions of the original inequality. 

Answer: (3; 3.5) U (4; +0). A 

As in the example just ‘discussed, when we consider 
inequalities of the form 


(f (x))®™ > 1, (Ff (x))F™ < 1 (13) 
we must consider two cases: 
f(z) >1 and 0< f(x) < 1. (14) 


In the case of nonstrict inequalities of form (13) we should 
also take into consideration the case f(z) = 1. 


Example 8. Solve the inequality 
(a2 2 be 1) = 1. 


A This inequality is equivalent to the collection of two 
systems of inequalities: 


ee O< r?—2.57+1<1, 
r+1<0, “" r+1>0. 

The first of these systems of. inequalities has solutions 
x<. —1. The second system has solutions 0< xz < 0.5, 
2< 2r<. 2.5. All these values of z constitute the set of 
solutions of the original inequality. 

Answer: (—oo; —1] J [0; 0.5) U (2; 2.5]. az 

When solving inequalities of the form 


log s(x) g (x) => a, log yx) £ (z) <a, (15) 
we must also consider two cases: 
f(x) >1 and O< f(z) <1. (16) 


Example 9. Solve the inequality 
logo, (x? — Sr + 6) > 1. 
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A If 2x > 1, then the given inequality is true if and 
only if z? — 54 + 6 > 2z. Now if 0 < 2x < 1, then the 
riven inequality is true if and only if 2? — 54 + 6 < 2z. 
Taking into account also the fact that in any case the in- 
equality z? — 52 + 6 >0 must be fulfilled, we find that 
the given inequality is equivalent to the collection of two 
systems of inequalities 


21: O<2r<cl, 
x2 —-52+6 > 27, = O<— 2?—5r4+6< 2z. 


The first system has solutions 05<2z<1, 6< x. In 
the second system the first inequality is true for 0 << x < 0.5 
and the inequality xz? — 5z + 6 < 2z is true for1 << xz < 6. 
Comparing these two sets, we see that the second system 
has no solutions. Consequently, the set of solutions of the 
original inequality coincides, in this case, with the set of 
solutions of the first system of the collection being discussed. 

Answer: (0.5; 1) U (6; +00). A 

When solving nonstrict inequalities of form (15), we 
must also consider the case 


g (x) = (f (2))’. (17) 
Example 10. Solve the inequality 
log x “avi< =; 


A This inequality is equivalent to the collection of two 
systems of inequalities: 


2x —1 2r7—1 
0< 71S? zt 


{/x>1, 0<1/r<1, 
and 
We solve the first system. The inequality 1/7 > 1 has 
solutions 0<zx< 1. This means that t—1<0 and 
then it follows from the inequality (27 — 1)/(x — 1) > 0 
that 27—1<0, ie. x< 0.5. The _ inequality 
(2x — 1)/(x —1)<zx can be reduced (since x — 1 < 0) 
to the inequality 2x — 1>> xz (x — 1) whose solutions are 
0.5 (3 —V5)<2< 0.5 (3 + V5). The intersection of this 
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interval with the interval 0 < x < 0.5 is the interval 
05°33 —-V5)X «+< 0.5, (18) 


which is the set of solutions of the first system. 
The second system can be solved by analogy, its set of 
solutions being the interval 


1<71<05(34+ V5). (19) 
Answer: [0.5 (8 — V5); 0.5) U(4; 05(34+ V5). za 


Some exponential and logarithmic inequalities can be 
reduced to algebraic inequalities, quadratic, for instance, 
by introducing a new variable. 


Example 11. Solve the inequality 
log, x — log, 4< 3/2. 


A Let us write the inequality in the form 
3 


log, x 
and introduce the notation ¢ = log, x. Then we get an in- 
equality 
t—-t<5, 
whose solutions are: t<< —0.5, 0 << t< 2. Hence we find, 
respectively, 
log, z< —0.5, 0< x< 0.5; 
0O< log, z< 2, 1<z< 16. 
Answer: (0; 0.5] U (14; 16]. Az 
Example 12. Solve the inequality 
log, (16* — 2-12*)< 2x + 1. 
A This inequality is equivalent to the system of inequal- 
ities 
0O< 16* — 2-12*< 311 
We write the system in the form 
O< 4% — 2.4%.3* < 3-3, 
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Dividing each part by 37° > 0 and designating ¢ = (4/3)*, 
we get a system of algebraic inequalities 


0O<— #2 —2< 38. 
The solutions of this system are 2<(.t<. 3. Hence we 
find that 
2 < (4/3)* < 3, log 4/3 2 < t= loga/s 3. 
Answer: (logy; 2; logy; 3]. A 
When solving inequalities, we should bear in mind the 
remarks made earlier which concern a possible appear- 


ance of extraneous values of the variable or loss of solu- 
tions. 


Example 13. Solve the inequality 


2log, (x — 1) > log, (5 — xz) + 1. (20) 
A Let us transform the inequality as follows: 
log, (x — 1)? > log, 2 (5 — 2). (21) 


Any solution of the original inequality (20) is, evidently, 
also a Solution of inequality (21). The converse is true if 
and only if x —1>0, i.e. x > 1. 

Furthermore, inequality (21) is equivalent to the system 
of inequalities 


(c — 1)? >2(5 — z) > 0. (22) 
The first inequality of (22) has solutions r< —3, 3< gq, 
the second inequality has solutions x < 5. Consequently, 
system (22) has solutions r << —3, 3< + < 5. From these 
solutions, only the values of x belonging to the interval 


(3; 5) satisfy the condition z > 1. This interval is pre- 
cisely the set of solutions of the original inequality. 


Answer: (3; 5). A 


PROBLEMS OF SECTION I 
Solve the equations given in problems 1-6. 
1, 42—4Ve+1_g.9xt Vx 9, zlogs (8x) 46 9/ zi, 
3. log Vee (4-+-cos z) =2, 
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1 z+9 
4. 1—logy (e+ 1)? => log V3z43° 
ee ee 
* Tog (0.5-+- cos? 2)” Bsin 2x10, 


6. logsin + 2 + log 2 -+ logsiy ~ 2:loge 2= 0. 
7. For which values of a does the equation 


log, (x + a) = 0.5 


has a unique solution? 
Solve the systems of equations given in problems 8-413. 


3 { logy z + log, y = 2.5, 
° zy = 27. 
9 4xty — 27 + 9*-V, 
: { QXtY — 21. 2e+Y — 27X-¥ 4.7. 3X-Yt1 | 
Blog x _ 3log y x — y*, 
10. t 
(32) 108 3 (5y)!°8 5. 
logs (z*+ y) — logs z= log, (z+ 3y)—1, 
12, 


x* = y®l, 


zy+1 
1082 yf y— a2 
2*-Y — 2.6*-V — §-2v — 0, 
o { Q-x-y — 2.3847 -4.3.9% = 0, 
Solve the inequalities given in problems 14-49. 


=lo oleae 
ey 


7 2 
14. 9x— 2 = 3x--4° 15. logs (x+ 2) > logx4, 81. 
: y 
16, —0822-logs (47) __- 


log, (22)-logig (82) ~~ 

17. log, (6x — 1) > log, (22). 

18. log.4a t < logg z*, a>0, a1. 
2+ logs z 6 

eed et 
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Solve the equations given in problems 1-4. 
4. 25 | 1-2x | _ 51-6x. 2. 4x — 3x 0.9 — 3X40.5_ oex-1 
ax-1 
3. 5x.2et! 59, 4, plose*49.719625 _ 45, 
5. Calculate the value of the expression 
log, 24 _ log, 192 
logy 2 log;2 2 


without resort to tables. 
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6. Express: 

(a) log, 30 in terms of a = ldg, 20 and b = log 

(b) log,;s, 48 in terms of a = log. 15 and b = pia 2 9 24. 
Solve t e equations given in problems 7 through 24. 


det a ke PM PO ae ae 2 


1 
9. 5cot? x (45 — 5sin2 =) = 5. 
10. 3-16%+ 36% — 2-817. 11, gloBs(1-2x)_572a__5_ 


0.5 log ,--(x2-<x) 
12. x Vx 


13, 408s (1—=) __ (2724 22— 5)!0Es 2, 


ax glogs 4 


1 1 
-> . -=) 1 
14. log, (5.4 ¥+.2:9 =) Zz = loge 5. 


15. 3z-+(3—2z) logs 2= logs (9. ($) +2-6) +414, 
16. 3 log? sin z-++ log, (1—cos 27) =2. 


x 
17, 2 et 84 gloes 74. 


log3x—3 logs x —log —64+8 
18. HP = 3 V2 e 


19. (4 — log 2) log, z = log 3 — log (z — 2). 
—2 3z2—7 
20. log, ——5 =a —1= log, —— 35° 
21. log Y¥z—5-+ log Y 2z—3+1= log 30. 
5 5 
22. log, (cos 2+) + log, (cos —¥) =). 
3 3 
1 
; s a a 
23. 2 log, Sin z+ log, 4 cot staal 5 
—3 
t—1 e 


25. Find all solutions of the equation 


24. 2 logs zoe = logs ——= 


sin z 
2 log, | cot z | —- logy. Dar ey a 


’ 


belonging to the interval [3.3; 4]. 
26. Find the eoeuone of the equation cot z + logy, z = 2 on 
the interval (0; 2). 
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27. Find: 
(a) the sum of the roots of the: equation 

z+ 1= 2 log, (2* + 3) — 2 log, (1980 — 2-*); 
(b) the product of the roots of the equation 


(32)? log, 2 ax 4 - 4980. zl0Be x x 


Solve the equations given in problems 28 through 42. 
28 | cos x pains x-1.5 sin x+0.5 4. 


29. (tan x)8" *.- (cot x)°% *, 
30. log... (223 — ana + 132 — 1) = 3. 
31. log,2 (c + 1)? = 
32. logs cos? x sin wo a c 9) = 0. 
33. logsin sx “(cos x — cos 2z) = 1. 
6 

2 2 2 — a 

34. z? logs 2? — (2x2-++- 3) log, (2x -+3) =3 logs Ie43° 


35. log, logs (22+ 3) log log, a, 4 


logs aoa ; 

41. log, x-log, c = log, x + logs; z. 

42. loga, z = n loga2,, x, where a > 0, n = 1, Maa 
43. Prove that loga be “logas b = log, b — logg 

Solve the equations given in problems 44 cos 34. 


44, log? (1+) + log? (1-4) = 2 log? (—-1) : 


45. log (x — 10)-log (« 4+- 10) = log (a? — 100) — 1. 
46. log? (x + 1) = log (x + 1)-log (z — 1) + 2 log? (x — 1). 


AT, 3.2l0Bs (3x-2) 4 9 glogy (3x-2)__5, glOSx2 (Gx—2) _ 
48. log, (2V'5 — x + 5) = 1 — logy.s (z — 0.5). 

49. V log, V 3z-log, z +41 = 

50. V4 loggz —2+ V1 + log, z = 4. 


Ai yo 3 10816 (Vz? +4 + 2) + logs (Vz + 14 +1—2z) = logy, (42 +- 
52. log? tan z + log, sin? z-log, cos? z = 1. 
53. log? cos z = log (1 — sin z)-log (1 + sin z). 


54. (V 4— 15) +(V 44 15) =8. 


55. For what values of a does the equation log,i, ( — 2) = 2 
possess a unique solution? 


40. log (z?— 8)- log (2—z) = 
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56. How many solutions does the equation e%*-**+ 222 — 3 = x4 
possess? 
Solve the equations given in problems 57-58. 


2 1-+-a2\*= 1—a?\* __ 
57. ( On —( Oa } =1, O<a<tl. 


58. loge (1+ Yz) =logs z. 
Solve the systems of equations presented in problems 59 through 85. 
59 { logs x + logs y = 2 + logs 7, 

log, (z + y) = 2. 
60 ee, 
; log z-(log y + 2) = 
at ake ie — Vz) =0, 

(25/*) Vy _ 495.5 Vv 0, 


z¥= 9, y=i—lo x2, 
Re: { 3241/¥ = 62. 63. zx’ = 0.2. 


3.72¥-1— 4 : ZXtY = yX-Y, 
on { ° guitg, “8 { xy = 4. 
45in eer 
66. ca 
5. 4gsin xo. 3008 Y¥__9 
log, zy+3 58s = =. =(), 
67. ae 
logy—-— log, =: log, y=0. 


68 log? x = log? y + log? zy, 69 { glBaY — O7y, 
: log? (x — y) + log z-log y = 0. * | ylosse — 812. 
logs y = log, (zy — 2), 


{ 229 — 2 V = Ay. 

70. log, x7 + logs (x — y) = 1. os logs y = Vx. 
, { loge (@ + y) + 2 logs (c« — y) = 5, 

72. Qe — 5.20-5(x+y-1) 4. gutl — Q, 


logs z-log, (x — 3y) = 2, 

73. { ae ybxY — y2-5, 

ah { log z-log (x + y) = es y-log (x — y), 
log y-log (zx + y) = log x-log (x — y). 
log, (10—2¥)=4—y, 

75. loo, wr sv=4 

2 B8y—z 
log, (x — 3)-logy.. 2 = 1 + logy_, 2, 
76. \ log, x-log, (22 — 2y + 1) — 3 log, (2y — 1) +2 = 0. 


= log, (rx —1) — log, (3—2z). 
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log? x-(log} y — log, y + 1) == 13, 
log zy. V log, 7-| log y | — 1. 


77. 
loge/s i logte/s y -— loys (x 4- y) = 4, 
logs/2 t-logs/o y -- logy, (x + y) = 0. 
15% + 15 = 5%.3-4, gx'+y? — 46e4, 
2.3x-y — 5u-e = 3.gx, 80. | ox? 4. gov. 8 4684-169, 
Qx + Qu 4-22 = 


foe aa aed, 
zrty+tz=3. 


78. 


79. 


2x — 2.4%2 + 64 = 0, 
QU(xtzZ) 4. 2 -Qe(U+z) — 20 .2%Y = 0, 
Q2*Y + 22(XtV) — 24.2uz = OQ, 


r lo x 
glosy 742 7 =6, 


82. 


83. gene gra y 162, 
zl€x Vag g ree 2 V BB. 


1-+ logy! z = log, ——— 


a 

y? 2 

84. 4 41+ logs! = log, 2 ete 
2 2 

| 1+ logz! z= log, - tat 
Xt1_9.9Y — —3y.4xty 

85. x2 2-2 3y-4*ty, 


2x. 228+ 41 3y.9xtv — 1, 

86. Find all values of @ for which the system 
Q3xty 1 oxt3y — 4, 

BXtY 4 2-X-Y —. Auta 


has solutions. 
87. Find all values of a for which the system 


{ 2b + (a + 1) by? = a2, 
(a —1)2+y=1 


possesses at least one solution for any 6 (a, b Ak 
88. Determine, without resorting to tables, hic of the following 
numbers is greater: 


(a) O or logiogs2 0.5; (b) logs 2 or 5/8. 
Solve the inequalities given in problems 89 through 108. 
89. 3(6%-3)/x << Y/ 272-1, 90. 4-0,5*(* #9) < 0.252%, 
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. logy/s =< 1. 92. logy.es ("s) <0.5 
93. logy 7 > log, 3. 94. ie logs = ae ~ <i. 


95. logs log nm (v?-- 424-3) <0. 96. h logs = — tela. 
Ty 
97. log? ce? > 1, a>0, af<1. 
4* 
98. Gx 3% <4. 99. 5-4* + 2-20* < 7-10*. 
100. 0.8% — 1.25*+1 > 0.25. 
101. 2.3% + 9-4% > 12* + 18. 
102. 0.4108 7! < 62577108 >", 
103. log, (3% — 4). -log, (38**? — 9) > 
104. 3-* + 3*-log, 3 — log, 6 > 0. Fie it true that log, 2 —1 isa 
solution of this inequality? 
105. log, (x — 1) + log, (x + 1) > 3. 


106. log, (s+—) + logy.» (1+, ] —4; 


107. 4 log,, cos 2x + 2 log, sin z : 08s cosz-+4+-3> 0. 
108. 2 log, (x + 2) — log, (xz + 5) 
109. Find the domain of PA cinition-of of the function 

y=Y¥ logs «+ logs (3—=z)— logs (z—1). 
Solve the inequalities given in problems 110 through 433. 
| log (8— 2z) | 


110. <4, 

log (x —1) 
114. log, (xz? — 42 + 4) + 27% > 2 — (x 4- 1) logg., (2 -- =). 
442, ——@— 1 


logs (9— 3”) —3 


113. log, (22—z)—3 log, — >—2. 


= 


114. 1083 z-logs 22 A log. z-log, 3z > 0 

115. logs (x + 2)-logs (2 + 1) + loget(t + 2) > 0. 
116. log, 2-log,, 2-log, 4x > 1 
117. log, x < 6 log, a — 4, a > 0, a =~ 1. 


118. log,_. 6 + log,+. 6 > log,_. 6-logy4.6. 
119, 25108 x 4 !°Fox — 30, 

3_ 5 
129, 1082 (e+ 1)*— logs (2-11)? . 9. 


z2—1 


121. ao ee <a*z?,a>0,a41. 
122, | c—1 p'e4-=) S| p—4 plows te) | 
123. log,_~ Sp S41. 124. logy_s (2? —- 42)? < 4. 


6* 
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125. 1 — logiogsx 2 = (0). 
126. log, (1 + 2?) < log,: (46 — z?). 
127. log, (x + 1) > log,2_, (x + 1). 
128. VY logs (9z + 18) < logs (x + 2). 
129. VY log. z + 2Y log, 2 > 3. 
log (tan z+ cot z)— log 4 
1. "Tog (sine-feosz)— ~< 
131. Y1—loggaz— W1+log,z>a V2, a>0,a #1. 
132. log, (x — a) > 2, aER. 
2xt1 7 10 
133. aay Ua <= 3—9n° 
134. For what values of a is the inequality 
log’, (z?+2)>1 
o+i 


true for any real 2? 
135. Find all values of a for which every solution of the inequality 


logy, (22 — 5z — 3) <1 


is also a solution of the inequality z? + a’z — 2a‘ < 0. 

136. Prove that log, 3 is not a rational number. 

137. Determine, without resorting to tables, which of the follow- 
ing numbers is greater: 

(a) log, 60 or logs 30; (b) logs 75 or log, 11. 

138. Prove that 

4+2Inz< 2 

for all z > 1. 

139. Among the integers, find all solutions of the inequality 


2z + 1 < 2 log, (x + 3). 
140. Prove that for any a > 0 and b > 0 the inequality 


ga.Ub > ab.ba 

is true. 

141. Assume that 0 < a <1, @ (z) = a* + (1 — a)*. Prove that 
if z > 1, then @ (z) < 14, and if z < 1, then @ (xz) > 1. 

142. Assume that a> 0,  (z) = (1 + a)* — a®. Prove that if 
xz > 1, then g (z) > 1, and if z < 1, then g (z) < 1. 

143. Assume that O<a<i1, a>0, b> 0. Prove: 

(a) a%-b1-* < a+b; (b) a%-b'* < a®.(4 — a)! (a + 2). 

144. For what real z and y is the inequality 


V logs (n— Vy) +2 cos (3ncos Y'y)-+ V log, ygz <0 


true? 
Solve the systems given in problems 145-146. 


oxtl — y2-L 4, logs (z+ 2) > 2, 
145. { eacy, 146. {Oe ee Ie <A, 
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147. Find the set of points of the plane whose coordinates (2; y) 
satisfy the system 
32(*-V) — 6-3-2* —. 3-Y > 0, 
@) | 24+ 3y=5; 
(b) { logo. ey. (xz + y — 1) > logo.sy, 
Vy—z—1 y—z—1<V2—z. 
148. Among the integers find all solutions of the system of equa- 


tions 
x-Yy 
| 10 y =i, 


2Y — 3* = 1. 
149. Find 
lim (log, n-log, (nm + 1)- . + log, n5). 


N—+ 0O 


Chapter 3 


‘Combinatorial Analysis, 
Newton’s Binomial Theorem, 
Random Events and Their Probabilities 


3.1. Arrangements, Permutations, Combinations 


3.1.1. Examples of simple combinatorial problems. We 
begin with several problems typical of combinatorics. 

Example 1. There are 30 students in the class. In how 
many ways can the monitor of the class and his assistant 
be elected if any student could be elected to one of these 
duties? 

A Since by hypothesis any student can be elected to 
be the monitor, there evidently, exist 30 ways of electing 
him. Every one of the remaining 29 students could become 
his assistant. Every one of the 30 ways of electing the moni- 
tor can be used in conjunction with any of the 29 ways of 
electing his assistant. Therefore, there are 30-29 = 870 
possibilities of electing the monitor and his assistant. A 


Example 2. Four people are to make reports at a confer- 
ence. In how many ways can they be arranged in‘ the list 
of speakers? 

A There are 4 ways of choosing the first speaker; the 
second speaker can, evidently, be chosen by 3 ways. Now 
only 2 people lay claim to the third place in the list and, 
consequently, there are 2 ways of filling in the third place 
in the list. There is no choosing the fourth speaker, he is 
the last to make his report. Since every choice of the first 
speaker can be combined with every choice of the second 
speaker and with either of the two choices of the third 
speaker, the number of ways of compiling the list of speaker 
is equal to 4-3-2-1 = 24. /A 


Example 3. Two teachers must be appointed as examiners 
for the class taking exams. How many different combina- 
tions can be formed from five teachers? 
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A. Designating the teachers by the letters A, B, C, D, 
and FE, for the sake of convenience, we can write all the 
possible combinations, namely, 


AB, AC, AD, AE, 


BC, BD, BE, 
CD, CE, 
DE. 


Thus we see that the number of different combinations is 
equal to 10. A 

We have managed to solve Example 3 by trying out all pos- 
sible cases. This simple method is applicable only when 
the number of cases is not large. Now if we had to appoint 
not 2 but, say, 7 teachers by choosing them from among 14 
candidates, then our attempt to try out all possible cases 
would obviously, fail, since in that case it is possible to 
form 3432 combinations. We shall easily get the result 
after we derive the general formulas making it possible 
to solve problems of this kind (see \Example 9). 

Before deriving the requisite formulas, let us return to 
the examples considered above. We shall see whether there 
is anything in common between these examples and whether 
there is an essential difference between them. 

We note, first of all, that in all three examples we speak 
of a certain finite set of elements and of the number of its 
subsets satisfying certain requirements. Thus, in Example1, 
we considered the set of all students in the class, ‘that is, 
a set consisting of 30 clements, and we had to find the 
number of all various subsets of that set which would 
consist of two elements (two students selected to be the 
monitor of the class and his assistant). In Example 2 we 
considered a four-element set of speakers and had to deter- 
mine the number of four-element subsets of that set, differ- 
ing from one another only in the successive order of the 
elements. In Example 3, we isolated different two-element 
subsets (examiners) from a five-element set of all teachers 
and counted their number. 

Besides the similarity we noted when considering Exam- 
ples 1-3, there is one very important difference between 
them. It consists in the fact that the words “different sub- 
sets” have different meanings in Examples 1-2 and in Exam- 
ple 3. The subsets in Example 3 were considered to be 
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different if they differed from one another at least in one 
element, the order of the elements being of no importance. 
The examining board consisting of the teachers Smith and 
Robertson differed in no way from that consisting of Robert- 
son and Smith. On the contrary, the sets in Example 1 were 
considered to be different if they differed from one another 
only in the successive order of the elements. The election 
of Smith as the monitor and Robertson as his assistant and 
the election of Robertson as the monitor and Smith as his 
assistant are two different ways of selecting. In Example 2, 
the subsets were considered to be distinct if they differed 
from one another only in the order of the elements. 

If subsets that differ from one another only in the order 
of appearance of their elements are considered to be distinct, 
then we speak of ordered subsets. Otherwise the adjective 
“ordered” is omitted. For example, a set consisting of four 
elements a, b, c, d evidently has four three-element subsets 


abc, abd, acd, bcd 
and 24 three-element ordered subsets 


abc, abd, acd, bed, 
acb, adb, adc, bdc, 
bac, bad, cad, cbd, 
bea, bda, cda, cdb, 
cab, dab, dac, dbe, 
cba, dba, dca, dcb. 


In combinatorial problems it is always necessary to 
count the number of all subsets of the given set. which 
satisfy definite conditions. However, in some problems we 
consider as distinct the subsets that differ only in the order 
of the elements, while in other problems the order of ap- 
pearance of the elements is of no significance and the subsets 
that differ only in the order of the elements are not consid- 
ered to be distinct. 


3.1.2. Arrangements. Suppose there is a set consisting 
of n elements. Its every ordered subset consisting of k ele- 
ments is called the arrangement of n elements taken k at a 
time. 

It follows from the definition that n>k>O and that 
the k-arrangements of n elements are all k-element subsets 
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differing in the content of the elements or in the order of 
their appearance. For a set consisting of four elements a, 
b, c, and d, all the 3-element arrangements were written 
at the end of 3.1.1. They turned to be 24 in number and 
differed from one another either in the content of the ele- 
ments or in their order. 

In combinatorial problems it is necessary to know how 
to count the number of all k-arrangements of n elements. 
A special symbol A®* (read “the number of arrangements of 
n elements taken k at a time”, or “k-arrangements of n 
elements”) is used to designate this number (A being the 
first letter of the word “arrangement”). 

We have seen that the number of arrangements of 4 ele- 
ments, taken 3 at a time, is 24, i.e. A? = 24. It must be clear 
now that in Example 1 we had to find the number of arrange- 
ments of 30 elements taken 2 at a time, and it follows 
from the solution of that problem that A?, = 870. Next it 
is evident that A°, = 1 since there is only one subset of an 
n-element set which does not contain elements (empty or 
void set). 

In a general case, the number of k-arrangements of n 
elements can be determined by the following formula: 


Ak =n(n—1)(n—2)...(n—k4+1), k>O, (A) 


that is, the number of arrangements of n elements taken k at 
a time is equal to the product of k successive natural numbers 
from n ton — k + 1 inclusive. 

0 The number of all k-arrangements of n elements is 
equal to the number of all k-clement ordered subsets of the 
set consisting of nm elements. There are, evidently, nm ways 
of choosing the first element of the subset, and n — 1 ways 
to choose the second element of the subset since any ele- 
ment of the set. except that chosen to be the first, can be 
taken as the second element. Each of the choices of the 
first element can be combined with each of the choices of 
the second element and, consequently, there are n (n — 1) 
choices of the first two elements to construct a k-element 
ordered subset. After the first two elements have been chosen, 
there remain n — 2 possibilities of choosing the third ele- 
ment and, again, each of these possibilities can be combined 
with any of the possibilities of choosing the first two ele- 
ments, that is, the first three elements can be chosen in 
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n(n — 1) (n — 2) ways. The last, kth, element of the 
k-element subset can be chosen in nm —k +1 ways since 
by the moment the Ath element is chosen there remain n — 
(k — 1) elements. 

There is another, more convenient, form of formula (1). 
We shall use, for brevity, the symbol n! (read “n factorial” 
to designate the product n(n — 1) (n — 2)...3-2-1, 
that is the product of all natural numbers from n to unity. 
Using the sign of the factorial, we can write, for example, 


1! = 1, 

21 = 2-1 = 2, 

3! = 3-2-1 = 6, 

Al = 4-3-2-1 = 24, 

ol = 0-4-3-2-1 = 120. 


Multiplying and dividing the product on the right-hand 
side of formula (1) by (n — k)!, we get 


Ares (n — 1) (n—2)...(n—k-+-1) (n—k)! 
ne ey ee 
or 


k n! “ps 
An = (n—k)!° (4) 


Formula (1) has been obtained on the assumption that k > 0, 
formula (2) can also be used when k = 0 since in this special 
case, as well, it yields a correct result, namely, 


0 mi _ ni 
An Gol al Oy ee 


When deriving formula (1) we also assumed that n= 0, 
that is, that the given set had at least one element. Ifn = 0, 
it is implied that an empty set is being considered and, 


since an empty set has only one subset (itself), then Aj = 1. 
If we agree that 0! =: 1, formula (2) gives a correct result 
in the case when n = 0 as well. Indeed, 
0! 
Example 4, Calculate 
Ado + Ado 


Ar 
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A Using formula (2), we get 
20! , 20! 


Ajo t Aso fat 451 — 416! is 16! 
At, 2of 441" 45! 
16! 


= 16-15 -+16 = 16-16=256. A 


Example 5. Fourteen subjects are studied in high school. 
In how many ways can the time-table for Monday be com- 
piled if that day the class should study five different sub- 
jects? 

A There are, evidently, as many ways to compile the 
time-table as there are five-element ordered subsets of a 14- 
clement set. 

Consequently, the number of ways is equal to the number 
of arrangements of 14 elements 5 at a time, that is, it is 
equal to A®,. Setting n = 14 and k = 5 in formula (1), 
we find that 


A®, = 14-13-12-11-10 = 240 240. aA 


3.1.3. Permutations. Arrangements of n elements taken n 
elements at a time are called permutations of n elements. 

A permutation is a special case of an arrangement. Since 
every permutation consists of all n elements of the set, it 
follows that different permutations are distinguished from 
one another only by the order of the elements. The number of 
permutations of n elements is designated as P, (P being the 
first letter of the word “permutation”). It is clear now that 
in Example 2 it was required to find the number of all per- 
mutations of 4 elements (the number of all possible permu- 
tations of the speakers). That number turned out to be equal 
to 24. Consequently, P, = 24. 

In a general case, the number of permutations of n ele- 
ments P, = Af and, consequently, it can be found by for- 
mula (1) or by formula (2), setting k = n. 

In fact, formula (2) yields 


n n! n! 
Pr~An=Gopi= ot! 


and formula (1) yields 
P, = An =n(n—1)(n—2)...(n—n+1) = nl. 
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Thus we see that the number of permutations of n elements 
is equal to n! 

Thus, there are mn! ways to establish a definite order of 
elements or, as they say, to order the set. 

For instance, a list of students of a class in which there 
are 20 students (none of whom have the same name), can 
be compiled in 


20! = 2 432 902 008 176 640 000 ways. 


Example 6. How many six-digit numbers, multiple of 
five, can be formed from the digits 1, 2, 3, 4, 5, 6 pro- 
vided that the digits in the number are not repeated? 

A For the number compiled from the given digits to be 
divisible by 5, it is necessary and sufficient that the digit 5 
should occupy the last place. The other five digits may occu- 
py the remaining five places in an arbitrary order. Conse- 
quently, the desired quantity of six-digit numbers, multiple 
of five, is equal to the number of permutations of the five 
elements, i.e. 5! = 5-4-3-2-1 = 120. /zA 

Example 7. Find n if 

ee = 240 ARTS k<n. 


A Applying the formula for the number of permutations 
and formula (2) for the number of arrangements, we rewrite 
the given equation as follows: 

(n 4-5) 240 (n+ 3) ! 
(n—k) 1" * (n+3—k—3)!° 


The resulting equation is equivalent to the quadratic equa- 
tion 
(n + 5) (n + 4) = 240. 


Its roots are n = 11 and nm = —20. For n = —20 both the 
right-hand and left-hand sides of the equation are meaning- 
less. For n = 11, for any & such that O <A < 11, the equal- 
ity -P© — 240A"+3 is true. Thus, n= 11. A 


£11-h 


Example 8. How many permutations can be made of the 
letters forming the word “degree”? 

A To make such a permutation means to put in the six 
enumerated places, in an arbitrary way, one letter “d”, one 
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4c ‘rn 99 


letter “g”, one letter and three letters “e”. If we find 
places for the letters “a” “o”, and “r”, then tlie remaining 
places can be filled by the letters “e” . But how many ways 
are there of putting three distinct letters into six places? 
It is evident that the number of ways is equal to the number 
of all three-element ordered subsets of a six-element set, 
ie. A? = 6-5-4 = 120. 

We can reason otherwise. Were all the six letters forming 
the word distinct, the number of permutations would be 61!. 

But the word contains three letters “e” and the permuta- 
tions of these three letters alone do not require the use of 
new methods of arrangement of the letters. Therefore, the 
number of permutations of the letters in the word “degree” 
is not 6! but 3! times smaller, i.e. 


6! _ 6-5-4-3-2-4 — (}. Bs 4 


31> 3-a-4 = 120. A 


3.1.4. Combinations. Suppose we have a set consisting 
of n elements. Its every subset consisting of k elements is 
called a combination of n elements taken k at a time. 

Thus, combinations of k out of nm elements are all k-ele- 
ment subsets of an n-element set, in which only the subsets 
of different compositions of elements are considered to be 
distinct. Subsets differing from one another only in the 
successive order of their elements are not considered to be 
distinct. For example, the following subsets are combina- 
tions of three elements selected from the four-element set 
a, b, c, d: 


abc, abd, acd, bcd. 


The number of all combinations of n elements, k elements 
at a time, is designated C® (read “the number of combina- 
tions of n, k at a time” or “C of n, k at a time” or, else, “k out 
of n elements”), C being the first letter of the word “com- 
bination”. We have just seen that C? = 4. In Example 3, 
we found the number of combinations of 5 elements, 2 at 
a time, and it turned out that C? = 10. 

In a general case, the number of combinations of n ele- 
ments, k at a time, is defined by the following formula: 


a n! 
Cn= (n—k) IKI ° (3) 
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0 ‘Let us first form all possible nonordered subsets con- 
taining A elements each. Their number is C’%. Then, from 
each of the subsets obtained, by means of permutations, 
we obtain all ordered subsets which will, evidently, be &! 
as many in number since every k-element set can be ordered 
in k! ways. Thus, Ak = k!C*, whence follows formula (3). H 

Formula (3) can be written in another, more convenient 
form. Cancelling the numerator and the denominator of 
the fraction by (n — &k)!, we get 


Cbs te”) ene, (4) 


that is, the number of combinations of n elements, k at a time, 
is equal to the product of all natural numbers, from n to n — 
k +1 inclusive, divided by kl. 


Example 9. How many examination boards consisting 
of 7 members each can be formed from 14 teachers? 

A They will be, evidently, as many in number as there 
are seven-element subsets in a 14-element set. Formula (4) 
yields 

vp 14-43-12-44-40-9-8 — 14-43-12-44-10-9-8 
a eG aa ee 


Example 10. Eighteen football teams take part in the 
national championship, and every team meets the same 
opponent twice. How many matches are played during 
a season? 

A In the first round there are as many matches as there 
are two-element subsets of the set containing 18 elements, 
that is, their number is Ci,. Formula (4) yields 


C2, =. SM 153. 


There is the same number of matches in the second round 
and, therefore, 306 matches are played during a season. A 


Example 11. Solve the inequality 
Ce SS 0C-.. 


A The left-hand side of the inequality is meaningful if 
and only if x is an integer belonging to the interval [1; 11]. 
The right-hand side is meaningful if and only if z is an 
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integer and x € (0; 10]. Consequently, only those integral 
values of z which lie in the interval [1; 10] may serve as 
solutions of the inequality. 

Using formula (3), we write the given inequality as follows: 

10! 10! 
(x— 1)! 140—2z-+1)! > 2 r!(40—z7)! ° 

i tah teak , ; ; ; 10! 
Dividing both sides of tlie inequality by (g—1)1(@40—2)!’ 
we get 


1 2 
fl—-z7 az? 


whence we have x > 22 — 2z, i.e. Or. Taking into 
account the restrictions x €N and z € [1; 10], we get the 
set of solutions of the given inequality: 


{8; 9; 10}. z 


The numbers C® possess many interesting and important 
properties. We shall discuss two properties which are often 
employed. 

The first property. C2 = Cr-*. 

0 Applying formula (3), we get 


Using this property, we can simplify the calculations of C* 
in the cases when k > n/2, for instance, 


15.14-13 
C=C. = eo ee = 459. 


The second property. 
=Ch+Cn (kK<n). (5) 
O We again use formula (3) and get 
n} ni 


h+1 ee Se! as.) 
Ch + ln= G@—k—Die+ I ¢ GHIA 
n! n—k, k+4 
ESNet a ae 1 7) 

(n+1)! Ct og 


~ (n+1—(kK+ DI (RD 
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3.2. Newton’s Binomial Theorem 
The well-known formulas 


(a + db)? = a? + 2ab + BD’, 
(a + b)? = a® + 3a7b + 3ab* + 6 


can also be written in the form 


(a + b)? = Cja? + Cyab + C¥b?, 
(a + b)® = C§a® + Cja*b + Cb? + Cid%. 

The following hypothesis arises: are the similar formulas 
for the fourth, fifth, and, in general, any natural degree of | 
a binomial also true? 

We shall first find out whether a similar formula is true 


for the fourth degree. For that purpose, we multiply both 
sides of the formula for (a + b)® by a + b. Then we have 


(a + b)* = (C§a® + Cja*b + Cjab* + C3b*) (a + d) 
= Cla*t + Cja*b + Cra*b* + Clad 
+ Cja*b + Cja*b? + Cjab* + C3b* 
= Cja* + (C} + C$) a®b + (C3 + C}) ad? 
+ (C} + C2) ab? + Cb 
Noting that 


SSO GPOS CC aa 
C+Ci= Ci, C=C, 


we ascertain the validity of the formula 
(a + b)* = Coat + Cha®b + Ciab? + Ciab® + Cid*. 


Thus we have’ managed to obtain a formula for the fourth 
degree of the binomial by using an analogous formula for the 
third degree. The argument carried out corroborates the 
hypothesis, in the first place, and suggests the idea of using 
mathematical induction to prove it, in the second. 

Theorem. The following formula is valid for arbitrary num- 
bers a and b and for an arbitrary natural number n: 


(a + b)” = Cha" + Cha" b+... 
wore + Cha™*b® +... + CRO". (1) 
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Using the summation sign, we can write Newton’s for- 
mula in the abbreviated form as follows: 


(a+ b)"= 2 Cran*pr, (2) 


O For n = 1, Newton's formula has the form 
(a + b)) = Cla + Cjb, 


and it is evidently true since C}] = C; = 1. 
Let us assume that the formula is true for n = m, that is, 


(a+b)™= >) Cham-hpr, 
k=0 
Then it follows that 


(a + b)™*+4 = (a+ b) »? Cha™-*pr 
k=0 


oo 


m™m 
k=0 


mr Gui mamtt Py cr b gmHiohgh 5 CG Agmti-hpk 1 C™pmts 


=Coq™ + s (CE, + CR *) amtt-kok 4. CMpmts, 
h=1 
Taking into consideration that 


CSO iy CO, SC C205 


we obtain 
m+i ; 
(a -} b)™+1 — > Cong ath or, 
k=0 


Thus, the validity of formula (1) for » = m implies its 
validity for n = m + 1 and, since the formula is valid for 
n= 41 as well, its validity has been established for all 
natural values of n by induction. H 

Formula (1) was named after Isaac Newton. Its right-hand 
side is called an expansion of a natural power of a binomial, 
and C*% are called binomial coefficients. 


oe ee 
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Here are some peculiarities of Newton's formula: 

(a) Its right-hand side contains n + 1 terms. 

(b) Every term has the form Ca™-*b*, 

It is convenient to consider the term Ca"™"b* occupying 
the place & + 1 to be the Ath term of the expansion and 
denote it by 7;,, that is, 

T;, = Crap, (3) 

Then T, = Cha” is the zeroth term of the expansion, 
T, = Cjia"~1b is the first term, and 7, = C7Rb", is its nth 
term. 

(c) The powers of a decrease by 1 in each subsequent term 
of the expansion, and the powers of b increase by 1. The 
sum of the powers of a and b is equal to 7 in each term of 
the expansion. 

(d) The coefficients of the expansion, equidistant from 
both the zeroth term and the nth term, are equal since 
Ce Cr. 

Example 1. Raise to the sixth power the binomial 

x? — y. 

A Setting a = 27, 6b = —y, n = 6 in formula (2), we 

obtain 


6 
(x? —y)®= 3) Ce (z2)* (—y)! 
= C.r'2 — C yxy 4- C,x8y? — Cax®y3 + Cyziy* — Cyr2y® + Coy® 
= £2 — Oxy + 152r8y2 — 20r8y3 4- 1or4y* — 622y5 + y®. A 


Example 2. Find the fourth term of the expansion of the 
power of the binomial 


(Wz+ z=) - 
A Setting n=9,k=4,a = 2, b=1/)/z in formula 
(3), we get 
Py =C(V 2) (V2) = FTV 2126 2. 
Example 3. Find the term of the expansion of the power of 
the binomial (= + Vz) which does not depend on 7. 
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A Putting n = 12, a = 1/z, b=Yz in formula (3), we 
obtain 
3 
T, =C", (A/x)'2" (Wz)* =Chae °F 2", 
For the term of the expansion to be independent of z, it is 
necessary and sufficient that —12 + = k = 0, whence k = 8. 
Thus, the eighth term of the expansion does not depend 
on x. We calculate it: 


Te= Cy, = Ci, = SA? = 495. 


Example 4. Find the sum of all binomial coefficients 
CA+C, + Cit... + Ch. 
A Putting a = 1, b = 1 in formula (2), we get 


(A+1j°= >) ck. 
k=0 
Thus it follows that 
Dd Cr=Cat Cnt Cnt... + n= 2". 


The last equality has the following meaning. Since C* 
is the number of all subsets of an n-element set which con- 
tain k elements each, the sum 


Cr+ Ch +... Eo 


is, evidently, the sum of all subsets of the n-element set. 
Consequently, the number of all subsets of a set containing 
n elements is equal to 2”. 


Example 5. Every one of the ten available lamps can be 
switched on to illuminate the hall. How many ways are 
there to illuminate the hall? 

A There are, evidently, as many ways as there are sub- 
sets of a ten-element set, i.e. 249 = 1024. The possibility 
of “illuminating” the hall (when none of the lamps are 
switched on) is also taken into account. A 


7# 
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Example 6. Find the leading coefficient of the polynomial 
425) 
(3+37) - 

A Denoting the coefficient of the polynomial in x* by 


a,, we use formula (2) and arrange the given polynomial in 
order, by the increasing powers of the variable z: 


10 10 
4 2 10 (4 \10-k (Q\h 
(s+z7) -D eu (s) (g) = Dane". 
k=0 k=0 


To find the leading coefficient a,, we shall solve the in- 
equality a,_,SX ay, i.e. 


k-i [41\10-R+1 7 2 \ R-4 kh {1\10-k 2 \% 
chat (A) (2) cet (AY (4) 
Dividing both sides of the inequality by 2*-1/3!°, we get 
Cio S 2C% 


whence we have 
40! 2-10) 


(k—4)1 (40—k+1)I SFi0—m - 


After further obvious cancellings, we get 
14/40 —k +1) < 2/k, k < 20 — 2k 4+ 2, k < 22/8. 
Thus we have proved that 
aga... cay. 


It is evident that at k > 22/3, the opposite inequality 
a,-, > a, takes place, that is, the coefficients of the poly- 
nomial decrease, beginning with the seventh. 

Thus we see that the coefficient a, is the greatest among 
all the eleven coefficients of the given polynomial and is 
equal to 


? 4\3 /2\7 
Co(3) (3). 4 

We have proved Newton's formula without assuming 
that a and b are real numbers. Therefore, formulas (1)-(3) 
are also true in the case when a and 0 are arbitrary complex 
num bers. 
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‘xample 7. Write the complex number (2 + i)§ in alge- 
braic form. 
A Putting n = 6, a = 2, b =i in formula (2), we get 


6 
(2+i)8= DY) Ch2s-hir 
k=0 


= C28 + C25;4+ C2242 + C2238 + C12%it + C2H+4-C8i8 
= 64 + 192i — 240 — 160i + 60 + 12% — 4 
= —117 + 44i. a 


3.3. Random Events and Their Probabilities 


Let us discuss a simple experiment that involves tossing 
i coin. There may be two outcomes in this experiment: 
either the coin will come up heads or it will come up tails. 
The outcome of the experiment depends on many factors 
which cannot be presupposed and so it is impossible to 
predict it. When the coin comes up heads, this is an example 
of a random event. Here are some other examples of random 
events: scoring 1 when throwing a die, an electric bulb 
failing before the end of its guaranteed service life, and the 
quality of the article selected for inspection not meeting 
the standard. In all these cases, we cannot tell beforehand, 
until the end of the trial, whether this or that event will 
occur or not. For that reason, events of this kind are called 
random events. 

In the experiment that involves tossing a coin, both out- 
comes are, evidently, equally possible, and there is no reason 
to give preference to one of the outcomes before the end of 
the trial. In such cases we say that both outcomes are equi- 
probable, and the probability of each of them is equal to 1/2. 
Throwing a die, we expect one of six outcomes. Since the die 
is supposed to be homogeneous and symmetric, all the out- 
comes of the trial are equally possible or equiprobable. The 
probability of each of them is equal to 1/6. 

Generalization of these simple trials is an experiment in 
which n equiprobable outcomes are possible: u,, Ue, .. ., Un 
(they are also called simple or elementary events). In this 
case, the probability of every outcome is assumed to be 
equal to 4/n. It is written as follows: 


P (u,) = 1/n, P (u,) = 1/n, ..., P (un) = Ain. 
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The first formula should be read as follows: “the probability 
of u, is equal to 1/n” (P being the first letter of the word 
“probability”). 

Let us consider now the experiment with n equiprobable 
outcomes and an event A which occurs when the trial has 
some k outcomes and does rot occur if one of the remaining 
n — k outcomes takes place. We shall say that the outcomes 
leading to the event A are favourable to it. The probability 
of the event A related to the trial with n equiprobable out- 
comes is the ratio between the number of outcomes favour- 
able to the event A and the number of all outcomes, that is 


P(A) ==, (1) 


where k is the number of outcomes favourable to the event A. 

Here are some examples to illustrate what we have stated. 
The experiment with a die has six equiprobable outcomes: 
u;, the face of the die, features the number i (i = 1, 2, 3, 4, 
o, 6). Let us consider the following events related to this 
experiment: 


event A,, the score is a multiple of 3, 
event A,, the score is a prime number, 
event A;, the score is equal to 7, 
event A,, the score is less than 7. 


‘Two outcomes, namely, u; and u,, are favourableto the 
event A,. Setting n = 6, k = 2 in formula (1), we have 
P (A,) = 2/6 = 1/3. 

Three outcomes, u,, uv; and uz, are favourable to the event 
A,. By formula (1) we get P(A.) = 3/6 = 1/2. 

Neither of the possible outcomes is favourable to the event 
Ay. Consequently, P(A;) = 0/6 = 0. The event Ag is 
impossible. | 

All six outcomes are favourable to the event A, and, there- 
‘fore, P (A,) = 6/6 = 1. The event A, is a certain event. 
The probability of any event A satisfies the inequalities 


OS P(4) <1, 
which follows directly from formula (1) since it is evident 
that O< k <n. 


To calculate the probabilities of events by formula (1), 
it is necessary to find the number of all equally possible out- 
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comes and the number. of outcomes favourable to the random 
event. In this ease, combinatorial formulas discussed in 3.1 
turn-out to be very convenient. 


Example 1. The experiment consists in tossing two coins, 
copper and silver. What is the probability of at least one 
coin coming up heads? 

(\ The equiprobable outcomes of the experiment are the 
following: 

u,, both coins have come up heads, 

u,, only the copper coin has come up heads, 
Uz, only the silver coin has come up heads, 
U,, heither of the coins has come up heads. 


The outcomes u,, wu, and u; are favourable to the event A 
(at least one coin coming up heads). Setting n = 4, k = 3 
in formula (1), we get P(A) = 3/4. A 


Example 2. While dialing a telephone number, you forget 
the last two digits: remembering only that they were differ- 
ent, vou dial at random. What is probability of your dialing 
a correct number. 

‘A. Two last digits can be chosen in a number of ways equal 
$o the number of two-element ordered subsets of a ten-ele- 
ment set (the set of all digits). This number of ways is equal 
to Ai,. Consequently, there are Aj, outcomes all in all, only 
one of which (the correct number was dialed) is favourable 
to the event A. Therefore, 


P (A) = 1/A}, = 1/10-9 = 1/90. A 


Example 3. There are five defective bulbs among 100 elec- 
tric lamps available. What is the probability of choosing 
three good lamps at random? 

A A set consisting of 100 elements has C°,, three-element 
subsets. Therefore, we can use C},, ways to choose 3 bulbs out 
of 100. The bulbs are chosen at random and this means that 
all these ways of selection (all outcomes) are equiprobable. 

The number of favourable outcomes (all three bulbs turn 
out to be good) can be calculated by analogy. There are C3, 
ways of selecting 3 bulbs out of 95, since this is the number 
of three-element subsets of 95-element set. Setting n = 
C39, & = C3, in formula (1), we get 


95-94-93 
P (A) =C,,/Ci9o = Goo-ag ag © 0-856. A 
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PROBLEMS OF SECTION I 


1. Five workers in a factory leave for a vacation and only three 
places are available in the sanatorium. How many ways are there to 
distribute the places if (a) all the places are different, (b) all the places 
are identical? 

2. How many ways are there to arrange five white and four black 
balls in successive order so that the black balls will not lie side by 
side? Consider two cases: (a) the balls of the same colour are identical, 
(b) all the balls are different. 

3. How many diagonals are there in a convex n-gon? 

4. The first of two parallel lines houses 10 points, the second, 
20 points. How many triangles are there with vertices at those points? 

5. Four writers must write a book containing 17 chapters. The 
first and the third writer must write five chapters each, the second 
must write four chapters, and the fourth must write three chapters of 
the book. How many ways can be found to divide the book between the 
four writers? 

6. A crocodile is known to have not more than 68 teeth. Prove that 
among 16!? crocodiles chosen at random no two will turn out to have 
the same number of teeth. 

7. How many ten-digit numbers can be written with the use of the 
digits 1 and 2? 

8. The Morse code consists of points and dashes. How many letters 
can there be in the Morse code if one letter cannot contain more than 
four signs? 

9. A car registration number consists of three letters (30 letters 
are used) and four digits (10 digits are used). How many cars can be 
registered so that no two cars have the same number? 

10. How many ways are there of dividing 2n elements into pairs if 
the partitionings differing in the order of the elements within the pairs 
an ane order of the arrangement of the pairs are taken to be iden- 
tical: 

11. Find the middle term of the expansion 


12. At what values of z is the fifth term of the expansion (2z + 3)® 
greater than the adjacent terms? _ 
13. Find the terms of the expansion (Y3-+ 7 2)® which are in- 


tegers. 
14. Find the coefficient of the polynomial (1 + 3z + 225) 2° in <4. 
15. Find the sum of the coefficients of the polynomial (1323 — 7z — 


5) 100, 


Tr 
k 

16. Calculate p2 CS. 

17. There are two winning tickets among ten tickets available. 
Determine the probability that (a) one, or (b) both of these tickets, 
will be among five tickets selected at random? 

18. Five people entered the lift cabin on the ground floor of an 
8-floor house. Suppose that each of them, independently and with 
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equal probability, can leave the cabin at any floor beginning with 
the first. Find out the probability of all five people leaving at dif- 
ferent floors. 


PROBLEMS OF SECTION II 


4. Calculate: 


6! ; Phs 
(a) At, (C§+-C€3); — (b) Gan) ae 


2. Find n if 
1 1 1 
(a) Chti— Ch, =15 (n+ 2); (b) cr cr + cn ’ 


(c) 5C23=C4,,, (d) (n+2)!= 132A" Pp_p; 
(e) Chis— C3 n +- 19n? = 6; 


Ants 14° n n+1 
(f) Th+2)! Fe > (g) 80%); < 3CfGS?. 


3. Find the set of values of the function: 

(a) f (t) = AFB (b) f (@) = CRS. 

4. There are 30 students in a class. In how many ways can we choose 
two monitors to be on duty interchangeably if (a) one of them should 
have greater responsibility, or (b) both of them should have equal 
responsibilities? 

5. How many distinct two-digit numbers can be formed from the 
digits 1, 2, 3, 4 on condition that neither of the numbers contains re- 
peated digits within it? 

6. How many distinct two-digit numbers can be formed from the 
digits 1, 2, 3, 4? 

7. Neither three diagonals of a convex 10-gon intersect at one 
point. Determine the number of intersection points of the diagonals. 

8. How many ways are there of arranging eight rooks of the same 
colour on the chessboard so that they do not capture one another and 
occupy only black squares? 

9. Form different four-digit numbers from the digits 0, 1, 2, 3 so 
that neither of the numbers contains repeated digits. How many num- 
per have you formed? How many even numbers are there among 
them: 

10. 153 matches were played in the football championship. Each 
team met its opponent only once. How many teams took part in the 
championship? 

41. There are three el pore and 30 soldiers in a platoon. How 
many ways are there of selecting one sergeant and three soldiers for 
patrol duty? 

12. In how many ways can the time-table for Monday be compiled 
if there must be five lessons that day (algebra, geometry, history, geo- 
graphy, and literature) and algebra and geometry must not immediate- 
ly follow each other? 
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13. How many permutations can be formed of the letters consti- 
tuting the words (a) angle, (b) basis, (c) minimum? 

14. In how many ways can 28 dominoes be distributed among 4 
players for each of them to get 7 dominoes? 

15. A hockey team consists of 2 goalkeepers, 7 left and right backs, 
and 10 forwards. 11 how many ways can the coach form the starting 
group ot six players consisting of 1 goalkeeper, 2 backers, and 3 for- 
wards 

‘ 16. ioe ind six-digit numbers are there whose all digits are odd 
( ’ 3, » ‘49 9 

17. Four speakers A, B, C and D, must address the conference, 
and B must not precede A. How many ways are there to establish the 
successive order of speeches? 

18. How many divisors are there of the number 462? 

19. There are m books in black covers and n books in blue covers 
on the shelf, all the books being different. How many ways are there 
to arrange the books on the shelf so that the books in black covers 
stand side by side? 

20. How many ways can you find to pack 9 different books into 
five parcels if four of the parcels must contain two books each? 

21. How many ways are there to put 12 identical coins into five 
different purses for none of the purses to remain empty? 

22. The lock of a safe consists of five discs each of which features 
the digits 0, 1, 2, ..., 9. The safe can be opened by dialing a special 
combination of the digits. Will ten days be enough to open the safe 
if the “workday” lasts 13 hours, and five seconds are needed to dial one 
combination of digits? 

23. Given the integers from 1 to 10". Which numbers among them 
are greater in number, those whose notation requires the use of the 
digit 9, or those which do not include this digit? 

24. Write Newton's formula for the power of the binomial: 


@ +4, 0) (VY 2-2)’. 


25. Using Newton’s formula, calculate: 

(a) (¥3 — ¥'2)*; (b) (V7+ 8 + (V7 — Of. 

26. Find: _ 

(a) the seventh term of the expansion (Ya rhe ee 
(b) the term of the expansion (a/ + a-1/*)!5 independent of a; 


(c) the term of the expansion (fz -+ VY 2)}8 containing x8; 
(d) the term of the expansion (x5 + 1)!*®° containing 2198, 
27. Find the terms of the expansion which are integers: 


(a) (V2+ 73) b) (V5— V2). 
28. How many terms of the expansion (3 +7 5)!*4 are integers? 
29. Find the leading coefficient of the polynomial: 


@) (gt+y2)"s @ (V5+ V22)™. 


30. Find the coefficient of the polynomial: 
(a) (A + 2% — 23) in x8; (b) (1 + 22 4+ 23)? in 2, 
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31. Find the sum of the coefficients of the polynomial: 


- 5 \8 

a) (42 — 5)21; b (3 22———} . 

(a) ( ) (b) (37 V3 

32. Prove the equalities: 

(a) kc —nck-}; 

(b) CL—2C2,+3C3—...+(—1)”"1nCR—0; 

(c) CL +2C2+3C3 + ...+nCR =n27-1; 

(d) (Ch)? +(Ch)?+ (Ch) +... + (ERP = Chih. 

33. One ball is drawn at random from an urm containing 3 white, 
4 black, and 5 red balls. What is the probability of the drawn ball 
being (a) white, (b) black, (c) peo’ (d) red? 

34. Two dice are thrown. What is the probability of the score on 
the 2 dice being equal to 8? ; 

35. A cube with coloured faces has been sawn into 64 blocks of 
the same size. The blocks are then thoroughly mixed. What is the 
Dy that two randomly chosen blocks have two coloured faces 
eac 

36. The homework of each one of 4 students can be checked by one 
of the 7 teachers. What is the probability of all the 4 papers being 
checked by different teachers? 

37, The examination programme contains 40 questions. To pass 
the examination, every student has to answer two of them. One stu- 
dent prepared the answers to 30 questions. What is the probability 
of his getting two questions at the examination to which he had pre- 
pared the answers? 

38. There are 50 tickets in a lottery of which 8 are winning tick- 
ets. What is the probability of 2 out of 5 tickets chosen at random 
being winning tickets? 

39. Eighteen basketball teams take part in the championship, of 
which 2 teams are in the top class. To decrease the overall number 
of matches, the teams are divided into two equal groups by casting 
lots. What is the probability of 2 top class teams (a) getting into dif- 
ferent groups; (b) getting into one group? 

40. Prove that the probability of the birthdays of twelve randomly 
chosen people being in different months is less than 1/10000. 


Chapter 4 
The Integral 


4.1. The Antiderivative and the Indefinite Integral 


In many problems we encounter a situation when we are 
given a function and have to find a new function whose deriv- 
ative at every point is equal to the value of the given func- 
tion at that point. As an illustration, we may cite a prob- 
lem of finding the law of motion s(t) of a particle proceed- 
ing from the given law of its velocity v(t). In this example we 
are given a function v(t), t€ (a, b), and are required to 
find a function s(t) such that s’ (t) = v(t) for any t € (a, b). 

Definition. The function F(z), x € (a, b) is known as an 
antiderivative (primitive) of the function f(z), zx € (a, b) 
if F’ (x) = f(x) for every zx € (a, b). 

For the function f(z) = 327; x € R, the antiderivative is 
a function F(x) =z since (x*)’ = 3x? for any x€ R. It 
is easy to see that the function F(z) = z*® + 2 is also an 
antiderivative of the function f(r) = 32? since (2? + 2)’ = 
3x7 for any x ER. 

It is evident that in a general case, as well, if F(z) is 
an antiderivative of the function f (x), then for any con- 
stant C the function F(z) + C is also an antiderivative of 
the function f(z). Indeed, 


| (F(x) + C) = F’(z) = f(z) 


for any x from the interval being considered. 

Thus, if a function has at least one antiderivative, then 
it possesses an infinite number of antiderivatives. 

The following theorem holds true. 

If the function F(x) is an antiderivative of the funetion 

f(x), then any antiderivative of f(x) has the form F(x) + C, 
where C is some constant, that is, the set {F (x) + C| CE R} 
is the set of all antiderivatives of the function f (zx). 
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This theorem implies that for any C the function F(z) = 
x3 + C is an antiderivative of the function f(z) = 3z° 
and there are no other antiderivatives of this function. 


Example 1. For the function f(x) = cosz + sin z, find 
an antiderivative F(x) satisfying the condition F (0) = 1. 

A One of antiderivatives of the function f(z) = cosz + 
sin z is the function sin z — cosz. It follows from the 
theorem that any antiderivative of the given function has 
the form F(x) = sin z — cos z + C, where C is some con- 
stant. To find the constant C, we make use of the condition 
F(O) =1 and get 


sin0 —cosO0 + C =1, 


i.e. C = 1+ cos 0 = 2. Consequently, the function F(z) = 
sin z — cos z + 2 is the antiderivative sought for. A 

The following three rules hold for finding antiderivatives. 

1. If the function F(z) is an antiderivative of the function 
f(x) and the function G(zx) is an antiderivative of the function 
u(x), then the function F(x) + G(x) is an antiderivative 
of the function f (x) + g(z). 

0) In fact, the derivative of the sum of functions is equal 
to the sum of the derivatives, that is, 


(F (x) + G (x))’ = F(z) + @ (2) = fe) + 82), 


which means that the function F(z) + G(z) is an anti- 
derivative of the function f(x) + g(z). Hf 

2. If the function F (x) is an antiderivative of the function 
[(x), then the function kF (x) is an antiderivative of the func- 
tion kf (zx). 

O Indeed, 


(KF,(2))’ = RF" (2) = kf (2), 


that is, the function kF (zx) is an antiderivative of Af(z). & 

3. If the function F(z) is an antiderivative of the function 
f(x), then the function F (y (t)) is an antiderivative of the func- 
tion f(y (t)) y’ (t). (In this case we also assume that the func- 
tions f (y(t)), y’ (t) and F (y (t)) are defined.) 

This rule follows immediately from the rule for differenti- 
ating a composite function. 

In the special case, when y (t) = at + b, a=0, and 
when F(z) is an antiderivative of the function f(z), the 
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function + F (at + 6b) is an antiderivative of the function 


f (at + ). 
Example 2. Find all antiderivatives of the function 


i 1 
f (2) =3e™4 + 


4. The function f(x) is equal to the sum of two functions. 
Let us find an antiderivative for the function 3e**!. Since 
the antiderivative of the function e* is the function e*, 
then by Rule 3, the antiderivative of the function e2*+! is 


the function +e +1. By Rule 2, the antiderivative of the 


function 3e2**t! is the function 3- 5 emt, i.e. 5 em +1. Let us 


now find an antiderivative for the function 1/cos? (2/4). 
Since the function tan z is an antiderivative of the function 


1/cos? z, then, by Rule 3, the function * tan = is an anti- 
derivative of the function 4/cos? (nz/4). By Rule 4, the 


: 4 ; : ; ; 
function 5 ett oa tan = is an antiderivative of the 


function f(z). Any antiderivative of the function f(z) is 
specified by the formula 

3 poxti ys 4 tay BE 
5 e += tan + C, 


where C is an arbitrary constant. A 
Example 3. Find the function F(x) if it is known that 
F’ (xz) = &"* cosz and F(n/2) =e +3. 


A It is required to choose, out of all antiderivatives of 
the function es!" ~* cos z, the antiderivative which assumes 
the value e + 3 for z = x/2. Since the derivative of sin x 
is cos x and since the antiderivative of e* is e*, it follows, 
by Rule 3, that the antiderivative of es!"* cos z is the func- 
tion esin=, Indeed, 


(esin x)’ — esin= (gin x)’ = eS!" cos z. 
Any antiderivative of the function e!"* cos z has the 


form esinx +. C, where C is an arbitrary constant. Let us 
determine C from the condition that F (x/2) = e + 3, from 
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which we find that 
esin(7/2) 1+ C =e+3, iee C = 838. 


Consequently, the required function has the form esin= + 
OA 

Definition. The collection of all antiderivatives of the 
function f(z), z€ (a, b), is called the indefinite integral 
of the function f(z) and is designated as 


| £(@) de 


(read “the indefinite integral of the function f(x) with respect 
to dz”, or, briefly, “the integral of / (x) with respect to dz”). 

It follows that if F(z) is an antiderivative of the function 
f(z), then 


| f (2) dz = {F (2) + CICER}. (1) 


In practical applications, formula (1) is written in the con- 
cise form 


| f(2) dx = F(z) + C. (2) 


The function f(x) is called the integrand, the expression 
{(x) dx is the element of integration and the constant C is 
the integration constant. 


Example 4. Find | cos x dz. 


/. To find the indefinite integral of cos z with respect 
to dx, it is sufficient to find some antiderivative of the func- 
tion cos z, that is, to find a function F (z) such that F’ (z) = 
cos z. From the table of derivatives it follows that sin x 
is such a function. Consequently, 


| cos x dz = sinz + C. A 


The operation of finding a function from its derivative 
is called the integration of the function. The operation of 
integration is the inverse of differentiation. The correctness 
of integration is checked by differentiation. The property 
of differentiation easily yields the following two properties 
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of indefinite integrals: 
\G@ +e@)dz = [f@dz+|e@a, ©) 
| #7 (2) dx =k | f(@) dx, k#0. (4) 


Formula (3) signifies that every antiderivative of the 
function f(z) + g(x) is the sum of certain antiderivatives 
of f(z) and g(x) and, conversely, the sum of any antideriv- 
atives of f(z) and g(z) is the antiderivative of f(x) + g(z). 
And so it follows from formula (3) that if F(x) is an anti- 
derivative of f(x), and G(x) is an antiderivative of g(z), 
then 


| f@) + ei(@)) dx = F(x) + Ga) + ¢, 


where C is an arbitrary constant. Briefly, formula (3) is 
read as follows: “the integral of the sum of functions is equal 
to the sum of the integrals of those functions”, 

Formula (4) means that every antiderivative of the func- 
tion kf (xz), where k ~ 0, is the product of the constant k 
by some antiderivative of the function f(x) and that any 
such product is an antiderivative of the function f(z). 

It follows from formula (4) that if F (z) is an antiderivative 
of f(z) and k=40, then 


| Af(2) dc = KF (2) + €, 


where C is an arbitrary constant. 
Note that formula (4) is no longer true in the case when 
k = 0. Indeed, in that case, the left-hand side is 


\ 0-f (2) dx = \ 0-dx = C, 
where C is an arbitrary constant, and the right-hand side is 
0. \ f(x) dx = 0. 


Using the table of derivatives, we compile a table of 
indefinite integrals. 


1 | ade=az+C. 


+4 
2. j edz +0, a~—1, 
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.7 | $@z=In jz] +C. 
- 
4. \ a dz =;—-+C, a>0Q, a1. 
In particular, | et dr=e*+C. 
ys | cosadz=sinz+C. 
(j. | sin z dz = —cosz+C. 


\ 72 _ de —-tane+C. 


COs? x 


sin? z 


\ ue dx= —cotzx+C. 


Formulas 2, 3, 7 and 8 are true for the integrals in which 
the integrand is defined. 

Let us prove formula 3 from the table, for instance. 

OC The integrand is defined for all zc ~ 0. If x > 0, then 
|x | = z and 


(In | x |)’ = (Inz)’ = 1/z. 


Now if z< 0, then | z |= —z and 
/ , ae : —1 4 
(In|x|)’ = (In(— a) = tt 


Consequently, 


(In | x |)’ = 1/z 
for any z= 0 and, therefore 


| F=Ml2l+c 


for « >O and for z< 0. 
Iixxample 5. Find \ (x? + 2e*) dz. 


/\ In accordance with formulas (3) and (4), we have 


| (2? + 20%) de = | atde +2 [ eae. 
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The integrals on the right-hand side of the equation are 
tabular: 


\ wdx=—a+C, \ e* dz=e*+-C. 
It follows that the function 3 z® + 2e* is an antiderivative 
of the function 2? + 2e* and, therefore, 
\ (x? +- 2e*) dz == x3 +-2e*-+4-C, 
where C is an arbitrary constant. & 


Example 6. Find \ ode: 


x 


af ttaen {Sas { tae 


HF 


=3 |< dz—(2de=3in|z|—-+ +6. A 
Example 7. Find | sin? 2 dz. 


A \ sin? zdz= \ ~— S08 dix 


1 COS 22 1 sere 
= \ 5 dt — \ 5 dz = = x—=sindz-+C. A 

To find the integrals of the functions of the form sin mz xX 
cos nz, Sin mx sin nz, and cos mz cos nz, it is convenient 
to use the following trigonometric formulas: 


2sin mz cos nz = sin (m — n) x + sin (m + n) az, (9d) 
2sin mz sin nz = cos (m — n) x — cos (m+ n)az, (6) 
2cos mz cos nz = cos (m — n) x -+ cos (m+n) az. (7) 


Example 8. Find \ sin x cos 3x dz. 


A From formula (5) we have 
sin zcos 382 = > (sin 42 —sin 22). 
Therefore, 


\ sin 2cCos 3x da= + \ sin 4x dz-—+ \ sin 22 dz. 
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It can be easily seen that the function — + cos 4z is an anti- 
derivative of the function sin 4x. Similarly, the function 


— + cos 2x is an antiderivative of sin 2x. Consequently, 


| sin x cos 3 dx = + ( — 7 cos 42) —+ ( — 5 cos 2z) +C 


= + cos 2x— 4 cos4x+C. A 

Indefinite integrals can often be easily evaluated by the 
formula for integration by parts. 

Suppose the functions wu (x) and v (zx) possess derivatives 


w’ (x) and v’ (x). Then, the following formula can be written 
which is known as the formula for integration by parts: 


\ uv’ dx = uv — \ u'v dz. (8) 


This formula is a conSequence of the formula for the de- 
rivative of the product of two functions: (uv)’ = u’v + wv’. 
Really, “~ 


\ (uv)’ dx = \ u'v dx + \ uv’ dz, 
and, therefore, 


\ uv’ dx = uv — { u'v dx. 


e 


Note that here we do not write the arbitrary constant since 
it is contained in the written integrals. 


Example 9. Find \ x sin x dz. 
A Since sin z is a derivative of —cos z, we have 


sin x dx = \ x (—cos x)’ dz. 
x 


Applying formula (8), we get 
| x (—cos xr)’ dx = x (—cos r)— | (—cos x) x’ dr 
= —2 cos z + | cos 2 de = —xcosz+sinz+Cl. JA 


we 
Qe 
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Example 10. Find \ In z dz. 


4 To find the integral, we use formula (8) and set u = 
Inz and v’ = 1. Then we have v=@z and w’ = 1/z 
and, therefore, 


\Inzdz=clng—\de=zinzc—z+Cia 


4.2. The Integral and the Formula 
of Newton-Leibniz 


Definition. Suppose we are given the function f(x) defined 
on some interval X and assume that F(z), z € X, is an anti- 
derivative of the function f(z). Then, the number F(b) — 
F (a), where a€ X and DEX, is called the integral of 
the function f(x) from a to b and is designated as 

b 
\ f (zx) dz. 


a 


Thus, according to the definition, if F’ (x) = f(x), then 
b 
\ f (2) da =F (b)—F (a). (1) 


The function f is the integrand, the variable x is the varia- 
ble of integration, the interval with the end points a and b 
is the interval of integration, the number b is the upper limit 
of integration, and the number a is the lower limit of inte- 
gration. 

Equation (1) is called the Newton-Leibniz formula. 

For the sake of convenience the difference /(b) — F(a) 


b 
can be written as F (x) and then the Newton-Leibniz 
a 


formula assumes the form 
b 


\ #(2) dz = F (z) Ee 


Note that the integral of the function f(z) from a to b 
does not depend on the choice of an antiderivative for the 
function f(z). In fact, if @M(z) is some antiderivative of 
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f(x), different from F(z), then there is a constant C such 
that M(x) = F(x) + C for any z from the interval being 
considered and, therefore @®(b) — M(a) = F(b) — F(a). 
2 
Example 1. Calculate j 2” dx. 
1 
A Since (2*/In 2)’ = 2*, the function F(x) = 2*/In 2 is 
an antiderivative of the function f(z) = 2* and, therefore, 
wo get by the Newton-Leibniz formula 
2 


| dear 
1 


2 2 
1~ing 4) = pg. 


We shall now formulate some properties of integrals, as- 
suming that all the integrals being considered do exist. 


Property 1. 


b b b 
) ¢@)+e())dz= | f(a)dz+ | e(e)de. (2) 


Property 2. 
b b 
| kf (2) dx =k | f(a) de. (3) 


a a 
2 


Example 2. Calculate \ (x +3 cos z) dz. 


1 
/\ In accordance with properties 1 and 2, we have 

2 2 2 

(x +3cosz) dx= \ rdzr+3 cos x dz 


1 


| 4+3sinz| =2—5+3sin2—3sin4 


xz? 
“2 


=543sin 2—ssini. ~& 
Property 3. 


[reyae=( f(ayar+ § f(ey ae. (4) 
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It is easy to prove properties 1, 2, and 3 proceeding from 
the definition of the integral. Let us prove Property 3, for 
instance. 

0 Suppose F(z) is an antiderivative of the function f(z) 
on a certain interval which contains points a, b, and c 
in its interior. Then 
b 


| f (2) d= F(b)—F (@) =F (b)—F (0) +-F (e)—F (a) 


— (rears {flares & 


Property 4. Assume that the functions f(x) and @(t) are 
such that the composite function f(@ (t)) is defined and con- 
tinuous. Then, in the case when the function @ (t) has a de- 
rivative q(t), the following formula holds true: 

b 


B 
| FM) e'(t) dt= | f(@) ae, (5) 


where a = o(a) and b = g (f). 

—1 Suppose F(z) is an antiderivative of the function f(z). 
Then, as it is easy to see, the function F (9 (¢)) is an antideri- 
vative of the function f(g (t)) o’ (t). Therefore, 


B 


| #(@ (2)  (t) dt = F (9 (8) —F (9 (@)) 


a 
b 


— F (b) —F (a) = \ f(z) dz. & 

Formula (5) is known as the formula for a change of vari- 

able of integration. It reduces the calculation of the integral 

of one function to the calculation of the integral of some 

other function, which is simpler, in a certain sense. Formula 

(5) can be used both from left to right and from right to left. 
b 


Suppose we are given the integral yr (x) dx. When re- 


slaciug zbyt by the formula z = oY), we must substitute 
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p(t) for x and q’ (t) dt for dz, and find the new limits of 
integration a and B from the conditions @ (a) = a, (Bf) = b. 
Then we have 

b B 

| f(a) de= | f(@@) ot) at. 65") 

a a 


Example 3. Calculate \ V a@—xz2dz, a>0. 
0 
A Let us pass to the new integration variable ¢ by setting 


x = asint, where t € [0; x/2]. When ¢ varies from 0 to 3 ‘ 


x varies from 0 to a. In the example f(z) = V a? — z?. 
Substituting z = asint, we get 


f (asin t)=YV a?—a?sin?t =aY 1—sin?t=acost. 
We replace dz by (asin t)’ dt = a cost dt. 
By formula (5) we get 
a /2 f2 
\ V a—22 dz = acost-acost =a? \ cos*t dt. 
0 0 


4+ cos 2t 
2 


Since cos? t = , we have 


m/25 m m/2 : 1/2 
a2 \ cos? t dt = \ dt+> \ cos 2t dt 
0 0 0 

a2, |x/2 a? 


=F tf + 55 Sin 2t = 7. A 
b 
Given the integral \f (p (z)) g’ (x) dz. When replacing 


x by y by the formula y = @ (x), we must substitute y for 
@ (x) and dy for q’ (x) dz, and take the numbers A = 9g (a), 
B = @g (bd) as the new limits of integration. Then we have 


b B 
| Fe (@) 0 (2) dz= J fy) dy. (5") 
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m/2 
Example 4. Calculate | sin? x cos x dz. 
0 

Z\ The given integral can be calculated directly by defini- 
tion, first finding one of the antiderivatives for the integrand. 
There is, however, a simpler method of calculation consisting 
in the use of the formula for a change of the integration 
variable. Indeed, let us pass to a new integration variable 
by setting y = sin z, and substituting y? for sin? x in the 
integrand. 

‘Since the derivative of sin xz is equal to cos z, we substitute 
dy for cos x dz. We find the new limits of integration from 
the conditions A = sinO = 0 and B = sin (n/2) = 1. By 
formula (5”) we get 


—_ 


/2 1 
\ sin? zcoszdz = ) ydy=zy? , =4. A 
0 0 


The formula for integration by parts is also often used in 
calculating integrals: 


b , b 

| uv’ d= wv] — \ uv dz. 
a 

a a 


As in the case of the indefinite integral, this formula is 
a direct consequence of the formula for the derivative of 
a product of functions. 
2 
Example 5. Calculate [ xe* dx. 
0 
A We make use of the formula for integration by parts. 
For that purpose, we put u = xz, v’ = e*. Then, u’ = 1 and 
v = e* + C, where C is an arbitrary constant. We shall con- 
sider, for simplicity, that C = 0, that is, take the function 
e* for v. Integrating by parts, we obtain 


2 2 
j ze® dx = ze*[— \ PT en ee 
0 0 


=2e*?—e?+1=e7+1. A 
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Property 5. If f(z) < g(x) for ae) xz €la; bl, then 

b b 

| f(z) de< | g (2) de. (6) 
CO) Let F(x) be an antiderivative of the function f(z) 


and G (x) be an antiderivative of the function g(z) such 
that F(a) = G(a) = 0. Then we have 


x 


f(t)dt, G(z)— \ g(t) dt. 


a 


F(x) = 


A Cw, 


Recall that these antiderivatives are called integrals 
with variable upper limit. 

Let us consider the function @ (z) = G (z) — F(z). This 
is a non-decreasing function and @ (a) = 0. Indeed, qg’ (x) = 
G’ (x) — F’ (rz) = g(t) — f(z) >0 for any zé€la, Od) 
and g(a) = G(a) — F(a) =0. Consequently, @(b) = 
G(b) — F(b) >0, i.e. G(b)> F(b), and that is what 
we had to prove. @ 

Corollary. Jf m and M are the least and the greatest value 
of the function f(x) on the interval [a; b], then 

b 
m (b—a)< | f (2) dt<M(b—a). (7) 


a 


(1) Indeed, since m < f (x) < M, Property 5 implies the 
validity of the inequality 
b b b 
\ mdz< | f(z)de<\ Made, 


which yields inequality (7) if it is taken into account that 


b b 
\ m dz = m(b—a), \ Mdz=M (b—a). & 


Example 6. Using formula (7), estimate the integral 
1 
\ e-** dz. 


0 
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A. The least value of the function e-*’ on the interval 
[0; 1] is equal to e~! and the greatest value is 1, and, there- 
fore, 


{ 
el< \ e~-“dzx<i1. A 
0 


4.3. The Area of a Curvilinear Trapezoid 


Suppose we are given a nonnegative continuous function 
f (x), x Ela; b]. The set of points of the plane whose coordi- 
nates satisfy the inequalities axcr<b, OX y< f(z) 
is called a curvilinear trapezoid. 

A curvilinear trapezoid aABb is bounded by the graph 
of the function f(z), the line segments x = a and x = b, 
and a segment of the Oz axis 
(Fig. 10). Let us derive a for- 
mula for ‘calculating the area 
S of that curvilinear trapezoid. 
We divide the interval [a, 5] 
by the points 
Qk Ls &; O@ od ils n 


Cad ie Pe eer (oe 


into nm subintervals [z;_,; 
zi) (i =1, 2,..., n) of equal 
length. Taking each subinterval [z,;_,; z,;] as the base, we 
construct two rectangles with altitudes m; and M,, where 
m; and M; are the least and the greatest value of the func- 
tion f (x) on the interval [z,_,; xz,]. The areas of these rectan- 
gles are equal, respectively, to m;Az; and M; Az;, where 
Ax; = 2; — Xj-}. 

We denote by s,, the sum of the areas of all rectangles with 
the altitude m;, that is, 


b—a 


Fig. 10 


nr 
Sy = 2 m, Ar, =m, Az,+ ...+m, Az,. 
i= 


By analogy, we denote by S, the sum of all rectangles with 
the altitude M,, that is, 


Sa= 2 M ,Az,=M, Azx,+ e ee + M, Az,. 
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It is evident thats, < S < S,. Wecan show that asn — 00, 
s, and S, tend to the same limit, to the area of the curvilinear 
trapezoid aA Bb. 
By virtue of inequality (7) from 4.2 we get n inequalities 
xj 
m, Ar;< \ f(z) dzr<M, Az,, 
ad ET 
where i=1, 2,...,m. Consequently, 
n 
m<>\ | f(e)dr<s,. 
i=1 | 
And since 
n x5 b 
> J f@de=J fear, 
i-1 . 
we have 
b 


in < | f(z) dz<5s,. 


a 


Hence, in the limit, as n— oo, there holds the inequality 


b 
c= \ f(x) dz. (1) 


Note that for any C; € [z;_,; z,] there holds the inequality 
m, <f(&:) < M, and, therefore, 


nr nr nr 
2 m; Ari< 2 f (&:) Azi< 2 M ; Az,. 
= ; = 
Hence, in the limit, as n-—>oo, we get 
n b 
lim Sf (¢,) Az, =S= \ #@) de. 
noo 11 a 


Example 1. Show that formula (1) is valid for a right- 
angled triangle. 
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A Suppose we are given a right-angled triangle with 
legs of lengths a and b. We introduce the system of coor- 
dinates on the plane as shown in Fig. 11. The given triangle 


is a special case of a curvilinear trapezoid, with f(r) = 2 L, 


x €[0; al. 


Next we divide the interval [0; a] into n subintervals of 
length a/n by the points z; =—i (= 0, 1, 2, ..., n). 


JY 


a 2 & 


Fig. 411 Fig. 12 
Then m; ==. (ij — 1), M, =2 i and, therefore, 


: b —1 b 1 
aa oar” dimes wanes’ a eed 


e 
ll 
ate 


2 
I 
Me 
a|o 


.@ ab n(n+1) ab 4 
i$ reas (1+). 


—~D 
x 
I 
Mea 
ai[o 


ee 
l 
[ad 


This shows that 

lims, =lim S,=%, 
Thus we have proved that the area of the given triangle is 
equal to ~ab. That is, it can be calculated by the known 
formula. A 


Example 2. Find the area of the figure bounded by a part 
of the parabola y = z® and the line segments y = O and 
z= 2 (Fig. 12). 
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A Using formula (1), we get 


Example 3. Find the area of the figure bounded by the 
curves y= 2, y= 1/z, y=0, 
and z = e. 

A We divide the given J 
figure by the straight line 
x = 1 into two parts (Fig. 13): 
acurvilinear trapezoid corres- 
ponding to the function y = x 
on the interval [0; 1] and a 
curvilinear trapezoid corres- Fig. 13 
ponding to the function y = 1/x 
on the interval [1; e]. Their areas will be denoted by S, 
and S,. Then we have 

1 


§,-\ade=F|=5, S,— | $de=ine|=Ine=1, 
0 1 


Qo f a 


Consequently, S = S, + S, => +1=15. A 


Let us consider the figure bounded by the line segments 
x =aandz = b (a< b) and by the graphs of the functions 
f, (x) and f,(z), nonnegative and continuous on the interval 
[a; b], with f, (zr) < f, (x) (Fig. 14). The area of the given 
figure is equal to the difference of the areas of two curvili- 
near trapezoids aA Bb and aA’B’), that is 


b b b 
S=\ f,(z)dz— | f,(a)dr= J (f(2)—f(@)) az. (2) 


The following statement holds true in a general case. 
The area S of the figure the coordinates of whose points satisfy 
the inequalities ax<cx<b, f,(t) Sy <f,.(z), where f, (2) 
and jf, (x) are given continuous functions, is calculated by 
the formula 
b 


c= \ (fo (x) — fy (x)) dz. (3) 
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( Indeed, let m be the least value of the function f, (z) 
on the interval [a; b]. Then f, (xc) —m>Sf, (4) —m>0 
for any z € [a; 6b]. The figure whose coordinates satisfy the 
inequalities 

axradb, f(t) -mxySf, (xz) —m 


can be obtained from the given figure by a parallel displace- 
ment along the Oy axis. Consequently, their areas are equal 
and, therefore (see formula (2)), 
b b 
S~ \ (fp (e)—m — f, (2) +m) dz = | (f(e)—f, (2) dz. 


a a 


Example 4. Find the area of the figure bounded by the 
curves y = 2? — 44 +5 and y=2x+1 (Fig. 15). 


J 


Fig. 14 Fig. 15 


A To find the abscissas of the intersection points of the 
graphs of the functions y = z -- 1 and y = 2? — 4x +5, 
we solve the equation z+ 1 = 2? — 42+ 5. From the 
quadratic equation 2? — dz -|- 4 = 0 we find that z, = 1 
and xz, = 4. Then, by formula (38), the required area is: 


4 4 
S = \ (z4+1—(x?—4x-+5)) da = | (—22+52—4) da 
‘ 


L 


3 5 h 
($date) 
= — + (64-1) 4216-1) —4(4-1) 
cen ney eee eee acre 
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If it is required to calculate the area of a more intricate 
lire, it should be divided into several figures whose areas 
can be calculated by formula (1), (2), or (8). 


Example 5. Figure 16 shows a figure bounded by the curves 
y —2z? + 624 —5,y = —2z* + 42 — 3, andy = 32x — 15. 
ind the area of the figure. 

A Points A, B, and D are the intersection points of these 
parabolas and the z-axis. To find the abscissas of the points 
we solve two equations, 

-z*-+ 62 —5 =O and —2z? + 
4x — 3 = 0. The roots of the 
first equation are the numbers 
a= 1 and x«=5, and the 
roots of the second equation 
are the numbers x = 1 and 
x = 3. Consequently, z, = 1, 
Lp=9d, and zs =3. To 
determine the abscissa of the 
point C, we solve the equa- 
Lion —2z?+ 4x— 3 = 3x — 15. 
Solving the quadratic equa- 
tion z*7 — x —12 =0, we find 
that 2, = —3, r7, = 4, i.e. 
Lo = 4. We partition the given 
figure by the line segments [DB] and [EC] into three figures 
and denote their areas by S,, S,, and S,, respectively, as is 
shown in Fig. 16. ° 

Let us calculate the area S,. To do that, we subtract the 
area of the curvilinear trapezoid bounded by the graph of 
the function y = —2? + 4x — 3 and the line segment [1; 3] 
of the z-axis from the area of the curvilinear trapezoid bound- 
ed by the graph of the function y = —z? + 62 — 5 and 
the segment [1; 5] of the z-axis, that is, 


Fig. 16 


5 3 
ie \ (—2?+ 62 — 5) dr— \ (— 22+ 42r—3) dx 
1 1 


— (—3 29+ 3225) + & x3 — 222 +32 =>. 
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To calculate the areas S, and S;, we apply formula (3): 
; | 


Sy = \ (x? — 4x + 3) dx — (5 2° — 22? + 32) ==> 
3 

S.= (— 32+ 15) dx = (—$ 22+ 152) Pas. 
4 


Thus we have S = §S, + S,+ S, = 73/6. A 


4.4, Application of Integrals to Calculating 
the Volume of Bodies 


4.4.1. The volume of a pyramid. We shall first consider 
a triangular pyramid ABCD whose edge AD is perpendicular 
to the plane ABC and express the volume V of that pyramid 


Fig. 417 Fig. 18 


in terms of the altitude H = | AD | and the area of the base 
S, taking as a known fact that the volume of a right prism 
is equal to the product of the area of the base by the altitude. 

We partition the segment DA by the points M,, M,, ... 
..., M,-, into n segments of equal length and draw a plane 
parallel to the base ABC through every point M; (Fig. 17). 
Now the pyramid is divided into n parts: one pyramid and 
n— 1 truncated pyramids. The volume of the pyramid 
ABCD is, evidently, not smaller than the volume v,, of the 
stepped pyramid inscribed into ABCD (Fig. 18) and not 
greater than the volume V,, of the stepped pyramid circum- 
scribed about ABCD (Fig. 19): 


U»S VSV,, (1) 


with V, —v, = s.2 
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Suppose S (x) is the area of the section of the pyramid 
ABCD by the plane passing parallel to the base ABC at the 
distance x from the vertex D, 
and let z» = 0, +; =| DM; |, D 
and z, = |DA | =H. Then 
S (x;) is the area of the cross 
section passing through the 
point M;, and 


a » S (£;-4) Az,, 


21 S (x;) Az;, Fig. 19 


where Az; = 2; — 2;-; = H/n. The function S (2), 2 € 
[0; H], being increasing, we have 
| 
S (aj4) Ati< | S (a) de<S (x) Aey 
iat | 


for any i=1, 2, ..., n, and, therefore 
H | | 
Ua< |) 5 (2) de<V,. (2) 
0 


Formulas (1) and (2) yield 


lv [5 () dx [<Va—% =$. 40 
a 


as n—»oo. Thus, the formula 
H 
V= \ S (x) dx (3) 
0 
holds true. We know that S (z)/S = 2°/H*®. Taking this 
relation into consideration, we get, from formula (3), the 
relation | 


Qt 4th 
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Thus, the volume of a pyramid can be calculated by the for- 
mula 


1 


where § is the area of the base and H is the altitude of the 
pyramid. 

Formula (4) has been derived for a special case of triangu- 
lar pyramids. It is easy to prove that it is also valid for any 
pyramid. 


4.4.2. The volume of a solid of revolution. Suppose we 
are given a curvilinear trapezoid bounded by the graph of 
the nonnegative function y = f (x), x € la; bl], the abscissa 


ig. 20 rig. 24 


axis, and the straight lines x = a and z= b (Fig. 20) 
Rotation of this curvilinear trapezoid about the z-axis 
produces a geometric body ® known as a solid of revolution. 

Let us derive a formula for the volume of the solid of 
revolution @. For simplicity, we shall assume that the 
function f(x) is nondecreasing. Let S(z) be the area of the 
section of the solid M by the plane passing through the 
point with abscissa zx parallel to the plane Oyz. It is evident 
that any such cross section of the solid @ is a circle or a 
point and S(z) = nf*(z). We divide the interval [a; }] 
into n subintervals of cqual length by the points x; = a + 


owes, where i= 0, 1, ..., m, and through each point 


draw a plane perpendicular to the abscissa axis. Then the 
solid @® will be divided into n solids of revolution @®,, 
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(D,, ..., D,, the sum of whose volumes is equal to the 
volume of the solid @. 

The volume of the solid @; is evidently not smaller than 
the volume of the cylinder whose altitude is equal to Az; = 
xr; — X;_, and the radius of the base is equal to y;_, = f(z;_,) 
and not greater than the volume of the cylinder with the 
altitude Az; and the radius of the base y; = f(z;) (Fig. 21). 
Consequently, the volume V of the solid @® satisfies the 
inequalities 

nS VS Vy, (5) 


where v, = =% ny?_,Az; is the volume of the stepped solid 


of revolution inscribed into the solid @® and V, = 
n 


Dy nyjAz; is the volume of the stepped solid of revolution 


ecumaenibed about @. In this case, 
b—a 
Lh 


—> 0 


Ve —U,=T (Yn oe Yo) : 


as n — oo. The monotonicity of the function f(z) and the 
properties of the integral yield the inequalities 
xj 
nyisAr;< | nf? (x) dz<ny} Aq, 
Xi-1 
where i = 1, 2,-..., nm. Summing with respect to i, we get 
from these ‘inequalities 


b 
Uns \ nf? (7) dz< Vy. (6) 


Now it follows from (5) and (6) that 
b 


|V—x \ Pr (x) da|<V,—v,—>0 


as n—>oo, and, therefore, 
b 
=n \ j2(x) dz. (7) 


{ye 
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Taking into account that 2/?(7) = S(x), we can write for- 
mula (7) for the volume of a solid of revolution in the form 
of the integral of the area S (zx) of its cross section: 
b 
V-- \ S (x) dz. (8) 


Assume that the geometric solid © is contained between 
the planesz = a andz = b and let S (z) be the area of the cross 
section of the solid @ by a 
plane perpendicular to the 
x-axis and passing through 
the point with the abscissa 
x € la; b]. In that case, just 
as in the case of solids of 
revolution, the volume V of 
the solid ® can be calculated 
by formula (8). 


Example 1. A _ curvilinear 
trapezoid bounded by the 
graph of the function y = 

Fig. 22 sin z, «€ [0; x], and the 

abscissa axis rotates about 

the z-axis. Find the volume of the solid produced by the 
rotation. 

A Applying formula (7), we get 

1 § 
V-nx \ sin? x dz, 
0 


—cos2r 


Replacing sin? z by : , we obtain 


‘1 


Von |) FF az = (F—Fsin2z) | =>. A 
2 2 4 0 
0 


Example 2. Find the volume of the solid cut from the 
cylinder z? + y? = 4 by the plane z = 2z (Fig. 22). 

A Let us consider the sections of that solid by the planes 
perpendicular to the z-axis. The section passing through the 
point with abscissa x € (0; 2) at right angles to the x-axis 
is a rectangle. Let us designate the area of such a rectangle 
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as S (x) and calculate it for z € (0; 2). The side | AB | 
of the rectangle serving as the base of the cylinder is equal to 


|AB|=2|AE|=2YV|0A ?? — | OE |? = 2V 4—2?. 
The side | AD | of the rectangle is equal to the segment 
| EF | and to 2z. This means that the area of the rectangle 
ABCD is 

S (x) = 22 V4 — 2 


By formula (8), the volume of the solid is 
2 
Ve \ 22V 4—xz2 dz. 
0 


We make a change of variable under the integral sign 
and set y = 4 — z*. Then, by formula (5”) in 4.2, we get 
2 


0 
Y= ~-V 4—2x?(— 22) dr= — \ V ydy 


4 


4 
— ae ee ee 
=\Vyqy=5y?|=2. a 
0 


4.5. Application of Integrals 
to Problems from Physics 


4.5.1. Problem of path calculation. Suppose a particle 
travels rectilinearly at the velocity v = v (¢) dependent on 
time ¢. It is required to find the path covered by the par- 
ticle during the time interval from t = 7, to t = T,. 
If the velocity is constant and equal to v,, then the path S 
is equal to the product of the velocity by the time of motion, 
i.e. S = vy (T, — T1,). 

Now if the velocity is not constant, then 

Te 
Sx \ v(t) dt. (1) 
Ty 

1) Indeed, Jet us partition the interval [7,; 7,] into n 

subintervals of equal length, with ¢, = 7,, t; = 7, -+ 


eee i, wherei = 1, 2, ..., m. In acrude way, we shall 
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consider the velocity v (t) on the interval [t;_,; ¢;] to be 
constant and equal to v (t;), where t; is a point belonging 
to [é;_,; ¢,]. Then the path traversed by the particle during 
the time from ¢;_, to t; is approximately equal to the product 
v (t;) (t; — t;_1) = v (t;) At;, and the path traversed by 
the particle during the time interval [7,; 7,] is approxi- 


mately equal to pe v (t;) At,. The path S traversed by the 


particle during the time from 7, to 7, is equal to the limit 
of that sum as n — oo, that is, to integral (1). M 


Example {. A body moves rectilinearly at the rate v (t) = 
3 + 3t? m/s. Find the path traversed by the body during 
the first 5 seconds. 

A By formula (1) we find 


5 
os \ (3 + 342) dt = (3t +29)’ = 154125 = 140. a 


0 


Example 2. A body moves rectilinearly at the rate v (t) = 
t + 6¢2 m/s. Find the path traversed by the body during 
the third second. 

A Formula (1) yields 


S = l (t + 622) dt — (5 4-228) |, — 40.5. A 


2 


4.5.2. The work performed by a variable force. Suppose 
a particle moves along the z-axis under the action of a force 
P. If the force P is constant and f is the projection of that 
force on the z-axis, then the product /-(b — a) is called the 
work of the force on the path interval [a; )]. 

Let us derive a formula for calculating the work A of 
the force P in the case when the force is not constant. 

Let f (x) be the projection of the force P on the z-axis. 
We shall show that the work A of the force P on the interval 
[a; b] can be calculated by the formula 


b 
A.. \ f (x) dz. (2) 
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1) We shall assume that f (x) is a continuous function on 
the interval [a; b]. We divide the interval [a; b] into n 
subintervals [z;_,; z;] equal in length by the points 


PG USO. AG Oe ene 


n 


It is evident that the length of each of them is equal to 
Az; = (b — a)/n and tends to zero as n 00. We can as- 
sume, therefore, that the work of theforce P on the interval 
[x;_,; x;] is approximately equal to f(z;) Az;, and the whole 
work performed on the interval [a; b] is equal to the sum 


n 
2 f(x;) Az;, which is the integral sum of the function 
i==1 


f(z) on the interval [a; 6]. Then, in the limit, as n — oo, 
we get formula (2). H 

Note that sometimes it is convenient to write formula (2) 
in another form, namely, 


b 
As \ (P, e) dz, 


where e is a unit vector of the x-axis and (P, e) is the scalar 
product of the vectors P and e. 


Example 3. The force equal to 2 N extends the spring 
by 4cm. What amount of work must be performed to extend 
the spring by 4 cm?! 

A By Hooke’s law, F = kz, that is, the force acting on 
the spring and extending it by the length z is proportional 
to that extension. From the condition 2 = k-0.04 we find 
the coefficient of extension *. It is equal to 50. Formula (2) 
yields 

0,04 
0.04 
A= | 50zdx=2522/""" 0.04. a 
0 


Example 4. The water fed from the plane of the base to 
a conical tank through an orifice in the bottom fills up the 
whole tank. Determine the work performed if the altitude 
of the tank is h, the radius of the lower base (the bottom) 
is r, and the radius of the upper base is R, R>r. 
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A Let us consider the section of the conical tank passing 
through its axis and choose the axes of coordinates in that 
section as shown in Fig. 23. We partition the interval [0; h] 
of the z-axis into nm subintervals [z;_,; z;] (i = 1, 


., nm) equal in length by the points z; = ~ i. The gen- 
eratrix of the conein thechosen system of coordinates obeys 
the equation y=r-+xz a . Consequently, the volume 


V; of the ith layer is approximately equal to nyj Ax, and 
its potential energy is approx- 
oe | imately equal to npgy?z;Az;, 


where p is the density of water 
We Mee, 


and gis the acceleration due 
to gravity. Hence it follows 
that 


A =: lim > PB Yit; ADs 


21-> 0O i=} 


that is, 


Fig. 23 


h 
A = mpg \ y*z dx. 
0 


It is evident that the potential energy is equal to the sought- 
for work. Thus we have 
h 


A = npg | z (r+2 |" ae. 
0 


Calculating this integral, we obtain 


A == MRE (r2 4 2r R432). 


PROBLEMS OF SECTION I 
1. Find all the antiderivatives for the following functions: 
1. 
(a) came (b) f(z) = 5 sin Bx-+ 4); 
3 
(c) f(z) = ee at MOG) a2 (0a 121) 


2. Find all the antiderivatives of the function { (x = | z |. 


-++-cos 6z. 
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3. For the function f (x) = z? find the antiderivative whose graph 
passes through the point M(2; 3). 


4. For the function /(z) = a -++ 23 find the antiderivative F(z) 


satisfying the condition F(1) = 3. 
5. Find the following indefinite integrals: 


(a) [(e+aest ar; by [ ae, 
(c) { sin 2z COS 4z dz; (d) \ (5 +aaroscntT = dz. 
TE 


6. Applying the formula for integration by parts, find the fol- 
lowing indefinite integrals: 


(a) \ x cos zx dz; (b) \ xz in zx dz. 


7. Prove that the function 
1,z>0, 
f (z) = sign z = 0, x = 0, 
—1,z7<0 
has no antiderivatives on the entire axis. 
8. Calculate the following integrals: 


1 n/3 
(a) \ zidz; (b) sin z dz; 
0 ~—n/4 
° 3 . 1 
2 Vz2——~ ) dz; d ————- dz; 
©) \(2vVs-Tz)a @ | Sag 
2 /2 
(e) | (328 4-4)19 2? ae (f) | zsin edz, 
1 0 
l } 2 
(ey [Br ae; (hy | @—2) 121 az. 
1 = 
9. Find the derivatives of the following functions: 
x 3x? 
(a)  (z) = \ sintdt; (b) @(z)= \ at cos (sin £) dé. 
0 2x 


10. In what ratio is the area of a square divided by the parabola 
passing through its two adjacent vertices and touching its side at the 
midpoint? 

41. Find the area of the figure bounded by the curves y = | x? — 4 | 
and y=5+ [2 |. 

12. Find the area of the figure bounded by the curves 2y = zx? + 
z—6 and dy = —z* + 3z+ 6. 
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13. Prove that if the function f (rz), x € [—a; a], where a > 0, is 
even, then 


a 


(f(x) dz=2 ( 7 (ay ae. 


ah ar) 


14. Prove that if the function f(z), x €R, is periodic, with period 
T>0, then 
a+T 


| 1@ar= 


a 


f (x) dz 


for any a€R. 

15. Find the volume of the body resulting from the rotation of the 
figure bounded by the curves z(y + 2) = 4, «= 1 and y = 0 about 
the y-axis. | 

16. Find the volume of the body produced by the rotation of the 


figure bounded by the curves y = 2. and y = sin z, x e| 0; ~ 


2 
the z-axis. 

17. Find the force with which the homogeneous bar 0 < xz < 1 of 
linear density 6 attracts the particle P (a) (a > 1) of mass m? 

18. A homogeneous body shaped as a right circular cylinder of 
height h and the radius of the base R rotates about its axis with a 
constant angular velocity w. Find the kinetic energy of the body if the 
density of the material it is manufactured of is p. 


about 


PROBLEMS OF SECTION II 


1. Find all antiderivatives of the following functions: 


(a) j (2) = e245 cos 3 Vz; 


1 1 
by f(a ee 
0) 1 @)=2— ta 
3 
3 2 , 
(c) Ga ae ae 
sin? — 


2. For the function f (z) find the antiderivative whose graph passes 
through a given point: 


(a) f(2)=—t sin (22-41), M (45 1); 
a 
(b) f= bet, M(t; 2). 


3. For the function { (z) = 2 cos 3z -- 3 sin 4z find the antide- 
rivative F (z) satisfying the condition / (x/2) = 14. 
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4. Find the function f (z) if it is known that f’ (cz) = 5e®* and 
f (0) = 4. 

5. Find all antiderivatives of the function f (z) = (2z — 3) X 
| x — 2] in the interval (—3; 1) and in the interval (1; 3). 

6. For what values of z does the antiderivative of the function 
f (xz) = nsin nz + 2x — 4, that has the value 3 at z = 1, vanish? 

7. Suppose the function F (z) is an antiderivative of a periodic 
function f (x). Is the function F (z) periodic? 

8. Suppose the function F (z) is an antiderivative for some even 
function f (zr), z€ R. Is the function F (z) odd? 

9. Assume that the function F (z) is an antiderivative of an odd 
function f (z), x€R. Is the function F (xz) even? 

10. Find the following indefinite integrals: 


(a) \ (z?+- 2 sin 3z-+ e?*) dz; 
B42Yrt+rYc,. 
(b) \ sin6tcostdt; (c) \ er dz; 
pf eee a a So BAe PS Ne 
. (° ee z) . ii laste) a 


(f) \ lz—1|dz;  (g) \ ee 


11. Applying the formula for integration by parts, find the fol- 
lowing indefinite integrals: 


(a) ) zsinzdz; (b) \ z* cos x dz; 


(c) \ (z?-+1)e*dz; (d) | 2% dz. 


12. Calculate the following integrals: 
3 qt/2 
(a) J e+1) ae; (b) | cos dz; 
-— i 
2 


(c) \ (28%*—cos 2x) dz; (d) t sae 
i 


2 
dz; (f) \ re~** dx; 
1 


zcoszdz; (h) \ | 2*—2-* | dz; 
-1 


~-~ 
ue 

~~ 

Go 

8 Il po 

| 

— 
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1/2 
(i) \ 1 + sin 27-+-cos 2x 


sin z+ cos z 
1/6 


a 


13. Find all the numbers a > 0 for which \ (2 — 4x -+ 322) dr< 
0 
- 44. Find the numbers A and B such that the function of the form 
3 
f (x) = A2* + B satisfies the conditions f’ (1) == 2 and \ f (x) dx = 
7. | : 


f 


a 
15. Find all solutions to the equation \ cos (x + a*) dx = sina 
0 


belonging to the interval [2; 3]. 
16. Find the derivatives of the following functions: 


(a) M(z) = \ (u-+ 1) e% du; 
: COS U 

(b) @O(t) = \ 277 1n (1+ x?) dz; (c) ® (u) = \ ex sin® (27 -++ 5) dz. 
2 


sin u 
17. Calculate the area of the figure bounded by the curves: 
(a) y = 1/cos* z, y = ,z=0, r= n/4; 


(e) fy|= 41 —2% (f) y= (1/2)%, 2 — dy + 2 = 0, z= 2: 


(g) y= 7, y= 0, r= 4, r= 12; 

(h) y = —3z? —|zr1+3, y= 0; 

(i) 8y = —2z?+ 8c —7, y+1 = 4/(x — 3); 
=— 27°, y= 1/1, r= 2 


J ie ’ ’ e 
48. Calculate the area of the figure bounded by the curves y = 
+4 14,2 =1 anda tangent to the curve y = . + 1 at the point 


(2; 3/2). 

19. For what positive values of the parameter a is the area of the 
figure bounded by the curves y = cos az, y = 0, rc = n/6a, x = n/2a 
greater than 3? 

20. Given the curvilinear trapezoid bounded by the curves y = 0, 
z=a (a> 0) and y = zr. What part of the area of the trapezoid 
does the area of the triangle, cut from the trapezoid by a tangent to 
the curve y = z° at the point x = 2a/3, constitute? 


21. At some point of the graph of the function y = yz the tan- 
gent makes an angle of 45° with the abscissa axis. Calculate the area 
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of the figure bounded by that tangent and the straight lines y = 0 
and z = 4/4. 
22. Prove that if the function f (x), z € [—a; a], is odd, then 


[ i (ear=o. 


23. Calculate the volume of the solid produced by the rotation 
about the z-axis of a body bounded by the curves y = 2°, y = 1,2 = 3. 

24. Calculate the volume of the solid produced by the rotation 
about the straight line y = 1 of the figure bounded by the graph of the 
juetion y = 1 + cos* z on the interval [—x/2; n/2] and that straight 
ine. 
25. Find the volume of the solid produced by the rotation of the 
curvilinear trapezoid y = 2%, x € [0; 41], a > 0, (a) about the z-axis, 
(b) about the y-axis, (c) about the straight line y = 1, (d) about the 
straight line z = 1, (e) about the straight line y = z. 


Chapter 5 
Solving Plane Geometry Problems 


It sometimes turns out to be difficult for a student to solve 
a geometric problem because a problem in geometry can 
seldom be solved with the use of a definite formula alone. 
The majority of problems require analysis of various facts 
from the theory and the proof of some or other assertions 
which are valid only at a certain arrangement of the ele- 
ments of the figures. We can say with assurance that to solve 
a geometric problem one must have a complete command 
of the whole amount of theoretical material. But it is even 
not enough to have a good knowledge of theory, it is also 
necessary to acquire practical knowledge of problem solving 
and this can be done only by way of solving sufficiently 
many problems, beginning with simple ones and going on 
to more complicated problems. 

Included into this chapter are a large number of problems 
of increasing difficulty with solutions. The solutions of 
problems given in 5.1 are especially detailed since here we 
recall formulations of many theorems and show how they 
must be applied. A number of problems are preceded by 
discussion of some definitions and theorems, with the aim 
of emphasizing their significant consequences which often 
escape the notice of students. Some assertions usually in- 
cluded in regular textbooks in the form of problems are given 
here and proved as theorems because they are often used in 
problem solving. 

One and the same problem can be solved, as a rule, by 
several methods. The solutions we give here are not always 
the briefest and the most elegant, but we have chosen them 
because they suit the purpose of showing certain techniques 
of problem solving and demonstrate the application of vari- 
ous theorems. 
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Several general remarks are due here. 

A drawing. Drawing a figure, try to make it correspond 
to the hypothesis. For instance, if it is stated that a certain 
angle is twice as large as some other angle, or that the seg- 
ments are perpendicular, show this in the drawing. A good 
drawing is a convenient visual notation of the conditions of 
the problem, and it may prove to be a good help in solving 
a problem, suggesting a correct reasoning. It must be real- 
ized at the same time that the drawing itself, even if it is 
done very accurately, with the aid of a pair of compasses 
and a ruler, does not prove anything. Everything shown 
in the figure must be justified by the corresponding logical 
inference. 

Seeking a solution. When solving a problem, use the 
definition and the properties of the given and sought-for 
elements, reasoning as follows, for example: the triangle 


is isosceles, consequently, ..., two tangents are drawn 
from one point, consequently, ..., a circle is circumscribed 
about a right-angled triangle, consequently, ... etc. Recall 


the theorems relating the given and the required elements 
of the problem, recall similar problems. | 
Checking up the solution. To see whether your solution of 
the problem is correct (especially at the exams), it pays 
not only to look through the solution once again and to 
check up the calculations, but also to carry out the con- 
verse solution, so to say: proceeding from the answer, to 
calculate the knu.. . elements, to see whether there exists 
a figure answering the obtained value of the sought-for 
quantity. If the problem includes a parameter, check up 
the solution by choosing the value of the parameter for which 
the solution is obvious and it is easy to find the result. 


5.1. Miscellaneous Problems 


Problem 1. The median AM of the triangle ABC is per- 
pendicular to the median BN (Fig. 24). Find the area of 
the triangle ABC if |AM|=m and |BN | =n. 

A Let the medians AM and BN intersect at a point O. 
When intersecting, the medians of a triangle are divided in 
the ratio 2:1, reckoning from the vertex, consequently, 


| AO | = 5 | AM |. The median AM is perpendicular to 
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the median BN, hence, the segment AO is the altitude of 
the triangle ABN. Using the formula for the area of a tri- 
angle 


1 
S = 7 Aha, (1) 


where a is the hase, h, is the altitude to the hase a, we get 
the area of ™_ triangle ABN which is equal to 5 | AO| x 


| BN |= 3 mn. The triangles ABC and ABN _ a com- 


mon altitude drawn from the 
4 vertex B, the base AC being 
twice as large as the base 
lef AN. It follows from formula 
(1) that! the area of the tri- 
A C angle ABC is twice that of 
NV the triangle ABN, that is, 
ee it is equal to 2 ian. A 
Problem 2. Find the area of the trapezoid, knowing the 
lengths d, and d, of its diagonals and of the height h. 
A Let us considee the trapezoid ABCD in which | BD | = 
d, and | AC | = d, (Fig. 25). We draw a straight line through 
the point D parallel to the diagonal AC and denote by K 
the point of intersection of that straight line and the line BC. 
In the rectangle ACKD the opposite sides are pairwise 
parallel, consequently, ACKD is a parallelogram, 


|DK|=|AC|=d, and [CK |= |AD |. 
It follows from the last equation that 
|BK|=|BC|+|CK|=|BC|+|AD|, 


that is, the length of the segment BK is equal to the sum 
of the lengths of the bases of the trapezoid. The area of 
a trapezoid the lengths of whose bases are equal to a and b 
and the length of the altitude is equal to h, can be found 
from the formula 


Sait h, (2) 


and, therefore, the area of the trapezoid ABCD is z | BK |{h. 
Suppose DM 1 BK, then |DM | =h. Using the Pytha- 
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gorean theorem, we find from the right-angled triangles 
BMD and DM K the lengths of the segments BM and Mk: 

|BM|=YV |BD|?—|DM |? =V a@— h?, 
|\MK| =V |DK|?—|DM|?=Y d?— h?. 


Thus we see that the area of the trapezoid ACD is 
equal to 


h(Va—i h24-V d?—h?). az 


By the additional construction we have obtained a tri- 
angle whose area is equal to the area of the trapezoid, on 


8 
cC M af 
NN 
: D 
D 
Fig. 25 Fig.. 26 


one hand, and, on the other, can be easily calculated from 
the given data. 

Here is another example showing how to use the same 
method, that of constructing a figure of equal area. 


Problem 3. Find the area of the triangle ABC if | AB | = 
3cm, | BC | = 7 cm and the length of the median BM is 
4 cm. 

A Let us complete the triangle ABC to obtain a parallel- 
ogram ABCD (Fig. 26). While intersecting, the diagonals 
of a parallelogram are divided in half, therefore, the point M 
lies on the diagonal BD and | BD | = 2 | BM |. The areas 
of the triangles ABC and BCD constitute half the area of the 
parallelogram ABCD, consequently, the areas of these 
triangles are equal. The lengths of three sides of the triangle 
BCD are known: 


|BC|=7cm, |CD|=3cm, |BD|=8 cm. 


pr ape 4u 
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The area of a triangle the lengths of whose sides are 
a, b, and c can be found by Hero’s formula 


S=V p(p—a)(p—b) (p—c), 


where 2p=a+O6-4e. 

Substituting the numerical values of the lengths of these 
sides into this formula, we find that the area of the triangle 
BCD, as well as the area of the triangle ABC, is equal to 
6V3 sq. cm. A 

The following two problems serve the purpose of recol- 
lecting some theorems on right-angled triangles. 

Problem 4. An altitude CD is drawn from the vertex C 
of the right angle in the right-angled triangle ABC (Fig. 27). 


cod 
&, D 
C A, A 
Fig. 27 Fig. 28 


The point D is at the distances m and n from the legs AC 
and BC respectively. Find the lengths of the legs. 

A Assume that DA, | AC. and DB, | BC. If two straight 
lines are perpendicular to the same straight line, then they 
are parallel, consequently, DA, || BC and DB, || AC. Then 
CB,DA, isa rectangle by definition and, therefore, | CA, | = 
1DB,| =n and | CB, | = | DA, | =m. 

In the right-angled triangle CDA the segment DA, is 
the altitude drawn from the vertex of the right angle. The 
altitude of a right-angled triangle drawn from the vertex of 
the right angle is the mean proportional between the projections 
of the legs on the hypotenuse and, consequently, 


| DA, |? = | CA, |-| A,A |. 
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Introducing the designation b = | AC |, we rewrite the 
equality in the form m? = n(b — n), whence we find that 
= (n* + m*)/n. Designating, by analogy, | BC | =a, we 
find from the right-angled triangle BCD that a = (n? + 
m*)\/m. , aa 

Thus we see that the legs are equal, ae and im , 

Problem 5. The radius of the circle inscribed into a right- 
angled triangle is equal to r. Find the area of the triangle 
if the length of the hypotenuse is c. 

A Suppose the circle inscribed into the right-angled 
triangle ABC touches the hypotenuse AB at a point P and 
the legs at points M and JN (Fig. 28). 

A tangent to a circle is perpendicular to the radius drawn 
at the point of tangency, therefore, if O is the centre of the 
circle, then OM {| BC and ON | AC. Hence it follows (the 
reasoning is similar to that given in Problem 4) that CMON 
is a rectangle, and, since |OM | = |ON | =r, CMON 
is a square whose area is equal to 7”. 

Right-angled triangles are congruent if the hypotenuse and 
a leg of one of them are congruent to the hypotenuse and a leg 
of the other, therefore, the right-angled triangles MBO 
and PBO are congruent and, consequently, have equal areas. 
It can be established by analogy that the right-angled 
triangles NAO and PAO have equal areas. Thus we have 


Sase = S c¢mon + 25 pro na 2S pao- 


The sum of the areas of the triangles PBO and PAO is 
equal to the area of the triangle BOA which can be found 


by formula (1) and is equal to 4 cr. The final result is 


2 
Sasc =T? + cr. A 

Let us consider a problem on division of a segment inter- 
sected by a straight line. As a rule, such a problem is solved 
by means of an additional construction consisting in drawing 
a parallel straight line, and by using the theorem on the 
sides of an angle cut by parallel straight lines. 

Problem 6. The point N lies on the side AC of the triangle 
ABC (Fig. 29), with | AN |/| AC | =n. Find the ratio in. 
which the median AM divides the segment BN. 

A Let O be the point of intersection of the median AM and 
the segment BN. It is required to find the ratio | BO |/| ON |. 


10 
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Let us draw a straight line NK parallel to the me- 
dian AM. Parallel straight lines intercept proportional seg- 
ments on the sides of an angle. The parallel lines AM and 


NK intersect the sides of the angle NBC and, consequently, 
|BO|  |BM| 
TON, ~ [MRI ) 


The same lines intersect the sides of the angle ACB, there- 
fore, 


IMC| _ |AC| 
|\MK| ~~ ~|AN|° 
Note that // is the midpoint of the side BC. Hence | BM | = 
| MC |. Besides, | AC |/| AN | = 1/n. Thus we have 


NV 4 7; c 
Fig. 29 Fig. 30 


Let us now use similar additional constructions to prove 
the theorem on the properties of the bisector of a triangle. 

Theorem. The bisector of an interior angle of a triangle 
divides the side lying opposite that angle into segments pro- 
portional to the adjacent sides, i.e. if AD is the bisector of the 

‘ : B B 
triangle ABC (Fig. 30), then ac =40 

0 We draw a straight line BK parallel to the bisector AD. 
The parallel lines BK and DA intersect the sides of the 
angle BCK and intercept proportional segments on them, 
and thus we have 


|BD| |KA| (4) 
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Let us notice that the triangle KAB is isosceles. Indeed, 
if two parallel straight lines are cut by a third line, then the 
respective and, consequently, the alternate angles are congruent 
and, therefore, 


ZBKA = ZDAC, ZKBA = ZBAD, 


and the equality of the angles BAD and DAC follows from 
the fact that AD is the bisector of the angle A. Thus we 
have |KA|=|AB|, and 
equation (4) yields 


\BD| _ 1ABL 
|DC| |AC| ° 


Let us consider some prob- 
lems whose hypothesis in- 
cludes a circle. 

Problem 7. The diameter CD Fig. 31 
is parallel to the chord AB 
of the same circle (Fig. 31). Find the length of the chord 
AB if | AC | = 6b and | BC | =a (a> Db). 

A Arcs between parallel chords are congruent; besides, 
congruent arcs are subtended by congruent chords, and, there- 
fore, |BD | = | AC | = b. 

An inscribed angle resting on the diameter is a right angle, 
consequently, ~CBD = 90° and the triangle CAD is right- 
angled. From the Pythagorean theorem we find that 
| CD | = V a? + 8. 

Assume BK | CD. The area of the right-angled triangle 
CBD is equal to half the product of the lengths of its legs. 
On the other hand, its area can be expressed by formula (1), 


that is, the equality +|CB|-|BD | =+|CD |-| BK | 


holds true, from which we find that | BK | =. 


Assume that O is the centre of a circle and OM | AB. 
Segments of two parallel straight lines contained between two 
parallel straight lines are congruent, and, consequently, 
| OM | = | BK |. The diameter perpendicular to the chord 
divides it in half, and, therefore, | AM |= | MB |. From 
the right-angled triangle OMB in which | OB | = | CD |/2, 
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we find that 
MB| =V |OBP— |OMP =$— 
| | V | | |O | 9 V ate ? 
consequently, AB = (a? — B*)/V a? + b2. z 
Problem 8. A circle is constructed on the base AC of the 
trapezoid ABCD serving as a diameter. The circle passes 
through the midpoints of the diagonals of the trapezoid 
and touches the base AD (Fig. 32). Find the angles of the 
trapezoid. 
A Suppose the circle cuts the diagonal BD at a point M; 
then, by the hypothesis, | BAZ | = | MD j. The inscribed 


Fig. 32 


angle BMC is a right angle since it rests on the diameter. 
Right-angled triangles are congruent if the legs of one of them 
are congruent to the legs of the other, therefore, ABMC = 
A DMC (| BM |=|MD |, CM being the common leg) 
and, consequently, | BC | = | CD |. Since the circle also 
passes through the midpoint of the diagonal AC, we estab- 
lish by analogy that |AB |= | BC |. Thus we see that 
the trapezoid is isosceles and the base angles are equal. 

The circle touches the base AD and, therefore, the distance 
between the bases is equal to the radius of the circle, and 


if CK 1 AD, then |CK |=+| BC |. Hence it follows 


that in the right-angled triangle CKD the hypotenuse CD 
is twice as long as the leg CK and, consequently, the leg CK 
lies opposite the angle of 30°. 

Thus, the angles of the trapezoid ABCD are equal to 30° 
and 150°. A 

While solving the problem, we have proved, in particular, 
that if the median of a triangle (BCD) is the altitude, then 
the triangle is isosceles. |t is also easy to prove the following 
criteria of an isosceles triangle (prove the criteria yourself): 
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if the base angles of a triangle are equal, then the triangle 
is isosceles; 

if the altitude of a triangle is the bisector, then the triangle 
is isosceles; 

if the median of a triangle is the bisector, then the triangle 
is isosceles. 

We shall use these criteria in what follows. 

Problem 9. Two straight lines are drawn from a point A 
and touch a circle of radius r at points M and WN (Fig. 33). 


Fig. 33 Fig. 34 


Find the length of the segment MN if the distance between 
the point A and the centre of the circle is equal to a. 

A Let O be the centre of the circle. Then ~OMA = 
ZONA = 90°. The right-angled triangles OMA and ONA 
have the hypotenuse OA incommon, and | OM | = | ON |= 
r. Consequently, AOMA = AONA. It follows from the 
congruency of these triangles that the angles MAO and NAO 
are congruent and |AM |= |AN |. Thus, the triangle 
MAWN is isosceles. In an isosceles triangle the bisector serves 
as the median and the altitude, therefore, if E is the point 
of intersection of OA and MN, thenOA | MEand| ME |= 
| EN |. 

For the area S of the right-angled triangle OMA we have 


S =: |ME||OA| = |OM||AM], 


whence we find that | ME | = r V a? — r*/a and | MN | = 
2r Va? —r/a since | AM|=Va—ria 
While solving the problem, we have proved two proper- 


ties of tangent Jines, which we shall formulate as follows: 
if two tangents are drawn from a point to a circle, then 
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(a) the lengths of the intercepts of the tangents from that 
point to the points of tangency are equal; 

(b) a straight line passing through the centre of the circle 
and that point bisects the angle between the tangents. 

The first of these properties will help us solve the follow- 
ing problem. 

Problem 10. Inscribed into the triangle ABC of the area S 
is a circle of radius r, which touches the sides AC and BC 
at points M and NN respectively (Fig. 34). Find the length 
y the side AC if | AM |/| MC | = 2/3 and | BN |/| NC | = 
o/6. 

A We denote the length of the side AC by a. From the 
condition | AM |/| MC | = 2/3 we find that | AM | = 2a/5 
and | MC | = 3a/5. 

By the property of tangents drawn from one point we have 
| NC | =| MC | = 3a/5, and then, from the condition 
| BN {|/| NC | = 5/6, we obtain | BN | = a/2. 

If the circle touches the side AB at a point P, then we 
aeeanene [AP | = |AM | = 2a/5 and |BP|=|BN |= 
al2. 

The area of the triangle can be expressed in terms of the 
lengths of the sides a, b, c and the radius r of the inscribed 
circle by the formula 


S = pr, (5) 


where 2p = a+b-+e. 
We find half the perimeter p of the triangle ABC: p = 


3a/2. Then, by the indicated formula, S = Sar and, con- 


sequently, a = == A 

Let us recall that 

a. circle can be inscribed into a rectangle if and only if the 
sums of the lengths of opposite sides are equal; 

a circle can be circumscribed about a rectangle if and only 
if the sum of opposite angles of the rectangle is 180°. 

Problem if. A right-angled trapezoid is circumscribed 
about a circle. Find the radius of the circle if the lengths 
of the bases of the trapezoid are equal to a and 6. 

A Assume that r is the radius of the circle inscribed into 
the right-angled trapezoid ABCD (Fig. 35).*The trapezoid 
being right-angled, we have | AB | = 2r. Suppose | BC | = 
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b and | AD | = a. A circle is inscribed into this trapezoid, 
consequently, 

|BC|+|AD|=|ABl[+ | CDI, 
whence we get |CD | = a+ b — 2r. Let CK |. AD, then 
|CK | = | AB |= 2r and | KD | = a — Bb. By the Pytha- 


yorean theorem we have |CD |? = |CK |? + | KD /?, i.e. 
(a +- b — 2r)* = 4r? + (a — b)?, whence we find 


ab 
or sea A 


We shall now give an example of a problem whose solution 
becomes simpler upon an additional construction of a circle 


L; 
C 
fog 7D A 
D 


Fig. 36 


Problem 12. In the right-angled triangle ABC the angle C 
is 90°, the angle A is equal to a (a < 2/4), and a point D 
is the middle of the hypotenuse. The point B, is symmetric 
with respect to the point B about the straight line CD. 
Find the angle AB,C. 

A Let the point B, be symmetric with respect to the 
point B about the line CD (Fig. 36). Then the points B and 
B, lie on the same perpendicular to the line CD and at the 
same distance from that line, i.e. BB, | CD and | OB | = 
| OB, |. The segment OD connects the midpoints of the 
sides of the triangle BB,A, and, consequently, OD is the 
median of the triangle BB,A and is parallel to the side AB,. 
And since OD | BB,, it follows that AB, _| BR, as well, 
that is, the triangle BB,A is right-angled. 

The vertices of right-angled triangles with hypotenuse AB 
lie on a circle with diameter AB, consequently, the points 
A, B, C, and B, lie on a circle with diameter AB. 
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The inscribed angle is equal to half the angular value of 
the arc it rests on. The inscribed angles BAC and BB,C rest 
on one and the same arc and, therefore, they are equal: 
Z_BBC = a. 

Hence we find that “AB,C = 7 AB,B + ZBBC = 


1 
> + a. A 


9.2. Similitude of Tangles. 
Law of Sines and Lay" of Cosines 


Similitude of triangles. Let us recall the definition of 
the similitude of figures: the figure M, is said to be similar 
to the figure M (written as D, ~ ®) if there is a mapping of 
the figure M onto the figure under which for any two points 
M and N of the figure ® and their images, the points M, 
and N,, the ratio between the distances | MN | and | M,N, | 
is a constant quantity. The number k = | M,N, }/| MN | 
is the ratio of similitude. 

Solution of many problems requires the use of similitude 
of triangles. If the triangle A,B,C, is similar to the triangle 
ABC, and the vertices A, and #, are the images of the ver- 
tices A and B, then the ratio of similitude of these triangles 
is equal to | A,B, |/| AB |, or, as it is customary to say, 
it is equal to the ratio of the lengths of the respective sides. 


Criteria of similitude of triangles 


1. If three sides of one triangle are proportional to three 
sides of another triangle, then the triangles are similar. 

2. If two angles of one triangle are equal to two angles of 
another triangle, then the triangles are similar. 

3. If two sides of one triangle are proportional to two sides 
of another triangle and the angles between those sides are 
equal, then the triangles are similar. 


Problem 1. A straight line passing through the point of 
intersection of the diagonals of a trapezoid, parallel toits 
bases, cuts the nonparallel sides of the trapezoid at points 
M and N. Find the length of the segment MN if the lengths 
of the bases of the trapezoid are equal to a ani b. 

A Suppose the diagonals of the trapezoid ABCD meet 
at a point O, and the segment MN is parallel to the bases 
and contains the point O in its interior (Fig. 37), | AD | = a, 
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| BC |.= b. If two parallel straight lines are cut by a third 
line, then the corresponding and the alternate angles are 
equal. The bases of the trapezoid are parallel, consequently, 
/_.BDA = ¢.CBD and 7 CAD = /.BCA and, in accordance 
with the second criteria of similitude, we have A BOC ~w~ 


|BO| {BC} ,. |BO\|_b 
ADOA. It follows that TOD] ~ TaD? &® Poot =a" 
From this we find that 
|BO| ib 
|BD|  a+b° (1) 


The straight line MN is parallel to the base AD, and, 
therefore, “~ BMO = / BAD and 7 BOM = 7 BDA, the 


a 
8 C , 
4 
4 WM 
A Z A WN c 


Fig. 37 Fig. 38 


triangles MBO and ABD are also similar and | MO |/| AD |= 
| BO |/| BD|. From this, taking into account (1), we get 
| MO | = ab/(a + b). Weestablish by analogy that | VO | = 
ab/(a + 6b) and thus we have | MN | = 2ab/(a + b). A 

Now we shall formulate the criteria of similitude of right- 
angled triangles. 

1. Two right-angled triangles are similar if an acute angle 
of one of them is equal to an acute angle of the other. 

2. Two right-angled triangles are similar if the legs of one 
of them are proportional to the legs of the other. 

3. Two right-angled triangles are similar if a leg and the 
hypotenuse of one of them are proportional to a leg and the 
hypotenuse of the other. 

Problem 2. The altitudes AAY and BN are drawn in the 
triangle ABC (Fig. 38). Find the angles of the triangle MNC 
if “~/A =a and / B= BB. 
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A The right-angled triangles AMC and BNC have equal 
acute angles at the vertex C, consequently, they are similar 
and | NC {/| BC | = | MC |/| AC |. Hence we infer that 
in the triangles MCN and ACB the sides adjacent to the 
equal angle at the vertex C are proportional and, conse- 
quently (in accordance to the third criterion of similitude), 
the triangles are similar. In similar triangles, equal angles 
face the corresponding sides, therefore, ~NMC =a and 
ZMNC = B. 

The result of this problem can be formulated as follows: 
if we connect the feet of two altitudes of a triangle, we obtain 
a triangle similar to the given triangle. & 

By definition, all respective linear elements in similar 
figures are proportional. Thus, the ratio of the perimeters 


B 
4 | 
D hy q 
one a \ 
C = B 4 Fil A. = 
Fig. 39 Fig. 40 


of similar polygons is equal to the ratio of the lengths of the 
corresponding sides. Or, for instance, in similar triangles the 
ratio of the radii of inscribed circles (as well as of circum- 
scribed circles) is equal to the ratio of the lengths of the 
corresponding sides. This remark will help us solve the 
following problem. 


Problem 3. The altitude CD is drawn from the vertex C 
of the right angle in the right-angled triangle ABC (Fig. 39). 
The radii of the circles inscribed into the triangles ACD 
and BCD are equal tor, and r, respectively. Find the radius 
of the circle inscribed into the triangle ABC. 

A Designating the required radius asr, weset | AB | =e, 
|AC |= b, | BC | = a. From the similitude of the right- 
angled triangles ACD and ABC (they have equal angles at 


, r c r 
the vertex A) we have ara whence we have 6=—— ¢. 
1 1 
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The right-angled triangles CBD and ABC are also similar, 
therefore, a , whence it follows that a=-2e. Since 
a? + b? = c?, we can square the expressions for a and b 


and add the results to obtain (=) c7 4 (22.)” c? = c? or 
nt 1. Now we find that r=/Vr? + r. 


Let us recall that the ratio of the areas of similar figures 
is equal to the square of the coefficient of similitude. For tri- 
angles, this statement can be formulated as follows: the 
areas of similar triangles are related as the squares of the 
lengths of the corresponding sides. Let us consider a typical 
problem based on these facts. 

Problem 4. Three straight lines are drawn through a point 
M, lying in the interior of the triangle ABC, parallel to 
its sides. The areas of the resulting three triangles (Fig. 40) 
are S,, S,, and S;. Find the area of the triangle ABC. 

A It is easy to see that the triangles EKM, MQF and 
PMN are similar to the triangle ABC. If we assume that S 
is the area of the triangle ABC, then we have 


51 [EM |? Ss |MF |? Ss |PN|? 


S ~ jAcj?? § ~ |ACI2 » “§ ~~ {AC]2 ° 


From this we find 


Si as 
JEM =f | AC\, |MF|=1/ 2 ACI, 


IPN| = 32 AC}. 


And since |EM|=|AP|, |MF,|=|NC|, it follows 
that 
[| A&M|+ |PN| + |MF| = |AP|+ |PN| 
+|NC|=|AC|. 
Thus we have 


acl (We+V B+ V BF) “lel 


S=(VS,+VS,+VSs)% & 


Ilence, 
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Laws of cosines and sines. For an arbitrary triangle the 
lengths of whose sides are denoted by a, 0, c, and the angles 
opposite them are denoted by A, B, C, the following two 
laws hold true which establish the correspondence between 
the sides and the angles of the triangle which can be written 
in the following concise form. 

Law of cosines: 


ct? = q? + b? — 2ab cos C; 


Law of sines: 
a b c 


sin A sinB sinc * 
This is how the laws can be applied. 
Problem 5. Find the length of the median of the triangle 
ABC drawn from the vertex C if the lengths of the sides 


C 


Fig. 44 Fig. 42 


lying opposite the vertices A, B, and C are equal, respec- 
tively, to a, b, c. 

A. Let CM be the median of the triangle ABC (Fig. 41). 
If we designate m = |CM |, 9 = 7 CMA, then 7CMB = 
180° — g. By the law of cosines we have, from the triangles 
ACM and CMB, 


b2 —m?4—-—2m * cos 
a a 5 P; 
q? =: m2 +5 —2m > cos (180° — g). 


Adding up the two equations term-by-term and taking into 


account that cos (480° — @) = —-cos @, we get at f= 
2 
2m? + , whence we find that m?= s+37-7- 
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3 2 

Thus we have |CM|=|/ © 42-2. a 

Problem 6. The area of the triangle ABC is equal to 
16 sq cm. Find the length of the side AB if | AC | = 5 cm, 
| BC | = 8 cm and the angle C is obtuse (Fig. 42). 

A The area of the triangle can be expressed in terms of 
the lengths a and 5b of its two sides and the angle C between 
them: 


S = ab sin. (2) 


For the given triangle ABC this formula yields sinC -= 
2S/ab = 4/5. The angle C being obtuse, the cosine of the 
angle is negative and, therefore, 


n 


cosC = —Y 1—sin2€ = aura 


Now we find by the law of cosines that | AB |? = a* + b? — 
2ab cos C = 137. Consequently, | AB | = 137 cm. wz 


Problem 7. In the isosceles triangle ABC the sides AB 
and AC are b in length, the vertex angle A is 2a. The straight 
line passing through the vertex B and the centre O of the 
circle circumscribed about the triangle ABC cuts the side AC 
at a point D (Fig. 43). Find the length of the segment BD. 

A, The centre of the circle circumscribed about the iso- 
sceles triangle ABC lies on its bisector AK (since AK | BC 
and | BK | = | KC |). Consequently, ~ABD = 4OAB = 
a. Thus, two angles of the triangle BAD are known and, 
since the sum of angles of a triangle is equal to 180°, it 
follows that 7 BDA = 180° — 3a. By the law of sines, we 
find, from the triangle BAD, that 


|BD| __ |AB| 
sin2a —sin (180°? — 3a) ” 


whence, taking into account that sin (180° — 3a) = sin 3a, 
we find that 


ppt =. me 


sin 3a 


We shall prove now the law of sines and, incidentally. 
establish an important relation. 

OC A circle of radius R is circumscribed about a triangle 
ABC whose sides lying opposite the vertices A, B, C are 
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a, b, c in length (see Fig. 44). We draw a diameter BD. The 
inscribed angles BDA and BCA are subtended by the same 
arc, and, consequently, ~ BDA = 2.C. The angle BAD is 


Fig. 43 Fig. 44 


equal to 90° since it rests on a diameter, hence the triangle 
BAD is right-angled and 


e=2R sinc. (3) 


We can establish by analogy that a = 2R sin A and b = 
2R sin B. It follows from these equalities that 


alsin A = b/sin B = c/sinC = 2R. @ (4) 


If we find sin C in (3) and substitute the result into (2) 
we get the expression for the area of the triangle in terms 
of the lengths of its sides a, 
b, c and the radius A of the 
circumscribed circle: 


ae, (5) 


Problem 8. The point N 

lies on the side AC of a regu- 

A C lar triangle ABC (Fig. 45). 

Find the ratio of the radii of 

the circles circumscribed about 

the triangles ABN and ABC 

if | AN |/| AC | =n. 

A If we designate as a the side of the regular triangle 

ABC, then | AN | = na. By the law of cosines, we can find 
the length of the side BN from the triangle ABN: 


[BN | 
=V |AB|?-+ |AN|?—2 |AB| | AN| cos 60° =/V1+ n?—n-a. 


B 


Fig. 45 
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Let R, and RA, be the radii of the circles circumscribed about 
the triangles ABN and ABC respectively. By formula (5) 
we get 


On the other hand, the triangles ABN and ABC have a com- 
mon altitude drawn from the vertex B and, therefore, their 
areas are related as the lengths of the bases, i.e. Sapy = 
nSapc-. Substituting here the expressions for the areas, we 
get nV 1 + n? — n-a3/4R, = na3/4R,, whence we find 
that R/R,=Vitrn—na 


5.3. Properties of Chords, Secants, and Tangents 


Angles measured by arcs of circles. The angular value 
of an arc is the magnitude of the corresponding central angle. 
An inscribed angle is equal to half the angular value of the 


" Fig. 46 Fig. 47 


intercepted arc. Let us see how angles are measured when 
their vertices are in the interior or in the exterior of the 
circle and their sides cut the circle. 


Theorem. The angle with the vertex inside the circle is equal 
to half the sum of the angular values of the arcs intercepted by 
its sides and their extensions. The angle, formed by two secants, 
with the vertex outside the circle and sides cutting the circle is equal 
to half the difference of the angular values of the greater and 
the smaller arc intercepted by its sides. 

O Let us consider the angle AMB (Fig. 46). Note that 


as ~ AB, p= A,B,. The exterior angle of the triangle 


P)oodig 


162 5. SOLVING PLANE GEOMETRY PROBLEMS 


is equal to the sum of two interior angles, not adjacent to 
it and, therefore, ~AMB=a+6= + (4B +- A,B). 
Let us now consider the angle AMB formed by two secants 
MA and MB (Fig. 47). Since a = A\B,, B=- AB, 
we get, in accordance with the property of an exterior angle 


of a triangle, that 7 AMB = B—a = + (4B — A,B). a 
og C 
A D 
n 
Fig. 49 


Theorem. The angle formed by a tangent and a chord having 
a common point on the circle is equal to half the angular value 
of the arc intercepted by its sides. 

(0 Let us consider the angle NAB formed by a tangent 
and a chord (Fig. 48). We draw a diameter AC. The tangent 
is perpendicular to the diameter drawn through the point of 


tangency, consequently, ~CAN = 90° and CBA = 180°. 


Furthermore, a = = BC, Z_NAB = 90° —a, hence we get 


Z NAB =~ (180° — BC) = + BA 


(the case of an obtuse angle, the angle MAB in Fig. 48, can 
be discussed analogously). @ 

Problem 1. A circle passes through the vertices B,C,D of 
the trapezoid ABCD and touches the side AB at the point B 
(Fig. 49). Find the length of the diagonal BD if the bases 
of the trapezoid are a and b in length. 

A The angle between the tangent AB and the chord BD 
is measured by half the angular value of the arc BnD, as is 
the inscribed angle BCD. Consequently, 7 ABD = ¢_BCD. 
The bases of the trapezoid are parallel, therefore 7~ CBD = 


5.3. PROPERTIES OF CHORDS, SECANTS, AND TANGENTS 163 


Z_BDA. Thus, two angles in the triangle ABD are equal 
Lo two angles in the triangle BCD and, consequently, the 
triangles are similar. From their similitude we get 
| BD |/| AD | = | BC |/| BD | whence it follows that 
| BD |? =|AD||BC| and |BD|=YVab.a 

Properties of secants and tangents. We shall now prove 
a theorem which is known as “the theorem on a tangent 
and a secant” and is often applied in problem solving. 

Theorem. Suppose a tangent MA anda secant MB drawn 
from a point M cut the given circle at points B andC (Fig. 50). 
Then, the following equality 


holds true: a 
| MA |? = | MB || MC |, ~ 
that is, if a tangent and a 4 


secant are drawn from the point 

M to the circle, then the square 

of the length of the segment 

of the tangent from the point Fig. 90 

M to the point of tangency is 

equal to the product of the lengths of the segments of the secant 
from the point M to its points of intersection with the circle. 


O By the preceding theorem, LMAC =+ AC. But 


Z_ABC — + AC as well, consequently, ~ MAC = ~ ABC. 


Since the triangles AMC and BMA have the vertex angle M 
in common, it follows, in accordance with the second cri- 
terion of similitude, that the triangles are similar. Conse- 
quently we have | MA |/| MB | = | MC j/| MA |, whence 
we get | MA |?>=|MB||MC|. 

Problem 2. The radius of the circle is equal to r. Drawn 
from the point // are a secant MB passing through the centre 
of the circle and a tangent MA, with |MB|=2|MA | 
(Fig. 51). Find the distance between the point M and the 
centre of the circle. 

A Let us designate x = |OM |. Then |BM|=a2a+r 
and | CM | = x — r. Besides, by the hypothesis, | MA | = 
| BM | 1 

D) a 2 (x a r). 

By the theorem on a tangent and a secant we have 


1 . 
GZ (etry =(e-+r)(e—r), whence, cancelling by . 


11* 
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(x +-r), we get + (x +r) =a2—r and easily find that 
H 0 =r. A 


Problem 3. A secant MA is drawn through a point M, 
located at the distance b from the centre of the circle, so 
that it cuts the circle in half: | MB | = | BA | (Fig. 952). 
Determine the length of the secant MA if the radius of the 
circle is r. 

A Let us draw a secant MC through the centre of the 
circle. It follows from the theorem on a secant and a tangent 


Fig. 51 Fig. 52 


that if two secants (JA and MC are drawn from the point M@ 
and cut the circle at the points 2 and D respectively, then 
|MA||MB|=|MC || AMD |, since both products are 
equal to the square of the length of the tangent drawn from 
the point M to the same circle. By the hypothesis, | OM | = 
6 and, therefore, |MC|=6b+r and |MD|=b-—r. 
Designating | MA |= xz, we get | BM | = x/2 and, in 
accordance with the indicated property of two secants drawn 
zx 
> 
we find that z = V2 (b> —r*). A 

Property of intersecting chords. 

Theorem. Jf two chords are drawn through a point taken 
inside a circle, then the product of the lengths of the segments 
of one chord is equal to the product of the lengths of the seg- 
ments of the other chord, that is (Fig. 53), if two chords AB 
and CD are drawn through a point M, then | MA ||MB |= 
| MC || MD |. 

O) Let us draw the chords AC and BD. The inscribed 
angles CAB and CDB rest on the arc CB, and consequently, 
ZCAB = ZCDB. Similarly, 7 ACD = 7 ABD. Thus, the 


from the same point, we get 1-— = (b -|- r) (b — r), whence 


9.4. ALGEBRAIC AND TRIGONOMETRIC METHODS OF SOLUTION 165 


triangles ACM and DBM are similar and |MA ]|/| MD | = 
| UC|/|MB|. Hence we get |MA||MB|=|MC| |MD|. & 
' Problem 4. There is an internal tangency between two 
circles at a point Q (Fig. 54). A straight line passing through 
the centre O, of the smaller circle cuts the larger circle at 
points A and D and the smaller circle at points B and C. 
lind the ratio of the radii of the circles if |AB|: | BC]: 
OD 24s 3. 

A Suppose R and r are the radii of the larger and the 


smaller circle respectively. Then | BC | = 2r and we get 
from the given ratio that | AB|=r and |CD| = as r. 
G | 
WIN B 
A “Uy 


| 


Fig. 53 


We draw a diameter QP. The diameter drawn to the point 
of tangency is perpendicular to the tangent line and, there- 
fore, the point O, lies on QP. 

In accordance with the property of intersecting chords we 


have |0,Q||0O,P| = |0,4||0,D|. Hence, taking into 
consideration that |0O,P| = 2R —r, |0O,A|= |O,B| + 
| BA| = 2r and |0,D|=|CD|+ | CO,| =r, we get 


(22 —r)r = dr*. Now we easily find that R/ =3. A 


3.4. Algebraic and Trigonometric Methods 
of Solution. Application of Vector Algebra 


In the problems discussed earlier we had to solve simple 
ilecbraic equations using sine and cosine laws, and to find 
magnitudes of angles. It is evident that geometry cannot be 
separated from algebra and trigonometry since many geo- 
metric statements are formulated in terms of algebra (e.g. 
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the Pythagorean theorem or the property of the altitude of a 
right triangle) or in terms of trigonometry (e.g. the laws of 
sines and cosines). The possibility of applying algebra and 
trigonometry is much wider, however. In many cases, 
solutions of geometric problems reduce to solutions of the 
corresponding algebraic or trigonometric equations and 
systems. Let us consider the following problems, for example. 


Problem 1. An isosceles triangle is inscribed into a circle 
of radius R. The sum of the lengths of the base and the 
altitude of the triangle is equal to the diameter of the circle. 
Find the altitude of the triangle. 


F C NM B 


Fig. 55 Fig. 56 


A Let BD be the altitude of the isosceles triangle ABC 
(Fig. 55). Since the diameter, perpendicular to the chord, 
passes through its midpoint, the point D lies on the di- 
ameter BF. We introduce the designations h = | BD| and 
2b = |AC |. By the hypothesis, 2R =h-+ 2b and in 
accordance with the property of intersecting chords (5.3), 
we have b? = h (2R —h). Thus we get a system 


2R --h+ 2b, 
b2 --h(2R—h). 


Eliminating 2R, we find that b? = 2bh, whence b = 2h, 
and then, the first equation yields h ==R. A 

Problem 2. The centre of the circle inscribed into the 
right-angled triangle ABC is at the distances /5 cm and 


V 10 cm from the vertices A and B (Fig. 56). Find the legs 
of the triangle. 
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A We can easily solve the problem if we take, as un- 
knowns, the radius r of the inscribed circle anda = /~ OAK 
rather than the legs. Since the centre of the inscribed circle 
lies on the intersection of the bisectors of the angles A and 


/3, it follows that 7OBK = > — a. From the right-angled 


triangles OAK and OBK we find 
r=)V5sina and r=:V 10 sin (2) ; 


and consequently, 


V5sina-+ V10sin (= —«] (1) 
We have reduced the problem to a simple trigonometric 
equation. Since sin (+ —«) = ve (cos a —sin a), equa- 


tion (1) yields sin a = 
cos @ — sin a, whence we get 
lana = 1/2. 

Knowing tana, we _ find 
from the formula sing = 


tan @ : 
Vipianta that sin a= 
1/V5 and, consequently, 
r= 1 cm. 

Since |AC| = J|AM| + 
| MC|and |BC|=|BN|+ 


| NC |, we easily get | AC | = 
3 cm and |BC|=4cm.A 


Problem 3. The _ isosceles 
triangles ABC (| AB| =| BC)}) 
and A’B’C’ (| A’B’ || = | B’C’ |) are congruent. The ver- 
tices A’, B’, C’ are located on the extensions of the side BC 
beyond the point C, of the side BA beyond the point A, and 
of the side AC beyond the point C, respectively, the straight 
lines BC and B’C’ being perpendicular (Fig. 57). Find the 
angles of the triangle ABC. 

A We designate b = |AB| and g = Z ABC. Let the 
straight lines BC and B’C’ meet at a point Q. Since, by the 
hypothesis, A’B_| B’C’ and 7_QCC’ = Z ACB = ZB'C'A', 
the angle CC’ A’ is 90° and the line segment C’Q is the alti- 


Fig. 57 
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tude of the right-angled triangle CC’A’. Consequently, 


| Qc"? = | QC] | QA’ |. (2) 
From the right-angled triangle B’QA’ we find that | QA’ | = 
bsin g, | B’Q | = bcos gq, and since | QC’| = | B’C’| — 
| QB’ |, it follows that | QC’ | = b (1 — cos q). Further- 
more, |QC | = |QB|—|BC|. We find | QB| from the 
right triangle B’BQ: 

|B’ IB'QL __ bcos? @ 
[QB] = ‘tang sing ’ 


then | QC | = b ez — 1 . Substituting the lengths of 


sin @ 
the corresponding segments into (2) and cancelling by b?, 
we obtain a_ trigonometric equation (1 — cos g)? = 
sin @ (8 — 1 , which can be reduced tothe form sin o = 


sin @ 
2 cos p — 1. Squaring this equality and expressing sin? m 


in terms of cos? pg, we get 5 cos? p — 4 cos m = 0, whence 
cos g = 0 and cosq = 4/5. It is evident that cos p ~ 0 
(otherwise, the lines B’A’ and BC would not meet) and, 
therefore, cos p = 4/5 and = arccos (4/5). A 

To reduce a geometric problem to an algebraic or a trigo- 
nometric one, we must introduce several unknowns. It is 
not obligatory to assume the sought-for quantities to be 
those unknowns. As is clear from the solution of Problem 2, 
it is sometimes more convenient to introduce other unknowns 
for which we get simpler relations, and to calculate the 
required unknowns only after solving those relations. Be- 
sides, the solutions obtained for algebraic and trigonometric 
equations and systems often require geometric check-up as, 
for instance, in Problem 3. 

Most of the geometric problems on maximum and mini- 
mum are also solved with the aid ‘of algebra and trigono- 
inetry. In that case, a problem is reduced to seeking a maxi- 
mum or a minimum of somealgebraicor trigonometric func- 
tion. Note’ that in such cases the investigation must be 
carried out on the set of values of the argument to which 
the geometric figure under consideration belongs. 


Problem 4. Jn the right-angled triangle ABC the hypote- 
nuse AB is c in length and makes an angle o with the leg AC. 
The point P lies on the hypotenuse AB and for that point 
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the sum of the squares of the distances to the lines AC and 
BC is the smallest as compared to other points belonging 
to the line segment AB. Find the length of the segment AD. 

A Assume DN |_AC and DM 1 BC (Fig. 58). Let us 
designate r = |AD|. Then | BD| =c — az and 


|DN|=zsina, |DM| = (ec —2z) cosa. 


We designate the sum of the squares of the distances from 
the point D to the lines AC and BC as f. Then we have 


Fig. 58 


f =z sin? a -++ (c — xz)* cos? a. It is required to find the 
value of x for which the function has the least value if z is 
in the limits O< z<cc. We transform the function f as f = 
z* + c® cos? a — 2cr cos a. The derivative of the function 
is equal to 2x — 2c cosa and vanishes at x =ccosa. 
This value of x belongs to the interval [0; c], the derivative 
being negative to the left of that point and positive to 
the right. Consequently, at z=ccosa the function f 
has a minimum. | 

Thus we have |AD]|=ccosa. 

Application of vector algebra. With the aid of vector al- 
gebra, some plane geometry problems and theorems, requir- 
ing complicated geometric reasoning, can be reduced to 
considerably simple calculations. Let us consider the follow- 
ing problem, for example. 


Problem 5. In the triangle ABC, points A,, B, and C, are 
located on the sides AB, BC, and CA so that 


|AA,| [BB | |CC,| 


[AB] ~ [Be] ~ AC] ° 


Prove that the points where the medians of the triangles 
ABC and A,B,C, meet are coincident. 
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— > 
A Assume AB = a, AC = b (Fig. 59). If AM is a me- 


a 
dian of the triangle ABC, then AM = (a + b)/2. The me- 
dians of triangles intersect at one point and at that point 
each median js divided in the ratio 2:1, reckoning from 
the vertex anu, therefore, if O is the point of intersection 
of the medians of the triangle ABC, then 


7 ae ee 

AO == AM == (a+b). (3) 

Let us consider the triangle A,B,C, (Fig. 60). Designating 
—_—_ 

m = |AA,|/|AB|, we have A,C, = (1 — m) b — ma and 


Fig. 59 Fig. 60 


AB, = (1—m)a+m(b—a). If A,M, is a median 
of the triangle A,B,C,, then 


AM, =4 (A,C,+ A,B,) => (b+ (13m) a) 


and the point O, of the intersection of the medians of the 
triangle A,B,C, lies on A,M, and | A,0,| = = | A.M, |, 


—_> 4 ; . — 
i.e. A,O, = 3 (b + (14 — 3m) a). We find the vector AO,: 
—> — — 
AO, = AA,+ A,O 
1 
==ma+ — (b+-(1—3m)a) => (a+b). (4) 


—> —> 
Comparing (3) and (4), we get AO = AO,, that is, the 
points O and O, coincide. A 
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PROBLEMS OF SECTION I 


1. Meeting at a point O, the diagonals of the trapezoid partition it 
into 4 triangles with vertex at the point O. Prove that the areas of the 
(riangles adjacent to the nonparallel sides of the trapezoid are equal. 

2. In the triangle ABC, straight lines, parallel to the sides AC 
and AB, are drawn through a point M lying on the side BC. The area 
of the resulting parallelogram constitutes 5/18 of the area of the tri- 
angle ABC. Find in what ratio the point M divides the side BC. 

3. Points M, N, and P lie on the sides AB, BC, and AC of the 
triangle ABC, with |AM|/|AB] = |BN{/|BC| = |CP\/\CA| = 
1/3. The straight lines CM, AN, and BP, when intersecting, bound 
the triangle whose area is S. Find the area of the triangle ABC. 

4. When the triangle ABC is rotated about the centre at the point 
(' through the angle @ (a < n/2), it passes into a triangle A’B’C. 
‘The point B’ is the image of the. point B and lies on the side AB; 
the point A’ is the image of the point A. Find the angles of the tri- 
angle ABC if the lines AC and A’B’ are perpendicular. 

5. Prove that three altitudes of a triangle or three straight lines 
on which the altitudes lie meet at one point. 

6. The extensions of the altitudes of the triangle ABC divide the 
circle circumscribed about the triangle into arcs whose lengths are 
related as p:q:r. Find the angles of the triangle ABC. 

7. There is an internal tangency at a point A between two circles 
of radii R and r(R > 1). A straight line is drawn through a point B 
on the larger circle which touches the smaller circle at a point C. 
Find the length of the segment AB if | BC | = a. 

8. A circle inscribed into the triangle ABC divides the median 
BM into three congruent segments. Find the ratio between the lengths 
of the sides of the triangle ABC. 

9. The extensions of the altitudes BM and CN of the acute tri- 
angle ABC cut the circle circumscribed about it at points P and Q. 
Find the radius of the circumscribed circle if | BC| = a and | PQ| = 


So 


10. A point E lies on the side AC of the regular triangle ABC, a 
point K being the midpoint of the segment AE. The straight line 
passing through the point Z, at right angles to AB, and the straight 
line passing through the point C, at right angles to BC, meet at a point 
D. Find the angles of the triangle BKD. 

11. In the isosceles triangle ABC (| AB| = | BC |) the median AD 
is perpendicular to the bisector CE. Determine the angle ACB. 

12. In the triangle ABC the vertex angle A is equal to a. Find the 
length of the bisector of the triangle drawn from the vertex A if 
|AB| =c and |AC| = b. 

13. In the triangle ABC the vertex angle B is equal to g, and the 
vertex angle C is equal to 29. The circle passing through the points 
A, C, and the centre of the circle circumscribed about the triangle 
ABC cuts the side AB at a point M. Determine the ratio | AM |/ 
{AB |. 

14. In the triangle ABC the perpendicular passing through the 
midpoint of the side AB cuts the side AC at a point M in the ratio 
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| MA |/| MC| = 3. The perpendicular passing through the midpoint 
of the side AC cuts the side AB at a point N, so that |AN |/|NB| = 
2. Determine the angles of the triangle ABC. 

15. Prove that if the lengths of the sides AB and BC of the tri- 
angle ABC are different, then the bisector of the angle ABC lies be- 
tween the median and the altitude drawn from the same vertex. 

16. In the triangle ABC the lengths of the sides are related as 
| BC |? + | ACi|? = 5|AB|?. Prove that the medians AM and BN 
are perpendicular. 


17. Two circles of radii equal to 75 cm and Y 2 cm meet at a 
point A. The distance between the centre of the circles is 3 cm. Drawn 
through the point A is a straight line cutting the circles at points B 
and C so that | AB| = |ACj|. Find the length of the segment AB. 

18. The angle BAD of the rhombus ABCD is acute. The circle 
inscribed into the rhombus touches the sides AB and CD at points M 
and N respectively, and cuts the segment CM at a point P and the 
segment BN at a point Q. Find the ratio |BQ |/| QN| if |CP|/ 
|PM| = 9/46. 

' 49. Given the circle with diameter AB. Another circle with centre 
at the point A cuts the first circle at points C and D and the diameter 
AB ata point E. A point M, distinct from the points C and E, is 
taken on the arc CE whichdoesnot contain the point D. The straight 
line BM intersects the first circle at a point N. Find the length of 
the segment MN if |CN| =a, |DN|= b. 

20. Given the triangle ABC. The bisector of the exterior angle of 
the triangle at the vertex A cuts the straight line BC at a point M. 
Prove that | MB|/|MC| =| AB|/| AC|. 

21. Given the triangle ABC. A point M lies on the line BC, the 
resulting ratio being |MBI|/| MC| = |AB|/|AC|. Prove that the 
point M lies either on the bisector of the angle A of the triangle ABC 
or on the bisector of the exterior angle at the vertex A. 

22. In the parallelogram ABCD the acute angle is a. Suppose 
O,, O., Og, and O, are the'centres of the circles circumscribed about the 
triangles DAB, DAC, DBC, and ABC respectively. Determine the 
ratio between the area of the rectangle 0,0,0,0, and the area of the 
parallelogram ABCD. 


PROBLEMS OF SECTION II 


1. Prove that in any triangle the sum of the lengths of its three 
medians is smaller than its perimeter but greater than three-fourths 
of the perimeter. 

2. In an isosceles triangle the length of the base is a and the length 
of the altitude dropped to the base is kh. Find the distance from the 
midpoint of the base to the side. 

3. Determine the area of the trapezoid if it isknown that a consec- 
utive connection of the middles of its sides results in a square the 
length of whose side is a. 

4. In the given trapezoid the length of one base is 2a, the lengths 
of the other base and the sides are equal to a. Find the distance be- 
tween the midpoints of the nonparallel sides, 
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5. Calculate the area of the circle inscribed into an isosceles tra 
pezoid the lengths of whose bases are equal to a and b. 

6. A trapezoid is circumscribed about a circle. Find the ratio be- 
tween the length of the median of the trapezoid and its perimeter. 

7. In the right-angled isosceles triangle two straight lines are 
drawn through the vertex of the right angle and divide the angle 
into three congruent angles. Find the lengths of the line segments into 
which the lines divide the hypotenuse if its length is a. 

8. Find the area of the triangle ABC inscribed into a circle if the 
vertices A and C are at distances m and n from the tangent drawn 
through the vertex B, and |AC| = b. 

9. The triangle ABC has the altitude BD. Drawn through the 
point D is a straight line parallel to the side AB till the intersection 
with the side BC at a point K. Find the ratio | BK|/| KC| if the 
area of the triangle BD K is 3/16 of the area of the triangle ABC. 

10. In the isosceles triangle ABC (|AB| = |BC|) the bisector 
AE cuts the altitude BD at a point O, with |OB|/|OD| = 3. In 
what ratio does the altitude AF divide the altitude BD? 

11. In the isosceles triangle ABC (|'AB| = |BC|) the altitude 
AF cuts the altitude BD at a point O, with |BO|//OD| =n. In 
what ratio does the bisector AE divide the altitude BD? 

12. The diagonals are drawn in the convex quadrilateral ABCD 
whose area is 24 sq cm. The area of the triangle ABC is known to be 
twice that of the triangle ACD, and the area of the triangle BCD is 
thrice that of the triangle BDA. Find the area of the triangle ABC. 

13. The interior angles of a parallelogram are bisected. The area 
of the quadrilateral resulting from the intersection of the bisector is 
1/4 of the area of the parallelogram. Find the ratio of the lengths of 
the sides of the parallelogram. 

14. In the triangle ABC a point M is taken on the side AC and a 
point N on the side BC. The line segments AN and BM meet ata 
point O. Find the area of the triangle CMN if the areas of the trian- 
ee OMe OAB, and OBN are equal to S,, S,, and Sg respec- 
tively. 

15. In the isosceles triangle ABC (|AB| = |BC|), the bisectors 
BD and AF meet at a point O. The ratio between the area of the tri- 
angle DOA and the area of the triangle BOF is 3/8. Find the ratio 
[AC |/| ABI 

16. The straight line parallel to the bases of the trapezoid divides 
it into two parts whose areas are related as m:n. Find the length of 
the segment of that straight line contained between the nonparallel 
sides of the trapezoid if the lengths of its bases are a and b. 

17. A circle is inscribed into an isosceles trapezoid the lengths of 
whose bases are a and b. Determine the length of the diagonal of the 
trapezoid. 

18. Prove that in any trapezoid the sum of the squares of the 
lengths of its diagonals is equal to the sum of the squares of the lengths 
2 its nonparallel sides and the doubled product of the lengths of its 

ases. 

19. Find the length of the base of the isosceles triangle if the length 
of oe altitude dropped to the base is h and the radius of the inscribed 
circle is r. 
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20. Given the triangle ABC. Points M, N, and P lie on the exten- 
sions of the side AB beyond the point B, of the side BC beyond the 
point C and of the side CA beyond the point A, the resulting ratios 
being |BM|=m|AB|, |CN|=n|BC|, and | AP|= p|AC|. 
Find the ratio of the areas of the triangles MNP and ABC. 

21. Points M and N, D and E, and K and LZ lie on the sides AB, 
AC, and BC of the triangle ABC respectively, with|AM|= |MN| = 
|NB|, |BK|=|KL|=|LC|, and |AD| = | DE| = 
| EC |. Calculate the area of the quadrilateral resulting from the 
intersection of the straight lines ML, NK, BD, and BE if the area of 
the triangle ABC is S. 

22. Points M, N, and P lie on the sides AB, BC, and AC of the 
triangle ABC, with|AM |/| MB|=|BN|/|NC|=|CP|/| PA| = 
min. Determine the ratio of the areas of the triangles MNP and 
ABC, 

23. In the triangle ABC, the bisectors of the interior and the exte- 
rior angle drawn from the vertex A cut the straight line BC at points 
D and eeu ye Determine the ratio |AB|/|AC| if | BD |/ 
|BE,| = 3/5. 

24. In the triangle ABC, the bisectors of the interior and the exte- 
rior angle drawn from the vertex A cut the straight line BC at points 
D and E respectively. Find the radius of the circle circumscribed 
about the triangle ADE if | BC| = a and |AB|/|AC| = 2/3. 

25. The circle constructed on the base AD of the trapezoid ABCD 
serving as a diameter, passes through the midpoints of the nonparallel 
sides ae and CD and touches the base BC. Find the angles of the 
trapezoid. 

26. A circle of radius R is drawn through the vertices A, B, and C 
of the right-angled trapezoid ABCD (2 A = 2B = n/2) and cuts the 
line segments AD and CD at points M and N respectively, so that 
|AM |/| AD| = |CN|/| CD| = 1/3. Find the area of the trapezoid. 

27. Two straight lines drawn from a point M touch the circle at 
points A and B. A straight line drawn from the point A is perpendic- 
ular to the diameter BD and intersects it at a point VN. Prove that 
the line MD bisects the segment AN. 

28. In a right-angled triangle, the lengths of the legs are a and b 
(a < b). Find the radius of the circle passing through the middle of 
the smaller leg and touching the hypotenuse at its midpoint. 

29. Two chords are given in the circle: |AB| = a and |AC| = 
b. The arc AC is twice as long as the arc AB. Find the radius of 
the circle. 

30. Two tangent lines drawn from one point to the circle of radius 
R make an angle of 60°. Find the radius of the circle which is inscribed 
into the angle formed by those tangents and touches the given circle. 

31. A square is inscribed into a semi-circle of radius R so that its 
one side lies on the diameter and two vertices lie on the circle. Find 
the length of the side of the square. 

32. Two straight lines drawn from a point A touch the circle of 
radius R at points B and C. The triangle ABC is regular. Find its 
area. 

33. A circle is constructed on the side AB of an isosceles triangle 
serving as a diameter. The circle cuts the base AC at a point M and 
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the side BC at a point N. Find the lengths of the line segments MN 
and NC if |AC| = a and |AB| = b. 

34. A circle of radius A passes through the vertex A of the isosceles 
triangle ABC, touches the base BC at the point B and cuts the lat- 
cral side AC at the point D. Find the length of the lateral side AB if 
[AD | DC| =k. 

35. In the triangle ABC the lengths of the altitudes AD and BE 
are 2Y 2 cm and 3 cm respectively. The point of intersection of the 
altitudes divides the altitude CK in the ratio 5:1, reckoning from 
the vertex C. Find the area of the triangle ABC. 

36. Given the isosceles triangle ABC (|AB| = |BC|). A circle 
is constructed on the altitude BD serving as its diameter. Tangents 
drawn to that circle through the points A and C meet at a point O. 
Find the ratio | AB|/| AC| if | AO|/|AC| = 3/2 and |BD|< 
| AC |. 

37. In the isosceles triangle} ABC (|AB |= |BC |) a circle is 
constructed on the altitude BD serving as its diameter. A straight line 
drawn through the point A touches the circle at a point M and cuts 
the straight line BD at a point O. Find the ratio |AB|/|AC| if 
[OM |/| AC | = 2 and |AC| <|BD|. 

38. A circle passes through the centre of another circle and cuts 
it at points A and B. A tangent to the first circle passes through the 
point A and divides the second circle in the ratio m:n(m <n). 
lind the ratio in which the second circle divides the first. 

39. The angle B in the triangle ABC is 90°, the medians AD and 
BE are mutually perpendicular. Determine the angle C. 

40. The perimeter of the right-angled triangle ABC (2 C = n/2) is 
72 cm, and the difference between the lengths of the median CK and 
the altitude CM is 7 cm. Find the area of the triangle ABC. 

414. A circle is circumscribed about the right-angled triangle 
ABC. The distances from the ends of the hypotenuse AB to the 
straight line touching the circle at the point C are equal to m and 
n respectively. Find the legs AC and BC. 

42. Given the right-angled triangle ABC with legs | AC| = 3 cm 
and | BC| = 4 cm. A straight line drawn through the point C lies in 
the exterior of the triangle and makes the angles of 45° with the legs 
of the triangle. Find the radius of the circle, passing through the 
points A and B touching that line. 

43. Given the right-angled triangle ABC. A circle with centre on 
the leg AC touches the hypotenuse AB and cuts the leg BC at a point P 
so that | BP |/| PC| = 2/3. Find the ratio between the radius of the 
circle and the length of the leg BC if | AC |/| BC | = 4/5. 

44. Assume that O is the point of intersection of the medians of 
the triangle ABC whose sides are a, b, and c long. Prove that | OA |? + 
JOB I? + [OC |? = 5 (a + 0 +e), 

45. A triangle ABC is inscribed into the circle. The chords AA,, 
BB,, and CC, are drawn through the point O of intersection of the 


inedians. Prove that 
| AO | |BO| |CO| _ 


iA,0| ' 18,01!) 1G,01~ 
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46. There is an external tangency between two circles of radii R 
and r (R > 1r). A straight line drawn through a point B of the larger 
circle touches the smaller circle at a point C. Find the length of the 
segment BC if the length of the chord AB is a. 

47. Acircle is circumscribed about the triangle ABC. The diameter 
AD cuts the side BC at a point Z, so that |AE|=|AC| and 
|BE|/|CE| = 3/2. Find the ratio |DE|/| AE |. 

48. In the isosceles triangle ABC (AB = BC) the medians AD 
and CE meet at a point O. The ratio between the radius of the circle 
inscribed into the triangle AOC and the radius of the circle inscribed 
into the quadrilateral ODBE is 2/3. Find the ratio | AC |/| BC |. 

49. There is an internal tangency between two circles with radii 
5 cm and 3 cm. The chord of the larger circle touches the smaller circle 
and is divided by the point of tangency in: the ratio 3:1. Find the 
length of the chord. 

50. There is an external tangency between two circles of radii 
5 cm and 4 cm. The straight line touching the smaller circle at a point 
A cuts the larger circle at points B and C so that |AB| = |BC|. 
Find the length of the segment AC. 


54. Two circles with radii Y2 cm and 1 cm meet at a point A. 
The distance between the centres of the circles is 2 cm. The chord AC 
of the larger circle cuts the smaller circle at a point B and is divided 
in half at that point. Find the length of the chord. 

52. There is an internal tangency between two circles. The straight 
line passing through the centre of the larger circle cuts it at points A 
and D and intersects the smaller circle at points B and C. Find the 
ratio between the radii of the circles if |AB|:|BC|:|CD|= 
324722, 

53. In the trapezoid ABCD the one of the nonparallel sides, BC, 
is perpendicular to the bases AD and BC. The point F ‘c the midpoint 
of the side CD. Find the ratio |ADJ|/|BC| if | AZ| = 2|AB| 
and the line AZ is perpendicular to the line CD. 

54. The triangle ABC is regular. A point M is taken on the exten- 
sion of the side AC beyond the point A, and circles are circumscribed 
about the triangle ABM and MBC. The point A divides the arc MAB 


in the ratio MA/AB =n. Find the ratio in which the point C divides 
the arc MCB. 

55. A point E lies on the side AC of the regular triangle ABC, 
the point K being the midpoint of the segment AZ. The straight line 

assing through the point £ at right angles to AB and the straight 
ine passing through the point C at right angles to BC meet at a point 
D. Find the angles of the triangle BKD. 

56. The circle inscribed into the trapezoid ABCD touches one of 
the nonparallel sides, AB, at a point F. Find the area of the trapezoid 
if | AF| = m, |FB| =n, and the length of the shorter base BC is 
equal to b. 

57. A circle K is drawn through the vertices A and C of the tri- 
angle ABC. The centre of the circle lies on a circle circumscribed about 
the triangle ABC. The circle K cuts the extension of the side BA (be- 
yond the point A) ata point M. Find the angle BCA if | MA |/|AB| = 
2/5 and Z ABC = arcsin 3/5). 
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58. An isosceles trapezoid ABCD is circumscribed about a circle. 
The side AB touches the circle at a point M and the base AD touches 
it at a point N. The line segments MN and AC intersect at a point P 
so that | VP /| PM| = 2. Find the ratio | AD |/| BC |. 

59. A trapezoid ABCD (AD being the longer base) is inscribed 
into a circle. A perpendicular is drawn from the vertex C to AD inter- 
secting the circle at a point &. The ratio between the length of the 
arc BC (not containing the point D) and the length of the arc CDE is 
1/2. The radius of the circle is equal to the altitude of the trapezoid. 
lind the ratio |AB|/| BC|. : 

60. In the triangle ABC the perpendicular passing through the 
midpoint of the side AB cuts the straight line AC at a point M, and 
the perpendicular passing through the midpoint of the side AC cuts 
the straight line AB at a point N. It'is known that | MN| = |BC| 
and the line MN is perpendicular to the line BC. Determine the angles 
of the triangle ABC. 

61. In the isosceles trapezoid ABCD the angle adjacent to the base 
AD is a, and the length of the lateral side AB is b. The circle touching 
the sides AB and AD and passing through the vertex C cuts the sides 
BC and CD at points M and N respectively. Determine |BM| if 
|CN |/|ND| = 3. 

62. In the isosceles trapezoid ABCD the angle at the base AD is 
arcsin (24/25). A circle of radius R touches the base AD and the lat- 
eral side AB and passes through the vertex C. It intercepts congruent 
segments MC and NC, respectively, on the sides BC and CD. Find the 
length of the segment BM. 

63. The area of the trapezoid ABCD is s, the ratio of the bases 
|AD|/|BC| = 2. The segment MN is parallel to the diagonal BD 
and cuts the diagonal AC, and the segment AWM is parallel to the seg- 
ment CN. Determine the area of the quadrilateral AMND if | CN |/ 
|AM| = 3, |BD|/| MN | = 6 (find all solutions). 

| 64. A circle is inscribed into the rhombus ABCD. The straight 
line touching the circle at a point P cuts the sides AB and BC and the 
extension of the side AD at points NV, Q, and M, respectively, so that 
|MN|:|NP|:|PQ|=7:1:2. Determine the angles of the 
rhombus. ° 

65. The diagonals of the quadrilateral ABCD meet at a point M 
and the angle between them is a. Assume that O,, O,, Os, and O, are 
the centres of the circles circumscribed about the triangles ABM, 
BCM, CDM, and DAM respectively. Determine the ratio between 
the areas of the quadrilaterals ABCD and 0,0,030,. 

66. In the quadrilateral ABCD the acute angle between the diago- 
nals is a. A straight line drawn through every vertex is perpendicular 
lo the diagonal not containing that vertex. Determine the ratio be- 
tween the area of the quadrilateral bounded by those straight lines 
and the area of the quadrilateral ABCD. 

67. In the parallelogram ABCD the angle BAD is equal to a. 
Assume that O is an arbitrary point in the interior of the parallelo- 
ram; O1;, Og, Os, and O, being the points symmetric with respect to 
the point O about the simipht ities AB, BC, CD, and AD respective- 
ly. Determine the ratio between the area of the quadrilateral 0,0,030, 
und the area of the parallelogram. 
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68. In the acute isosceles triangle ABC the angle at the base AC 
is equal to a and the length of the side is a. A point M is lying on the 
segment BC and has the smallest sum of the squares of the distances 
to the lines AC and AB as compared to the other points of the seg- 
ment BC. Find the length of the segment MC. 

69. The length of the shorter base of the trapezoid is equal to the 
lengths of the sides. For what angle at the longer base does the trape- 
zoid have the largest area? 

70. In the isosceles triangle ABC the angle at the base AC is a 
and the length of the side is a. Through the point M lying on a side two 
straight lines are drawn which are parallel to the sides of the triangle 
and cut a parallelogram of the greatest possible area from the triangle 
ABC. Find the area of the parallelogram. 

71. Given the circle of radius R and diameter AD. A circle with 
centre at a point A cuts the first circle at a point B and the diameter 
AD at a point C. At what value of the radius of the second circle is 
the length of the segment BC the largest? 

72. Find the angles of the trianglein which the altitude, the bisec- 
tor, and the median drawn from one vertex divide the angle into 
four congruent angles. 


Chapter 6 


A Set of Points on a Plane and in Space. 
Construction Problems 


6.1. A Set of Points Possessing Certain Properties 


A necessity sometimes arises in geometry to isolate out 
of all points of a plane or space the points which possess 
some special property. In that case, all points of a plane or 
space are divided into two sets: one set includes those and 
only those points which possess the indicated property; 
the other set contains all the remaining points and, conse- 
quently, not a single point of the second set possesses the 
property in question. In every problem, in which it is re- 
quired to find one or another set of points possessing a cer- 
Lain property, two assertions, or theorems, must be proved: 
a direct theorem and the opposite theorem. If we state, for 
instance, that a set of points of a plane, equidistant from 
two given points A and B#, is a straight line / perpendicular 
lo the line segment AB and passing through its midpoint 
then we have to prove not only that every point of the line J 
is equidistant from the points A and 2, but also that any 
point which does not belong to the line J is not equidistant 
from the given points. If you fail to realize this simple fact, 
you will inevitably come to errors, to solutions logically 
inferior, and, in a number of cases, to a false result. 

Remark. It sometimes pays to prove a direct theorem 
(Vx) A(z) = B(x) and its inverse (Vr) B(x) > A(z) 
instead of a direct theorem and the opposite theorem 
(Vx) A(x) = B(x). This method is legitimate because the 


lruth of the opposite theorem (Vz) A(x) = B(x) follows 
from the truth of the inverse theorem (Vz) B(x) => A(z) 
(see 2.3 in Part One). 

In problems on seeking sets of points possessing a defi- 
nite property we usually obtain points, straight lines, line 
segments, circles or their arcs, polygons, circumferences, 
planes, or spheres. The formulation of a problem, “find the 


eo" 
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set of points possessing the required property”, should be 
understood as follows: enumerate the points of the set, if 
they are finite in number, and indicate to which straight 
lines, line segments, circles, arcs of circles, planes, or 
spheres the points of the given set belong. 


M 
Fig. 64 Fig. 62 


It is useful to know the sets of points ona plane or in 
Space possessing the simplest and most often encountered 
properties. Here are some of such sets. 


On a plane. 
(a) The set of points whose distance to the given point O 
is R is a circle of radius R with centre at the point O 


(Fig. 61). 


G 


Fig. 63 Fig. 64 


(b) The set of points equidistant from two given points A 
and B is a straight line perpendicular to the line segment 
AB and passing through its midpoint (Fig. 62). 

(c) The set of points equidistant from two given intersect- 
ing lines is a pair of mutually perpendicular straight lines 
bisecting the angles between the given lines (Fig. 63). 

(d) The set of points equidistant from three given points 
not lying on one straight line is a point, which is the centre 
of the circle passing through the given points (Fig. 64). 
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(c) The set of points from which the given segment AB 
can be seen at a right angle, that is, the set of points M 
for which 7A AMB = n/2 is a circle with diameter AB, the 
points A and B exclusive (Fig. 65). 

In space. 

(a) The set of points whose distance from the given 
point O is R is a sphere of radius R with centre at O. 


Fig. 65 Fig. 66 


(b) The set of points equidistant from two given points 
A and B is a plane which is perpendicular to the segment AB 
and passes through its midpoint. 

(c) The set of points equidistant from two given inter- 
secting planes is a pair of mutually perpendicular planes 
dividing in half the dihedral angles between the given 
planes. 

(d) The set of points equidistant from three given points 
not lying on one straight line is a straight line which passes 
through the centre of the circle drawn through the given 
points and is perpendicular to the plane containing the 
given points in its interior. 

(e) The set of points from which the given segment AB 
can be seen at a right angle, that is, the set of points M for 
which ~~ AMB = xn/2 is a sphere with diameter AB, the 
points A and B exclusive. 

Let us consider now a number of problems. 


Problem 1. Find the set of points which are the midpoints 
of the chords drawn from one point of the given circle. 
A Assume that O is the centre of the given circle and A 
is a point belonging,to the circle (Fig. 66). Prove that the 
set of midpoints of all the chords of the circle, which pass 
through the point A, is a circle with diameter AO, the 
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point A exclusive. Let us denote the set of all points of 
the circle with diameter AO, except for the point A, by the 
letter I’. 

Suppose the point M possesses the assigned property, that 
is, is the midpoint of a chord emanating from the point A. 
Two cases are possible here. If the point M is the midpoint 
of the diameter AA’, then it coincides with the point O and, 
consequently, belongs to the set I’. If the point M is the 
midpoint of some chord AB, non-coinciding with the diame- 
ter AA’, then we connect it with the point O and consider 
the angle AMO. The point M being the midpoint of the 
chord AB, we have [AB] | [OM], that is, the angle AMO 
is 90° and, therefore, the point M belongs to the circle with 
diameter AO (see (e) above). 

Let us prove the converse statement: if METI, then it 
is the midpoint of some chord emanating from the point A. 
We again consider two cases. If the point M coincides with 
the point O, then M is the midpoint of the chord AA’. If 
M +O, we connect the points M and O. Since M ET, 
the angle AMO is 90° and, consequently, the point M is 
the midpoint of the chord AB. A 


A 
L 


K C 
Fig. 67 


Problem 2. Find the set of points which are the midpoints 
of the segments whose end points lie on different segments 
of the given angle (the given angle is less than the straight 
angle). 

A It is evident that no point of the plane, not belonging 
to the given angle ABC (Fig. 67), can serve as the midpoint 
of the segment whose ends lie on different sides of the angle. 
It is also evident that the desired set cannot include points 
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located on the sides of the given angle. On the other hand, 
every point lying in the interior of the angle is the midpoint 
of some segment whose ends lie on the sides of the angle. 
let us prove this fact. Suppose M is an arbitrary point ly- 
ing in the interior of the angle. Let us draw through it a 
a(raight line parallel to the side BA of the angle ABC, 
und lot P be the intersection point of that straight line and 
the side BC of the angle. On the side BC we lay off a seg- 
mont PA which is congruent to the segment BP. Then we 
draw a straight line through the points K and M. The 
yazment PM is the median of the triangle AKBL, that is, 
(he point M is the midpoint of the segment AKL we have 
constructed. A 

Problem 3. Two points, A and B, are given on a plane. 
lind the set of points M of that plane, such that | AM |/ 
[MB] == 2. 

‘A Let us first assume that the point M does not belong 
to the line AB. Let M possess the specified property; this 
means that | AA | = 2|MB|. We extend the segment AM 


Fig. 68 


(I‘ig. 68) and draw the bisectors of the angles AMP and 
BMA’, 
let M, be the point of intersection of the bisector of the 

angle AMB and the segment AB, and M,, the point of inter- 
scclion of the bisector of the angle BMA’ and the extension 
of the segment AB. By the property of the bisector of an 
interior angle of a triangle (5.1), we have 

|4M,| _14M| 

[M,B|  |MB| ~ 
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and by the property of the bisector of an exterior angle of a 
triangle (Problem 20 of Section I in Ch. 5), we can write 
als. DAMN c® 
| M,B | | MB | 


Hence it follows that the position of the points M, and M, 
on the line AB does not depend on the position of the point M. 
If we now notice that the angle between the bisectors MM, 
and MM, is 90°, it becomes clear that, in the case when 


Fig. 69 


the point M belongs to the desired set, the segment M,M, 
can be seen from it at a right angle. And this signifies (see 
(e) above) that the point M lies on the circle constructed on 
the segment M,M, as a diameter. 

The reasoning given becomes meaningless when the point 
M lies on the line AP (in that case we cannot consider the 
angle AMB and its bisector, for instance). But it is easy 
to find, on the line AB, the points M which satisfy the 
hypothesis. These are, evidently, the points M, and M, we 
have constructed. The point M, divides the segment AB 
(reckoning from the point A) in the ratio 2:1. The distance 
from M, to the point A is twice that to the point B. 

Let us now prove the converse assertion: every point M 
of the circle constructed on the segment M,M, as a diameter 
possesses the property |AM|=2|BM|, that is, be- 
longs to the required set. The end points of the diameter 
M,M.,, that is, the points M, and M,, evidently possess the 
required property. Let M be any other point of the circle 
with diameter M,M, (Fig. 69). Let us draw, through the 
point B, a straight line parallel to the line AM, and let K 
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and ZL be the points of intersection of that line and the 
lines MM, and MM,. The similitude of the triangles AMM, 
and BKM, yields 


| AM |__| AM, | 


[BK | ~ | BM, ~~ 

The similitude of the triangles AMM, and BLM, yields 
|AM| _ 1AM, | _95 
| BL | | BM, | 


It follows from the equalities obtained that | BK | = 
| AM |/2 and |BL| = | AM |/2, i.e. |BK| = | BL|. 


Fig. 70 


Thus, in the right-angled triangle KML the segment BM 
is a median and, consequently, | BM| = | BK |. Taking 
inlo account that |AM |/|BK | = 2, we get | AM |/|[BM | = 
2. 

Thus we see that every point of the circle with diameter 
M,M, possesses the required property. A 


Problem 4. Find the set of points which are the feet of 
the perpendiculars dropped from a given point of space to 
the straight lines lying in the given plane and meeting 
al the given point. 

A Let us denote by A the given point of space, by B, its 
projection on the given plane, and by C, the point of inter- 
section of the straight lines. Let us first consider the case 
when A, B, and C are distinct points of space (Fig. 70). 

Assume that the point M belongs to the desired set. This 
means that [AM] | (CM), but then it follows that the 
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projection MZ of the line AM inclined to the given plane 
is perpendicular to the line CM as well, that is, the angle 
CMB is 90°. Consequently, the point M lies on the circle 
with diameter BC. 

Let us prove the converse assertion. Let M be an arbitrary 
point of the circle with diameter BC non-coinciding with 
the end points B and C of the diameter. Then the angle 
CMB restseon the diameter. Consequently, this angle is 90° 
and, therefore, [BM] | (CM). But if the projection BM of 
the inclined line AM is perpendicular to the line CM, then 
the inclined line itself is perpendicular to that straight 
line, i.e. [AM] | (CM). This means that the point M po- 
ssesses the specified property (is the foot of the perpendicular 
dropped from the point A to a certain straight line passing 
through the point C and lying in the plane). The end points 
of the diameter BC also possess the required property. In- 
deed, the point B is the foot of the perpendicular dropped 
from the point A to the straight line CB. The point C is 
the foot of the perpendicular dropped from the point A to 
the straight line passing through the point C at right angles 
to the segment C/3. 

Let us now consider two special cases of the location 
of the points A, B, and C. 

Case one: the point A belongs to the given plane. Then 
the point A coincides with the point B. It is easy to see 
that here, as well, the set of the feet of the perpendiculars 
dropped from the point A = B to the straight lines passing 
through the point C is a circle with diameter CB. But the 
proof is simpler in this case since we do not have to base 
our reasoning on the theorem on three perpendiculars and 
its inverse. 

Case two: the point C through which the straight lines 
are drawn coincides with the point B, which is the projec- 
tion of the point A onto the given plane. In this case it is 
evident that the required set is a point, namely, the point 
C=B.A 

Problem 5. Given two skew lines /, and /,. Find the set of 
points which are the midpoints of the line segments whose 
ends lie on the lines Z, and /, respectively. 


A Let us denote by @ and f parallel planes containing 
the lines 2, and /, respectively, and by kh the length of the 
common perpendicular KL (Fig. 71). Suppose the point M 


6.2. APPLICATION OF THE METHOD OF COORDINATES 187 


belongs to the required set and this means that the point M@ 
is the midpoint of a certain segment AB whose ends, the 
points A and #, lie on the lines Z, and J, respectively. 
Assume that points B, and M, are the projections of the 
points B and M, respectively, onto the plane a. The seg- 
ment MM, is a median of the triangle ABB,. Since | BB, | = 
|AL| =h, it follows that |MM,| =h/2. Thus, if a 
point belongs to the desired 
sel, then it is equidistant from 
the planes a and 8, that is, it 
lies in the plane perpendicular 
to the line segment AZ and 
passing through its midpoint. 
let us prove the converse 
assertion: every point M of the 
plane perpendicular to the seg- 
ment AZ and passing through 
ils midpoint is the midpoint 
of a certain segment whose 
ends lie on the lines 2, and lg. Fig. 74 
We project the point M onto 
the plane @ and get a point M,. We draw a segment AB, 
through that point so that the ends of the segment, the 
points A and B,, lie on different sides of the angle B,KA 
and the point M, bisects the segment AB,. The way to do 
it is shown in the solution of Problem. 2. Now we project 
Lhe point /3, onto the plane 6 and get a point B, and then 
connect it with the point A. The segment AB contains the 
point M. Let us assume the contrary. We shall easily find 
that the point M is not equidistant from the planes a and 
(} which fact contradicts the hypothesis. The similitude of 
(the triangles AM,M and AB,B yields |AM|=|MB\|. A 


6.2. Application of the Method of Coordinates 


In many cases we can apply the method of coordinates 
to find the set of points of a plane which possess a required 
property. In the simplest problems the desired sets prove 
to be straight lines, circles, segments, arcs of circles. With 
the aid of the method of coordinates we can obtain their 
equations. Investigating these equations we can find the 
nature of those sets. 
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The method consists in the following. We choose a system 
of coordinates on a plane in a certain way and first of all 
try to decide which equation is satisfied by the coordinates 
of the point M(z; y) if that point possesses the required 
property. Then we check whether each point M(z; y) whose 
coordinates satisfy the equation obtained possesses the 
required property. As a result, we obtain an equation which 
is satisfied by the coordinates of those and only those points 
of the plane which belong to the required set. The equa- 
tion obtained gives us the idea of the desired set. 


Fig. 72 


Problem 1. Solve Problem 3 from 6.1 by the method of 
coordinates. 

A We select the system of coordinates, put the origin 
of coordinates at the point A (Fig. 72) and take the straight 
line (AB) as the axis of abscissas. Let the point B have 
the coordinates (b; 0) in our system of coordinates, whereb 
is the length of the segment AB. 

Suppose the point M(x; y) possesses the specified prop- 
erty, that is, 


| AM /| MB |= 2. (1) 


Since |AM| = Vz? + y? and |MB|=YV (x — 5)? + y?, 
the coordinates of the point M satisfy the equation 


Vet P=.) EE 
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Woe transform the equation as follows: 


2p y® 4 (e—d)2+ Ay, 
a 8 2 2 2 Ox 
a , bz-+ yt >RP=0, | 


(x4 b)"+y2=> e. (2) 


An un rosull we have obtained an equation of a circle of 
ccdlius 72 ab with centre at the point C (32; 0) . We have 


(hus proved that if the point M(x; y) possesses the speci- 
lind property (1), then it lies on the circle (2). 

Wo shall prove the converse statement. Suppose the 
point M(x; y) lies on the circle obtained. This means 
that its coordinates satisfy equation (2), which is equiva- 
lont to condition (1) (as can be seen from the calculations 
carriod out). Consequently, the point M(z; y) possesses 
ihe specified property. 


‘Thus, the required set is a circle of radius R= <b with 


contre at the point C (az 0). A 


E(O; 2y) 


A(2z;0) © 


Fig. 73 


Problem 2. The ends of the segment of length a slide along 
two sides of the given right angle. What line is described 
by the midpoint of the segment? 

A Let us put the origin at the vertex of the angle and 
direct the axes along the sides of the angle (Fig. 73). 

Suppose the point M(z; y) possesses the specified prop- 
erty, that is, is the midpoint of the segment of length a, 
whese ends belong to the sides of the angle. The point 
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Miz; y) can, evidently, be located only in the first quad- 
rant of the coordinate plane and, therefore, x>O and 
y = 0. Let us denote the ends of the segment by A and B. 
It is easy to see that if M(z; y) is the midpoint of the 
segment AB, then the points A and B have the coordinates 
A(2z; 0), B(O; 2y). By the Pythagorean theorem we get, 
from the triangle AOB, 


| AB | = V (22)? + (2y). 


But by the hypothesis |AB| =a and, consequently, the 
coordinates of the point M satisfy the equation 


4x? + 4y? = a’?. 


We have thus proved that the point M(z; y) belongs to 
the arc of the circle 


x y® = (a/2)’, 


Jocated in the first quadrant: z>0, y> 0. 

Let us prove the converse statement. Assume that the 
point M(z; y) belongs to an arc of the circle of radius R = 
a/2 with centre at the origin, located in the first quadrant. 
We connect the point M(z; y) with the point A(2z; 0) and 
extend the segment AM till it meets the axis of ordinates 
at a point B. The abscissa of the point # is, evidently, 
equal to zero and the ordinate is equal to 2y. Consequently, 
the point M(z, y) is the midpoint of the segment AB. The 
ends of the segment belong to the sides of the angle. Let 
us show that the length of the segment is equal to a. We 
find its length by the Pythagorean theorem: 


|AB| = V (22)? + (2y)’. 


But by our assumption, the point M(x; y) lies on an arc of 
the circle whose equation is zx? -+- y®’= (a/2)? and, there- 
fore | AB | = a. We have thus proved that if the point M 
belongs to an arc of the circle of radius R = a/2 with cen- 
tre at the origin, located in the first quadrant, then it is the 
midpoint of some segment of length a whose ends belong 
to the sides of the given right angle. A 
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6.3. Construction Problems 


ln problems of this kind il is required to construct some 
yeomelric figure (a point, a straight line, a circle, or a 
triangle) with the aid of certain draftsman’s instruments: 
au ruler, a pair of compasses, a triangle and others. Most 
often we come across problems to solve which we are allowed 
lo use two instruments, a ruler and a pair of compasses. 
ln the present section we shall consider only problems of 
(his kind. 

A ruler is an instrument used to drawan arbitrary line, 
in particular, a straight line passing through two given 
points. A ruler is considered to be scaleless and one-sided. 
scalelessness signifies that there are no divisions onthe 
ruler and, therefore, we cannot lay off line segments with 
its aid. The one-sidedness means that we cannot use its 
hoth edges simultaneously, that is, we cannot draw, say, 
two parallel lines using theruler. Using a pair of compasses 
we can lay off any given segment on agiven line, or draw 
an arbitrary circle, or a circle whose radius is equal to the 
length of the given segment. The main purpose in construc- 
tion problems is not the actual construction with the aid 
of the indicated instruments but finding and describing 
the sequence of operations which lead to the construction 
of the required figure; proving that the constructed figure 
satisfies all theconditions of the problem; finding out wheth- 
er the construction can always be carried out; and finding 
oul how many solutions exist, whether there are special 
cases in which the construction is simplified, becomes 
more complicated, or proves to be impossible. 

Let us recall some simplest constructions which will be 
used in what follows as separate constituent steps in solv- 
ing more complicated problems. 

Construction 1. Construct a straight line which is per- 
pendicular to the given line segment AB and passes through 
its midpoint. 

AWe draw circles of radius r > |AB|/2 with centres 
at the points A and B (Fig. 74). We get points C and C,, 
which are the points of intersection of the circles. Next we 
draw a straight line through C and C,, which is the re- 
quired line. A 


192 6. A SET OF POINTS ON A PLANE AND IN SPACE 


Remark. Construction 1 can also be used to divide a seg- 
ment in half. The point O, which is the point of intersection 
of the segment A# and the line CC,, is the midpoint of 
the segment AB. 

Construction 2. Construct a point symmetric with respect 
to the given point M about the given straight line 1(M ¢ 1). 

A We draw a circle with centre at M and the radius larg- 
er than the distance from M tol (Fig. 75). From the points 
A and B, which are the intersection points of the circle 


Fig. 74 Fig. 75 


and the line 7, as from the centres, we draw circles of radius 
r= |AM|. The point N of intersection of those circles 
is the desired point. A 

Construction 3. Construct a perpendicular to the given 
straight line 7 passing through the given point M. 

A, Two cases are possible here: (a) M ¢ l, and (b) M € l. 
In the first case, we construct a point NV, symmetric with 
respect to M about the line / (Construction 2), and draw 
a straight line through M and N. The line MN is the desired 
line. 

In the second case, we draw an arbitrary circle with cen- 
tre at the point M, and mark points A and B of intersec- 
tion of the circle with the line /. Then we draw two circles 
with centres at the points A and B, whose radius is r = 
| AB |. The desired line passes through the points of inter- 
section of those circles. A 

Construction 4. Construct a straight line which would 
pass through the given point M parallel to the given straight 
line Z (M ¢ l). 
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A We select two points A and B on the line J (Fig. 76). 
Next we construct a point O, the midpoint of the segment 
‘AM7 (Construction 1), and then a point NV, which is sym- 
metric with respect to the point /3 about the centre O. 
The straight line MN is the desired line. A 

Construction 5. Given two line segments a and 0 in length. 


Construct a line segment whose length is equal to V ab. 


A B 
Fig. 76 Fig. 77 


/‘. We draw an arbitrary straight line, select a point A 
on it and lay off a segment AWN of length a from that point 
along the straight line (Fig. 77). Then, from the point N 
on the same line we lay off a segment VB whose length is b. 
Wo find the midpoint O of the segment AB (Construction 1). 
Next we draw a circle of radius r = | OA| with centre at O. 
We construct a straight line perpendicular to AVP and 
passing through the point V (Construction 3). Then we mark 
one of the points of intersection of the line and the circle 
(point C). The segment CN is the desired segment since 


ICN| = V|AN||NB|-=Vaboa 


Construction 6. Construct a circle which would pass 
through three given points A, 4, and C not lying on the 
same straight line. 

A We draw a straight line Z perpendicular to the line 
seyment AB and passing through its centre (Construction 1). 
We draw a straight line p perpendicular to the segment AC 
and passing through its centre. The point O = 1 {] p is 
(he centre of the desired circle. We draw a circle of radius 
I | OA| with centre at the point O. That is the desired 
crrede. 

Let us now consider several problems. 
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Problem 1. Construct a circle passing through two given 
points and touching the given straight line. 

4 Suppose A and B are the given points and 1 is the 
given straight line. It is evident that the problem has no 
solution if the points A and B are located on different sides 
of the line 7. It is also evident that there is no solution 
either in the case when both points lie on the line J. 

Suppose the points A and B lie on one side of the line 1. 
Assume that we have solved the problem, that is, have 
constructed the required circle. Let us denote by P the 


Pp’ M P 
Fig. 78 


point of tangency of the circle and the line 7 and by M 
the point of intersection of the lines (AB) and 1 (Fig. 78). 
In accordance with the theorem on a tangent and a secant 
drawn from one point to a circle (see 6.3), we have 
| MP|? = |MB||MA| or |MP| = VY |MB||MA|. 

It is now clear how to perform the construction. We draw 
a straight line AB and mark a point M = (AB) ({) l. From 
the known segments MA and MB we construct a segment 
whose length is VY |MB||MA| (Construction 5). We 
lay off that segment on the line / from the point M in-both 
directions and obtain points P and P’. Next we draw circles 
through the points A, B, and P and through the points 
A, B, and P’ (Construction 6). The problem admits of two 
solutions. 

It is easy to see that the construction just described 
is impossible in two cases: 

(a) the straight line AB is parallel to the line 7; 

(b) one of the given points lies on the line 2. 

The problem turns out to have a solution in these special 
cases as well. 
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In case (a) (Fig. 79) we draw a straight line p perpendicu- 
lur to the segment AB and passing through its midpoint 
(Construction 1). Then we draw the desired circle through 
the point P = p f) Ll and the points A and B (Construc- 
tion 6). The problem has one solution. 

In case (b) (Fig. 80), we draw a straight line p perpendic- 
ular to the segment AB and passing through its midpoint. 


Fig. 79 


Then, through the point A we draw a straight line q per- 
pendicular to the line / (Construction 3). The pointO = 
» (\ q is the centre of the desired circle. The problem has 
one solution. & 

One of the methods of solution of construction problems 
is the method of sets possessing the specified property. 
This method is especially convenient when it is required 
lo construct a point (or points) satisfying several condi- 
Lions, or when the problem can be reduced to such a con- 
struction. We shall demonstrate the method in the follow- 
ing problem. 


Problem 2. Construct a circle of the given radius r pass- 
ing through two given points. 

A. The problem reduces to constructing a point, the cen- 
tre of a circle. We remove the condition that the radius of 
the circle is r and assume that the circle has an arbitrary 
radius but passes through two given points A and 7. Then 
the set of the centres of all such circles is a straight line 
perpendicular to the chord AB and passing through the 
midpoint of the segment AB. Now we neglect the require- 
ment that the circle should pass through the point /3?. Let 
the circle pass only through the point A and have the radius 
r. The centres of all such circles evidently lie on a circle 


1i* 


196 6. A SET OF POINTS ON A PLANE AND IN SPACE 


of radius r with centre at A. Thus, the centre of the desired 
circle, first, lies on a straight line which is perpendicular 
to the line segment A/} and passes through its midpoint 
and, second, belongs to the circle of radius r with centre 
at A, that is, lies al the intersection of the straight line 
and the circle (in Fig. 81 they are shown by dash lines). 
But a straight line and a circle may not be intersecting 


\ 
tA : 
\ Ps | B 
ad | 
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Fig. 81 


(Fig. 81a), may have one point in common (Fig. 810) and may 
have two points in common (Fig. 81c). 
We can now formulate the ultimate result: 


(a) if r< SABI, the construction is impossible, 
and the problem has no solutions; 
(b) if r == > | AB|, we connect the points A and B, 


divide the segment AVP in half, draw a circle of radius r 
with centre at the midpoint of the segment A; the problem 
has one solution; 


(c) if —— | AB |, we connect the points A and B, 
construct a straight line perpendicular to the segment AB 
at its midpoint, and draw a circle of radius r with centre 
at A; we obtain two points O, and O, of intersection of the 
straight line we have constructed and the circle; draw two 
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desired circles of radius r with centres at O, and O,; the prob- 
lem has two solutions. @& 

‘Another widely used method of solving construction 
problems is the method of similitude. In an number of prob- 
loms it is often more convenient first to construct a figure 
4imilar to the desired figure. For that purpose, some require- 
ments placed upon the figure are removed so that the remain- 
ing conditions are satisfied by a multitude of figures similar 
lo the desired figure. Then a figure is isolated from that 
multitude which satisfies all the conditions of the problem. 
That is the idea of the method. 


Co 


Problem 3. Given the acute angle MON and a point A 
in ils interior. Construct a triangle one of whose vertices 
is al the point A and the other two, #2 and C, lie on the 
sides OM and ON of the given angle, with [BC] _1 (OM) 
and | AC| = |BC|. 

“. We draw aray OA (Fig. 82). We weaken the conditions 
of the problem removing the requirement that the vertex 
of the triangle should be at the point A and shall only re- 
quire that it should lie on the ray OA. 

It. is easy to solve the problem in this weak formulation. 
We take an arbitrary point D on the ray ON and from that 
point drop a perpendicular DE to the line OM, and then 
from the point D, we describe a circle of radius R = | DE|, 
which intersects the ray OA at two points, A and L. Connect- 
ing each of these points with the points D and E, we obtain 
(wo triangles DKE and DLE which satisfy all the condi- 
lions of the problem in the weak formulation. We have 
chosen the point D on the ray OWN arbitrarily and this 
means that we can construct arbitrarily many triangles 
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similar to the triangle DAE and arbitrarily many triangles 
similar to the triangle DLE. Let us now draw straight 
lines, parallel to the segments AD and KE, through the 
point A; they will intersect the sides of the angle at the 
vertices C and B of the desired triangle. The second solu- 
tion can be obtained by analogy: that will be a triangle 
AB'C’. The problem always has two and only two solu- 
tions. A 

In conclusion, we shall discuss the method of symmetry. 
It sometimes turns out to be possible to simplify the prob- 
lem essentially by replacing one of the given elements 
(a point, a straight line, a circle) by some other element 
which is symmetric about a certain straight line. The follow- 
ing problem is a classical example of problems of this kind. 


B 


Fig. 83 


Problem 4. Given two points located on one side of the 
given line. Find a point on the straight line the sum of 
whose distances to the two given points is the least. 

A Let us consider a point A,, symmetric with respect 
to the given point A about the given line (Fig. 83), and 
let a point M be an arbitrary point on that line. Then, 
since |AM| = |A,M]], we have 

|AM| + |BM| = |A,M|4+ |BM|. 

Consequently, the sum |AM|+ |BM| is the least 

if the sum | A,M | 4- | BM | is the least. But the last 


sum evidently attains its minimum when the point M lies 
on the line BA, (coincides with the point P in the figure). 
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Ilence follows the following construction: we construct 
u point, Symmetric with respect to one of the given points 
uhout the given line, draw a line through this point and 
(he other given point; the point of intersection of the line 
wo have constructed and the given line is what we sought 


for. It is evident that the problem always has one and only 
ong solution. 
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1. Given AABC. Find the set of points Af located in the plane of 
the ee and such that the areas of the triangles AMB and BMC 
are equal, 

2. Given A\AABC. In the plane of the triangle find the set of points 
Aft such that the sum of the areas of the triangles AMB and AAIC is 
equal tos (s > 0). 

3. Given the line segment AB and a point C on that segment. Find 
the set of points of intersection of two congruent circles one of which 
passes through the points A and C and the other through the points C 
and 2, 

4. The points A, B, and C Jie on the same straight line (the point B 
lying between A and C). Circles are drawn through the points A and 
H and tangents to them are drawn through the point C. Find the set of 
the points of tangency. 

5. Find the set of points of the plane, the absolute value of the 
difference of the squares of whose distances to the two given points of 
the plane is constant and is equal to s> 0. 

(. Find the set of points of the plane the sum of the squares of 
whose distances to the two given points of the plane is equal to the 
nquare of the distance to the third point of the plane. 

7. Find the set of points of space which are the feet of the perpen- 
diculars drawn through the given point of space to the planes passing 
through a given straight line (the given point does not belong to the 
yiven line). 

%. Given a trihedral angle and points A and B lying on two differ- 
ent edges of that angle. Find the set of points of intersection of the 
medians of the triangles ABC, where C is an arbitrary point of the 
third edge. 

(). A segment has no points in common with the plane and is not 
parallel to it. Spheres are drawn through the ends of the segment 
which touch the plane. Find the set of points of tangency. | 

10. Find the set of points of space through which it is impossible 
to draw a straight line intersecting two given skew lines. 

11. Construct points D and E on the sides AB and BC of the acute 
trinnyle ABC respectively so that |AD| = | DE| = | EC. 

12. ‘I'wo points A and B,are located on different sides of a rectilin- 
«nr channel whose width is constant. Where must we build a bridge 
for the distance from one point to the other to be the shortest? 

13. Points A and B are on different sides of the straight line J. 
ind a point C on that line such that the, difference |AC| — | BC| 
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is the greatest (the distance from the point A to the line J is greater 
than that from the point B to the line J). 

14. Given the acute angle AOB and two points, M and N, in its 
interior. How should the ray of light be directed from the point M 
for it to pass through the point JN, first being reflected from the side AO 
and then from the side BO? 

45. Given an angle and a point in its exterior. Draw a line 
through that point intercepting a triangle of the given perimeter 2p on 
the given angle. 


PROBLEMS OF SECTION II 


1. Given a circle and a point in its interior. Find the set of the 
midpoints of the chords of the circle passing through the given point. 

2. Find the set of the midpoints of the segments connecting the 
given point, lying outside of the given circle, with the points be- 
longing to the circle. 

3. The points A and B are given on the plane. Find the set of the 
projections of the point A onto the straight lines lying in the plane 
and passing through the point B. 

4. The points A and B are given on the plane. Find the set of points 
of the plane which are symmetric with respect to the point A about 
straight lines lying in the plane and passing through the point B. 

o. Given a right angle with vertex at a point O. Suppose OM is an 
arbitrary broken line of length J whose every segment is parallel to 
one of the sides of the angle. Find the set of points M lying in the in- 
terior of the angle or on its sides. 

6. The right triangle is displaced in the plane so that the vertices 
of its acute angles slide along two mutually perpendicular straight 
lines. What figure is produced by the vertex of the right angle of 
that triangle? 

7. Two stationar points A and B are given on a circle. Points C 
and D are displaced along the circumference of the circle so that the 
distance between them does not change. Prove that the point of inter- 
section of the lines AC and BD moves along a certain circle passing 
through the points A and B. 

8. Find the set of points of the plane the sum of the squares of 
whose distances to the two given points A and B of that plane is 
s> 0. 

9. Given a straight line and points A and B on that line. Find the 
set of points of tangency of the circles one of which touches the given 
line at the point A and the other at the point B. 

10. Find the set of the centres of the rectangles inscribed into the 
given triangle so that two vertices of the rectangle lie on the base of 
the triangle and the other two vertices lie on the lateral sides. 

11. The plane @ contains three given pairwise skew lines not pass- 
ing through the same point. Find the set of points of the plane @ equi- 
distant from the given lines. 

12. Given the line segment AB and a point C on it. Find the set of 
points M such that ~ MCB = 22MAB. 

13. Find the set of points the sum of the squares of whose distances 
to the vertices of the acute angles of the isosceles right-angled triangle 
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in twice as large as the square of the distance to the vertex of the right 
angle, 

14. Given a square with side a. Find the set of points lying in the 
plane of the square and such that the sum of the distances from each 
of them to the straight lines containing the sides of the square is equal 
lo Aa, 

15. Find the set of points of space which are equidistant from all 
the vertices of the isosceles trapezoid. 

16. lind the set of points of space which are equidistant from three 
pairwise intersecting planes not passing through the same line and 
perpendicular to a certain plane a. 

17. Find the set of points which are symmetric with respect to the 
riven point A about the points of the given line l. 

1k. Find the set of points of space which are symmetric with re- 
“pect to the given point A about the straight lines parallel to the given 
Ntraight line 0. 

19. Find the set of points of space which are symmetric with re- 
sitet to the given point A about the planes passing through the given 
me. 

20. Find the set of points of space which are symmetric with re- 
spect to the given point A about the lines passing through the other 
viven point B. 

21. Find the set of points of space which are symmetric with re- 
spect to the given point A about the planes passing through the other 
viven point B. 

22. Given a sphere and a straight line having no points in com- 
mon. Find the set of the centres of the sections of the sphere by the 
planes passing through the given line. 

23. Find the set of points of space from which three pairwise per- 
pendicular tangent lines can be drawn to the given sphere of radius R. 

24. The ends of the segment a in length slide along two mutually 
perpendicular straight lines 7; and 1,. What line is described by the 
midpoint of the segment? 

25. Cut the trapezoid by a straight line, parallel to the bases, so 
that the segment lying between the nonparallel sides be divided by 
the diagonals into three congruent parts. 

26. Draw a straight line through the point of intersection of two 
circles so that its segment lying within the circles should have the 
given length a. 

27. Given two points and a circle. Draw two secants through the 
given points whose chords within the given circle are congruent and 
intersect at the given angle a. 

28. Construct a circle touching two given circles under the condi- 
lion that it touches one of the circles at a given point. 

29. Draw a circle through two given points divided by the given 
circle into two congruent arcs. 

30. Inscribe into an equilateral triangle another equilateral tri- 
be whose sides are perpendicular to the sides of the given tri- 
angle. 

31. Given a circle and three points lying on it. Inscribe a triangle 
into that circle so that its bisectors, when extended, pass through the 
given points. 
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32. Given a circle and three points lying on it. Inscribe a triangle 
into that circle so that the extensions of the altitude, the bisector, 
and the median, which emanate from the same vertex of the triangle, 
intersect the circle at the given points. 

33. Given the centres of the circles escribed into a triangle. Con- 
struct the triangle. 

Hint. A circle is said to be escribed into a triangle if it touches one 
side ar the triangle and the extensions of the other two sides of the 
triangle. : 

34. Given the centres of an inscribed, an escribed, and a circum- 
scribed circle. Construct a triangle. 

35. Given three parallel straight lines. Construct a square whose 
three vertices should lie on the three given lines. 

36. Inscribe a square into a given triangle (one side of the triangle 
must contain two vertices of the square and the two other sides, one 
vertex each). | 

37. Construct a square from the given vertex and two points which 
lie on two sides of the square not passing through the given vertex. 

38. Construct a parallelogram from the given diagonals d, and d, 
and the acute angle a. 

39. Inscribe a trapezoid into the given circle knowing the altitude 
h of the trapezoid and the difference d between its bases. 

40. Two points A and B are taken on one side of the acute angle. 
‘Find a point C on the other side of the angle such that the angle ACB 
is the greatest. 

41. Three parallel straight lines are given on a plane. The line 
segment AB is perpendicular to those lines and its ends lie on the 
first two lines. Find a point C on the third side such that the angle 
ACB is the greatest. 

42. Given an angle and a point M in its interior. Construct a tri- 
angle of the least perimeter whose one vertex is at the point M and 
the other two lie on different sides of the given angle. 

43. Given an angle and a point M in its interior. Draw a straight 
line through the point M so that the sum of the lengths of the seg- 
ments, intercepted by the straight line on the sides of the angle is 
the least. 

44. A straight road runs across the field. A pedestrian can. walk 
along the road with the speed not exceeding 6 km/h and across the 
field with the speed not exceeding 3 km/h. Where the pedestrian can 
be found in an hour if at the initial moment he was on the road? . 


Chapter 7 
Solid Geometry (Part 1) 


7.1. Sections of Polyhedra 


Sections of polyhedra by planes are employed in many 
solid geometry problems. In the present section we discuss 
some methods of constructing sections. We consider sec- 
Lions cut by planes passing through a given point anda 


Fig. 84 Fig. 85 Fig. 86 


straight line, through three given points, and also sections 
whose specifying includes the condition that the section 
should be parallel to the given plane, given line, or to two 
given lines. Examples of constructing sections by planes 
perpendicular to a given line or plane will be given in 
Chapter 8. 

Figures 84 through 89 show some sections of a tetrahedron 
and a parallelepiped. In Fig. 84 a section is drawn through 
the edge AB and the point M of the edge CD; in Fig. 85, 
it is drawn through the vertex D and the points M and N 
on the edges AB and BC; in Fig. 86 it is drawn through 
the vertex C and the points M and JN in the faces ACD and 
ACB. In each of these cases, the construction of the sec- 
Lion is based on a simple corollary of the axioms of solid 
geometry: 
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If two planes have two points in common, then the straight 
line passing through these points is the intersection line of the 
given planes. 

In Fig. 86, for instance, the points P = (CM) (\ [AD] 
and Q = (CN) (\ [AB] belong both to the plane of the 
section and to the face ADB and, therefore, the segment 
PQ is a side of the section. 

Figure 87 shows a section of a tetrahedron by a plane 
passing through the point M of the edge AV parallel to 
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Fig. 87 Fig. 88 Fig. 89 


the face ACD. The construction of the section is based 
here on the fact that 

if two parallel planes are intersected by a_ third plane, 
then the intersection lines are parallel. 

Let us designate the cutting plane as a. The plane ABD 
intersects the parallel planes @ and ACD. The intersection 
of the planes ABD and ACD is a straight line AD and this 
means that the intersection line of the planes ABD and a 
is parallel to the line AD. We draw a straight line parallel 
to the line AD through the point M and find the vertex P 
at the point of intersection of that line and the edge BD. 
The line segment /P is a side of the section. By analogy 
we construct the side MN, [MN] || [AC]. The segment PN 
is the third side of the section, [PN] || [DC]. The section 
is a triangle MNP, homothetic to the triangle ACD. The 
ratio of similitude is [RBM |/| BA]. 

Figure 88 illustrates a section of a parallelepiped formed 
by a plane passing through the point M of the edge CC, 
parallel to the plane of the face ABCD. The construction 
of the section is based on the same reasoning used in the 
preceding case. Here[MN] || [CD], [NP] ||[DA]. [PQ] || [AP], 
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IOM) || [BC]. At the same time, [WAN] || [QP] since these 
segments lie on the lines of intersection of two parallel 
planes, 4A,8,B and DD,C,C, with the plane of the section. 
By analogy, [PN] || [QM]. The section is a parallelogram 
congruent to the face ABCD. 

igure 89 illustrates a section of a parallelepiped formed 
hy a plane passing through the edge AA, and the point M 
of the edge CD. Here (MM,) || [4A,], 14,M,] || [4M] since 
the planes of the faces which contain these sides of the 
section are parallel. The section is a parallelogram AA,M,M. 


Problem 1. The edge of the cube is a long (Fig. 90a). 
ind the area of the section drawn through the diagonal AD, 
of the face AA,D,D, and the midpoint M of the edge ABR,. 

A Let us designate the cutting plane as a. The line 
segments AD, and AM belong both‘to the plane @ and to 
the faces of the cube and, therefore, are the sides of the 
section. We construct the side of the section in the face 
BB,C,C. The planes BB,C,C and AA,D,D are parallel and, 
therefore, the intersection line of the planes @ and #3B,C,C 
is parallel to the straight line AD,. The straight lines BC, 
and AD, being parallel, this intersection line is parallel 
to the line BC, too. Next we draw a straight line, parallel 
(o the line BC,, through the point M in the plane BB,C,C; 
ils intersection with the edge 8,C, produces the vertex 
of the section (see Fig. 906). The section is a trapezoid 
AMND,, [MN] || (AD,]. 

Let us find its sides. We have | AD,| = a Y 2, the seg- 
ment AYN is the midline of the triangle BB,C, and, there- 
fore, [MN] => |BC\| = ER In the right triangles 
ABM and D,C,N ({AB] =|C,D,|=a, | BM| = 
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\NC,| = a/2) we find that | AM| = |D,N| = a V5/2. 
Hence, the trapezoid AMND, is isosceles. Let us find its 
altitude (Fig. 90c). We drop perpendiculars MP and NQ 


to the base AD, and get |PO|=|MN |= a//2, 
4 ae 

|D,Q| =| PA | = = (1 D:Al — | QOPI) —a/2V 2. In the 

right triangle D,QN (| D,N| =a) 5/2, | D,Q| = a/2 V 2) 


we find that |NQ| = 3a/2 V2. We determine the area 
of the section 


1 9 
S =F (IMN| +1 D,Al) [NQ| =a. 


Answer: 9a?2/8. A 
Shown in Fig. 91 is a section of a tetrahedron formed by 
a plane passing through the points M, N, and P on the 
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edges of the tetrahedron. The points M and N are specified 
so that the lines MN and AC are not parallel. The seg- 
ments MN and NP are the sides of the section (Fig. 91a). 
The point P is common for the planes MNP and ABC. The 
second common point is found at the intersection of the 
lines MN and AC, S = (MN) () (AC) (Fig. 916). The 
straight line SP is the intersection line of the planes MNP 
and ABC. The intersection of that line and the edge AB 
gives the vertex Q of the section, Q = (SP) f\ [AB]. The 
section is a quadrangle MNPQ. 

Problem 2. Determine the shape of the section of a cube 
produced by a plane drawn through the midpoints of the 
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viges AB, AA,, and A,D, (Fig. 92a) and find the area of 
the section if the edge of the cube is a long. 

A. We designate the cutting plane as a. The line seg- 
ments MN and NP belong both to the plane a and to the 
luces of the cube and, therefore, are the sides of the section 
(lig. 92a). 

Wo construct points S, and S, of intersection of the line 
NP belonging to the plane a and the lines AD and DD, 


(ig. 92b). The straight line S,M is the intersection line 
of the planes a and ABCD. We find the points of intersec- 
tion of the line S,M with the edge BC (the point S, in 
lig. 92c) and with the line CD (the point S,). The points 
S, and S, are common to the planes a and CC,D,D, the 
line S,S, is the line of intersection of those planes. Next 
we find the intersection points of the straight line S,S, 
with the edges CC, and C,D, (S, and S,). The section is 
a hexagon PNMS,S,S 4. 

Note that the opposite sides of the section are parallel since 
they lie on the intersection lines of the plane @ with pair- 
wise parallel planes of the faces. 

Let us prove that the vertices Sz, S,, and S, of the sec- 
Lion are the midpoints of the edges on which they lie. The 
segment NP is the midline of the triangle AA,D, and, 
therefore, (VP) || (AD,) (Fig. 93). By analogy we have 
(MN) || (BA,) and, since (BA,) ||(CD,), we have (MN) || (CD). 
‘Thus, the plane @ of the section is parallel to the plane AD,C. 
llence it follows that the lines of intersection of these 
planes with the edges of the cube are parallel too, i.e. 
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[MS.] || [AC], [S,S,] || [CD]. In the same way we prove 
that a || (BA,C,) ((MN) || (BAy),_ (NP) || (ADj) || (BCi)), 
whence we get [S35,] || [BCi), [S,P] || [(C,A,]. Noting now 
that |BM|=—|MA| and applying Thales’s theorem 
three times, we get | BS3| = |S3C\, | CSs| = adel a |g 
|C,S,| = |S,D,|. This means that the points S3, Ss, 
and S, are the midpoints of 
the edges on which they lie. 

It follows from what we 
have proved that the length of 
each side of the section is equal 


to a/V 2. Let us also prove 
that each angle ‘of the section 
is equal to 120°. Considering 
the triangle S, MN, we easily 
establish that it is regular. 
Indeed, the congruency of the 
triangles S,AN and PA,N 
(with respect to the leg and 
the acute angle) yields |S,;A |= 
| PA,| = a/2. Then, (S,V| = V |S,AP + |AN[? = 
alV2,|S\M|=V|S,A ? + | AM |* = a/V 2. Taking in- 
to account that {[MN| = alY 2 too, we see that the trian- 
gle S,MN is regular and, hence, 7 S,MN = 2. S,NM = 
60°. From this it follows that 7 S,MN = 7 MNP = 120°. 
Considering the triangles S,S,S, and S,S,P, we find, by 
analogy, that the other angles of the section are 120° as 
well. 

Thus we see that the section is a regular hexagon with 
the side a/V 2. Its area is equal to (3 VY 3/4) a?. 

Answer. The section is a regular hexagon with the area 
equal to (3 V 3/4) a. az 

Figure 94 illustrates a section of a tetrahedron formed 
by a plane passing parallel to the edge AC, through the 
point M of the edge CD and the point N of the face ABD. 
Its construction is based on the following theorem. 

If a plane passes through a straight line parallel to another 
plane and intersects that plane, then the line of intersection 
of the planes is parallel to the given straight line. 

We designate the plane of the section by a. The plane 
ACD possesses a common point M with the plane a and 
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contains a straight line AC parallel to the plane a. Con- 
sequently, the line of intersection of these planes passes 
through the point M parallel to the line AC. The side MS, 
of the section is constructed in accordance with these facts 


(lig. 946), [MS] || [AC]. Drawing the straight line S,N, 
we lind the second side of the section, S,S,. In Fig. 94 the 
point V is such that the point S, belongs to the edge AB. 
The plane ABC also contains the line AC parallel to the 
plane of the section. Therefore, the side S,S, of the section 
is drawn parallel to the edge 
AC’ (Fig. 94c). The segment 
‘MM is the fourth side of the 
section. The section MS,S,S, 
is a trapezoid (LMS,] || [AC]]| 
LS,S5]). Depending on the 
location of the point N with 
respect to the segment BS, 
the section may also be a 
triangle (Fig. 95) 

Problem 3. Construct a sec- 
(ion of a triangular prism cut 
ly a plane passing through points A, and C (Fig. 96a) paral- 
lel to the straight line BC,. Determine the ratio in which 
(he plane divides the edge AB. 

A. We designate the plane of the section as a. The line 
of intersection of the planes ~@ and BB,C,C passes through 
(he point C parallel. to the straight line BC, (Fig. 960), 
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and we designate its point of intersection with the straight 
line BB, as S,. The point S, is common to the planes a 
and AA,B,B. One more common point A, is given in the 
hypothesis. Constructing a straight line A,S,, we find the 
vertex S, of the section. The section is a triangle A,CS, 

Let us determine the ratio |AS,|/|S,B|. From the simi- 
larity of the triangles A,AS, and S,BS, we have 
|AS,|/|S,B| = |AA,|/|BS,|. Since S,BC,C is a paral- 
lelogram ([BS,] || [(C,C], [BC,) || (S;C]), we have | BS,| = 
[C,C|. Taking into account that |AA,| = |C,C|, we 
get |AS,|/| S,.B| = 1/1. A 


> 

C3 
— 
= 


Fig. 96 


Problem 4. A point M is located on the edge AB of 
the tetrahedron so that |AM|/| AB] =A, O<A<il 
(Fig. 97a). Construct a section of the tetrahedron cut by a 
plane passing through the point M parallel to the edges 
AD and BC. For what 4 is the section a rhombus if 
| AD|/| BC| = m? 

A We designate the cutting plane as aw. The line of inter- 
section of that plane and the plane ABD is parallel to 
the straight line AD ((AD) || a). We draw [MN] || [AD] 
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(I'iy. 7b). The lines of intersection of the planes BCA and 
HCH) with the plane @ are parallel to the line BC ((BC) || «). 
We draw [MQ] || LBC] and [NP] || LBC). The fourth side PQ 
of the section is parallel to the edge AD. The section is a 
parallelogram MNPQ ([MN)||[AD]||[PQ], [VP ]I[BC}|[MQ)). 

I.ol us express the lengths of the sides of the parallelo- 
gram MfNPQ in terms of the lengths of the edges AD and BC. 


Fig. 98 


The similarity of the triangles AMQ and ABC yields 
| MQ|/| BC| = | AM|/| AB| =), whence we have 
| MQ| =| BC|. Now we find that |BM| = | AB| — 
|AM| = (1—A)|AB|, and, from the similarity of the 
triangles BMN and BAD, we get |MN|/| AD| = 
| BM |/|BA|=1—A, ie. [MN| = (14 —A)|ADI. Sub- 
stituling the expressions obtained into the equation | MN |= 
|MQ|, we have (1—A) |AD| =A |BC|, whence we get 


; ae i: ee en 
—~TBC[+14D|_ m+1° 


Answer: The section is a rhombus for A= m/(m+1). & 

Kemark. If the opposite edges AD and BC of the tetrahe- 
dron are perpendicular, then the sides MN and MQ of the 
section which are parallel to them are also perpendicular. 
In that case the section is a rectangle, and for’ = m/(m-}1) 
it is a square. In particular, if the tetrahedron ABCD is 
regular, then the section drawn through the midpoint of 
the edge AB parallel to the edges BC and AD is a square 
(see Problem 2 in the present chapter). 


14° 
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To find the section of the polyhedron in the examples 
considered up till now we had to carry out constructions 
in the planes of the faces of that polyhedron (or only in 
the faces). In some problems, in order to find the sections 
it is necessary to perform a number of constructions outside 
the planes of the faces. 

Let us consider, for instance, the construction of the sec 
tion of the tetrahedron ABCD cut by the plane MNP, 
where the points M, N, and P 
are located on the edge AD, 
the face BCD, and the face 
ABC of the tetrahedron respec- 
tively, as shown in Fig. 98a, 
with (WN) + (ABC). Accord- 
ing to the data given here only 
one point is known which 
is common to each face of 
the tetrahedron and.the plane 
of the section MNP. To con- 
struct the line of intersection 
of the plane of some face with the plane MNP, it is neces- 
sary to find one more common point of those planes. Let us 
consider the plane ABC. The point P is common to the 
planes ABC and MNP. The second common point is the 
point of intersection of the straight line MN and the plane 
ABC ((MN) + (ABC)). How can that point be constructed? 
(Fig. 980; for the sake of comparison see Fig. 916). The an- 
swer is in Fig. 98c. We draw a plane through the points M 
and N and the vertex D of the tetrahedron and construct 
its line of intersection AS, with the plane ABC. The com- 
mon point S, of the lines MN and AS, is precisely the 
point of intersection of the line MN and the plane ABC. 
The line PS, is the line of intersection of the planes MNP 
and ABC. Further actions are easy enough. The vertices S35 
and S, (Fig. 99) are found as the points of intersection of 
the line PS, with the edges BC and AB, and the intersec- 
tion of the line S,N and the edge CD yields the vertex S;. 
The section is a quadrangle MS,S,S;. 

Figure 100a-c shows how to construct the section of a 
tetrahedron from three points: M in the face ABC, N in 
the face BCD and P in the face ACD ((MN) + (ACD)). 
To find the point of intersection of the line MN and the 


Fig. 99 
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plane ACD, an auxiliary plane is drawn through that line 
und the vertex /3 of the tetrahedron (Fig. 1006). The line 
Vy, is the intersection of that plane and the plane ACD. 
The point S, == (MN) 7 (S,S,) is the point of intersection 
ol the line WN and the plane ACD. Further actions (Fig. 100c) 
ure the same as in the preceding case. 

ln tho last two examples, the construction of the point 
of inforsection of the line MN and the plane of the face of 


2 


(2) 


the tetrahedron (face ABC in Fig. 98c, face ACD in Fig. 1000) 
necessitated a construction of an auxiliary plane through 
that line and one of the vertices of the tetrahedron ((WVUDN) 
in Fig. 98c, (WBN) in Fig. 1000). The same technique can 
also be used in other cases of finding the point of intersec- 
(ion of a line and a plane. In a pyramid and, in particular, 
in «a Letrahedron, it is often convenient to draw an auxiliary 
plane through the given line and a vertex; in a prism and, 
in particular, in a parallelepiped, through the given line 
parallel to the lateral edges. 


Problem 5. Construct the section of a parallelepiped cut 
ly a plane passing through the midpoints M and JN of the 
vdges AD and BB, and the point P of intersection of the 
diagonals of the face A,B,C,D, (Fig. 101a). Determine the 
ratio in which the plane of the section divides the edge AB. 

A The construction of the section is shown in Fig. 101b-d. 
lol us designate the cutting plane as a, a = (MNP). 
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First we find the point of intersection of the line NP and 
the plane AA,D,D. That line lies in the plane BB,D,D 
cutting the plane 4A,D,D along the line DD,. The point S, 
of intersection of the lines WP and DD, (Fig. 101b) is the 
required point. By analogy we find the point S, of inter- 
section of the line NP and the plane ABCD, S, = (NP) f\ 
(DB). The plane « cuts the plane 4A,D,D along the line 
S,M, and the plane ABCD along the line S,M. Next we 


aT 


ip 


== 
| 


Fig. 101 


find two vertices of the section: S, = (S,M) 9 [D,A,] 
and S, = (S,M) (.) [AB] (Fig. 101c). The point S, = 
(S3P) 1) [B,C,] is the last vertex of the section. Note that 
the straight lines S,V and S,M cut the line BC at the same 
point S, = (BC) (} a. The pentagon MS,S,NS, is the 
required section (Fig. 101d). The sides $,S, and MS, as 
well as MS, and S;N of the section are parallel since they 
lic in parallel faces. 

Let us find the ratio |AS,|/|S,B|. From the similarity 
of the triangles MAS, and S,BS, (Fig. 101c) we have 
|AS,|/|BS,| = |AM|/| BS,|. The congruency' of the 
triangles BS,N and B,S,N (the point N being the midpoint 
of the edge BB,) yields |BS,| = |B,S,|. Furthermore, 
the point P being the centre of symmetry of the parallelo- 
gram A,B,C,D,, it follows that |B,S,| = |D,S,|. Thus 
we have |BS,| = |D,S,|. Taking also into account that 
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| AAT] IUM|, we get |AS,|/|BS,| = |DM|/|D,S3]|. 
rom the similarity of the triangles DS,M and D,S,S3 we 
have [DM |/|D,S5| = | DS, |/| D,S,|, and the congruency 
of the triangles $,D,P and NB,P (Fig. 1016) (with respect 
(o aside and the adjacent angles) yields |D,S,| = | B,N]|. 


Taking into account that |B,NV] = = |B, B| = + | D,D|, 
we get | DS;| =+-| DDI and, hence, | DS,| = 2 |DD)|. 


Then we have, in succession, | DM |/| . Sal = = |IDS,|/|D,S,|= 
S/1, |AS, IBS, = IDM\/[D, Se) = 

Answer: The edge AB is divided in ae ratio 3:1, reckon- 
Ing from the vertex A. A 


Problem 6. Points M and WN are located on the edges AA, 
and CC, of a parallelepiped (Fig. 102a) so that |AM|/|AA,|= 
m, |CN|/| CC,| =n. Construct the section of the 
parallelepiped cut by a plane passing through the points M 
and N parallel to the diagonal BD of the base. Determine 
the ratio in which that plane divides the edge #B,. 

A. We have already considered examples of constructing 
sections parallel to a given straight line (Figs. 94-96). 
‘he present problem differs from those examples in the 
fuct that neither of the points M and N of the section lies 
in Che plane of the face ABCD, containing the line BD which 
is parallel to the section. The sides of the section emanating 
from the vertices M and AN are not parallel to the line BD 
since it cuts the faces containing these sides. 

I.et us designate the plane of the section as a. The straight 
line BD lies in the plane BB,D,D (Fig. 1026). consequently, 
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the planes a and BB,D,D intersect along a straight line 
parallel to BD. We construct the point of intersection of 
the line MN lying in the plane @ with the plane BB,D,D. 
The plane AA,C,C containing the line MN cuts the plane 
BB,D,D along the line OO, which is parallel to the lateral 
edges of the parallelepiped. The common point FE of the 
lines MN and OO, is precisely the point of intersection 
of the line MN and the plane BB,D,D. Now we draw a line, 


Fig. 103 


parallel to the line BD, through the point £ in the plane 
BB,D,D, and find the intersection points P and Q with 
the edges BB, and DD, respectively (Fig. 102c). The line 
PQ is the line of intersection of the planes a and BB,D,D, 
consequently, the points P and Q are thevertices of the 
seclion. The section is a parallelogram MPNQ, (MQ] || [PN], 
[MP] || {QN1. 

Next we find the ratio |BP|/| PB,|. We have | BP| = 
| OE | since BOEP is a parallelogram and the segment OE 
is the midline of the trapezoid AMNC: we have | OF| = 


+ (|AM| + |CN|). Taking into account that | AM| = 
m|AA,|, |CN| =n|CC,|, and |AA;| = |CC,| = 
| BB,|, we get from this | BP| = |O£| = ™** | BB,I. 
Then we find | PB,| = | BB,| — |BP| = —7— | BA], 
| BP|/| PB,| = ="+* _, 


2—m—n 
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Answer: The edge /3/?, is divided in the ratio z+" _, 
reckoning from the vertex B. A 

Remark. In Problem 6 we could have taken any other 
plane instead of the plane BB,D,D, say, the plane of the 
face ABCD. The corresponding constructions are shown 


in Fig. 103 (S,; = (MN) (\ (AC), <S.S5) || (BD)). 


Problem 7. Located on the diagonal AB, of the face 
ABB,A, of the triangular prism (Fig. 104a) is a point M 


such that |AM|/|MB,| = 5/4. Construct the section 
of the prism cut by a plane passing through the point M 
parallel to the diagonals A,C and BC, of the other two 
faces. Determine the ratio in which that plane divides the 
edge COs 

A. We have considered in Problem 4 an example illu- 
strating the construction of a section passing through a 
viven point parallel to two given straight lines. The present 
problem differs from Problem 4 in the fact that neither of 
the lines A,C and BC,, parallel to the section, lies in the 
plane of the face ABB,A, containing the point M of the 
section. Each of these lines cuts the plane ABB,A,. There- 
fore, we cannot immediately begin constructing the sec- 
tion from the point M as was done in Problem 4. In such 
cases it is often more convenient to begin with constructing 
some auxiliary section parallel to the given lines. 

l.etL us draw a plane through the straight line A,C paral- 
lel to the line BC, (Fig. 1046, (CS) || (C,B), see also Prob- 
lem 3, Fig. 96). The triangle A,S,C is a section of the prism 
formed by that plane. We designate the plane of the required 
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section as a. This plane is parallel to the intersecting lines 
A,C and CS, of the plane A,C'S, and, therefore, @ || (A,C'S}). 
Hence it follows that the sides of the sought-for section 
are parallel to the sides of the section A,S,C lying in the 
same or in the parallel faces. Proceeding from this, we can 
now construct the section. We draw a straight line, parallel 
to the Jine A,S,, through the point M, and find its points 
of intersection S, and S, with the edges (Fig. 104c). Next 
we construct the sides [S,S;] || [S.C] and [S,S,]} || [BC,] 
(since a |[[BC,]) and I[S,S,] || (CA,]. The pentagon 
Ch a is the required section (note that [S,S,] || 

30 71). 

Now we find the ratio | CS,|/|S,C,|._ We consider the 
face AA,B,B (Fig. 104c). From the similarity of the trian- 
gles AS,M and B,S,;M we have |AS,|/| B,S5| = 
| AM|/| B,\M| = 5/4. We designate |S,S,|/| AB| = z. 


Taking into consideration that | AS,| a |AB|, 

| A,S3] = |S.S,| and |A,B,| =|]ABl], we have 
1 

|AS,| = (+2) |ABl, 1B,S3| = (1—2) | AB]. We 


obtain an equation (+ +2) /¢ — x) = 5/4, from which 


we find z= 4/3. This means that | S,S,| =| ABI, 
whence it follows that |S,B |= |S,B|]—|S.S8,|]= 
= | AB |. Since [8,5,] |] [S.C], we have | CS,|/| S,B] = 


(S,S,|/|S,B| = 2, and from the fact that [S,S,] || [BC] 
it follows that | CS,|/| S.C, | = | CS,|/| S,B| = 2. 

Answer: The edge CC, is divided in the ratio 2/1, reckon- 
ing from the vertex C. A 

We shall conclude the examples on constructing sections 
by a kind of warning. 

As soon as the plane of a section is given (by three points, 
two points and a straight line parallel to the section and 
the like), the position of the vertices of the section on the 
edges of the polyhedron and of its sides in the faces is de- 
termined uniquely. They must appear as a result of a sub- 
stantiated construction, and their approximate location, 
by eye, is inadmissible. Teaching practice shows that it is 
not out of place here to recall this, in general, obvious re- 
quirement once again. 
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« To conclude the section, we will show, by way of exam- 
ples, how to use sections in problems on parallel straight 
lines and planes. 

Problem 8. Points M and N are located on the diagonals 
A/3, and BC, of the faces of the cube ABCDA,B,C,D, so 
that the segment MN is parallél to the face ABCD. Find 
the ratics |AM|/| AB,| and |BN{/| BC,| if |MN|/ARB| = 
5/3. " 

‘A. Suppose (MN) || (ABCD) by the hypothesis. We draw 
a straight line S,S, through the point M in the face AA,B,B 


Fig. 105 Fig. 106 


(Fig. 105), parallel to the line AB. The plane defined by 
the lines MN and S,S, is parallel to the plane ABCD. 
The section of the cube by that plane is a square $,S,83S,, 
congruent to the face ABCD. 

We designate |AM{/| AB,| =x, | AB| =a. From 
the similarity of the triangles M23,S, and AB,B we have 
[M7B,\/| AB,| = |MS,|/| AB| = | B,S,|/| BB}. Taking 
into account that |MB,| = (1 —z)|AB,|, we get 
| MS,| = (1—z) | AB|=(1—2z)a, |B,S,| =(1—2z)| BRI, 
and | BS, |= |BB,|—|B,S,| =z |BB,|. The similarity 
of the triangles BS,N and BBR,C, yields |S,N|/|B,C,| = 
[BN |/| BC, | = | BS, \/|BB,| = x. Hence it follows that 
| S,N| = xa and | BN|/| BC,| = | AM|/| AB,| = z. 

In the right triangle MS,N we have |MN| - a, 
|A7S,| = (1 — z) a, |S,M|=vza and, consequently, by 
the Pythagorean theorem, we have 9) a= (1 — zx)? a* + 


z’a?, 92? — 9x + 2 = 0. The roots of this equation are 
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Z, = 2/3, x, = 1/3. Thus, two positions of the segment 
MN are possible which satisfy the condition of the prob- 
lem. Figure 105 corresponds to the first position and Fig. 106 
to the second. 

Answer: | AM|/| AB,| = | oa re = 2/5 or 
|AM|/| AB,| = | BN|/| BC,| = 4/ 

Remark. When solving the tg we have drawn a 
plane through the line MN parallel to the plane ABCD. 
The following theorem holds true: 

A plane parallel to the given plane can be drawn through a 
straight line which is parallel to the given plane, and that 
plane will be unique. 

(1 To prove the theorem, we draw, through some point of 
the given straight line, a second straight line parallel to 
the given plane. These two lines define the plane parallel 
to the given plane. Uniqueness follows from the fact that 
only one plane parallel to the given plane can be drawn 
through a point. B 


op 


Fig. 107 


Problem 9. Points M and WN are the midpoints of the 
edges AD and BB, of the parallelepiped (Fig. 107a), |MN|= 
a, and the diagonals of the face A,B,C,D, meet at a point P. 
The straight line passing through the point P, parallel to 
the line MN, cuts the plane AA,D,D at a point Q. Find the 
length of the segment PQ. 

To solve this problem, we can make use of the section of 
the parallelepiped cut by the plane MNP, namely, con- 
struct the line of intersection of the planes MNP and 
AA,D,D, find a point Q on it, etc. (the constructions are 
shown in Fig. 107b). Sometimes it is possible to manage 
without any constructions in such problems on parallel 
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lines and planes. For instance, we can use two simple theo- 
rams to solve the given problem. 

(1) Segments of parallel straight lines contained between 
lwo distinct parallel planes are different in length. 

(2) If two straight lines meeting at a point O are cut by 
(wo parallel planes at points A and A,, B and B,, respec- 


Fig. 108 Fig. 109 


lively, then |AO|/|OA,| = | BO|/| OB,|. The proof of 
(hese theorems can be easily carried out proceeding from 
l'igs. 108 and 109. 

I.et us solve the problem. 

A Assume that a point R is the intersection point of the 
line PQ and the plane BB,C,C. In accordance with the first 
theorem, the segments QR 
and MN of the parallel lines 
contained between the parallel 
planes AA,D,D and BB,C,C 
are equal in length, i.e. 
|YVR|= | MN |= a. The 
seyments QR and D,B, con- 
tained between the same 
parallel planes meet at the 
point P, with |D,P|/| PB,|= 
1. Then, in _ accordance 
with the second theorem, 
|OP|/|PR|=1 as well, 
i.e. | QP| = |PR| = a/2. 

Answer: a/2. A 

No drawing is required to carry out this solution. 

Remark. We will now formulate one more theorem in 
addition to theorems (1) and (2). 

If the straight lines a and b are cut by three parallel planes 
at points A,, As, As and B,, B,, Bs, respectively, then 
| A,;A_|/| ApAg| = [81 B,|/| BeBsl. 


Fig. 110 
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We can prove it proceeding from Fig. 110. The lines 
a and b can be parallel, intersecting, or skew. Using this 
statement, we could immediately assert in Problem 8 
(Fig. 105) that | BN{/| BC,| = |AMI/|AB,]. 


7.2. Using the Criteria of Collinearity 
and Complanarity of Vectors in Problem Solving 


The criteria of collinearity and complanarity (see Ch. 6 
in Part 1) of vectors serve as the basis for applying vector 
algebra in solving solid geometry problems. They make 


B 


Fig. 444 Fig. 142 


it possible to express various statements concerning the 
position of points, straight lines, and planes in space as 
vector equalities. We can then pass from vector equalities 
to scalar ones on. the strength of the uniqueness of resolu- 
tion of a vector along two collinear or three complanar 
vectors. We shall illustrate this statement by a number of 
examples. 

1°. For three distinct points A, B, C to lie on the same 
straight line, it is necessary and sufficient that the vectors 


— —> 
AB and AC should be collinear, that is, that there should 


. —> —> 

exist a number X such that AC = AAB. 
The proof of this assertion follows immediately from the 
definition of collinear vectors and from the fact that the 


— —> 
vectors AB and AC issue from one point A (Fig. 111). 


Problem 1. In a parallelepiped (Fig. 112), a straight 
line is drawn through the midpoint M of the edge BC which 
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culs the straight lines AC, and DD, at points N and P 
rospectively. Find the ratio | MN|/|NP|. 
/\ We shall designate, for briefness, three noncomplanar 
> —> 


—_ 
vaclors AB, AD, and AA, as a,b, and ¢ respectively, and 
slinll resolve the other vectors along these tliree. 

A point N lies on the straight line AC, and, therefore, 


—_ —> 
the vector MA is collinear with the nonzero vector AC,, 
—> —> — 
1.0. NA = xAC,. For the vector AC, we have the resolu- 
—> — 
lion AC; =at+be+e, and this means that NA = 
(a -|- 2 + ec). moe vere NM is uae sum of the vectors 
NA, AB, and BM: NM = NA +- AB ae BM. Substitut- 
ing here the resolution of the vector NA and bearing in 
. ra ae ee aa 4 
mind that. AB = a, BM = = BC —= z AD == =z b, we ob- 


ain 


NM =(1+2)a+ (+ +.2) b + ze. 


—_ — — 
The vectors DP and DD, are collinear, and DD, = e, 
-—> — —? -—> 
therefore DP = ye. From the fact that VP = NA -+- AD +- 
)P we find that 


NP=cab tebtetye 


In accordance with assertion 1° formulated above, for 
the points M, N, and P to lie on the same straight line, it 
is necessary and sufficient that the following vector equality 
should hold true: 


> —> 
NM = iNP. 


—> — 
Substituting here the resolution of the vectors VW and NP, 
wo get 
(Qo j-a)at (= +2)b +2e = dca t+a(l +2)b 
+ rN (x + y) Co 
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By virtue of the uniqueness of the resolution, this vector 


equality is equivalent to the system of three scalar equali- 
ties: 


5 ee ee eee oe 
4 
zy tr=A(1 +2), 
t=N(x+y). 
Solving this system, we find A = —1/2, x = —2/3, y = 2. 
———- 4 —> 
Thus we have NM = — NP, whence it follows that 


——> 4 —_> 
|NM| = = |NP|. 


Answer: 1:2. & 


2°. Assume that A, and A, are different points of the 
line a, and B, and B, are distinct points of the line 6. 


Az Bz 


b 
Fig. 113 


For the straight lines a and b to be parallel, it is necessary 


— — 
and sufficient that the vectors A,A, and B,B, should be col 
linear, that is, there should exist a number i such that 


—_ —> 
BB, = \A,A 2° 


The proof of this assertion follows immediately from 
the definition of collinear vectors and from the fact that 
the segment A,A, lies on the line a and the segment B,B, 
on the line b (Fig. 113). 

Problem 2. ABCDA,B,C,D, is a parallelepiped, and AC 
and DC, are the diagonals of its faces. Prove that there 
exists a pair of points M € (AC) and N € (DC,) such that 
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(AIN) || (BD,), and that this pair is unique. Find the ratio 
| WN I/| BD,|I. 

/A. Suppose M is a point of the straight line AC and N 
in a point of the line C,D (Fig. 114). According to asser- 
lion 2°, for the straight lines MN and BD, to be parallel 
if is necessary and sufficient that there exist the number 
A such that 


—> —_> 
MN = ABD,. (1) 


—_— —> 

Let us resolve the vectors MN and BD, along the vectors 

CD, CB, and CC, which = be cesenatec as a, b, and e 

respec ele We TaN. BD, = = BC + CC, + Ci] ‘Dy. Here 
WiC ee _CB = = —h, GD = CD = a, and therefore 


ey oe (2) 


— — — 
We represent the vector MN as the sum MN = MC + 
-> -—> — 
(‘C, + €,N. The vector MC is collinear here with the vec- 
—> —_? —> — 
tor CA and, therefore, MC = 2zCA. But CA = a--b, 
—> — 
and this means that MC = za + xb. The vector C,N is 
— — 
collinear with the vector C,D and C,D = a—e. Con- 
— —> 
sequently, C,N = yC,D = ya— ye. Hence we find 
=(t#+y)a+ab+ (1 —y)e. (3) 
Substituting resolutions (2) and (3) in (1), we get 
(x + y)a-+ab+ (4 — y) ce = Aa — Ab FG Ae. 


This vector equality is equivalent to the system 


frty= i, 

z= —k, 
Solving this system, we find A = 1/3, x = —1/3, y = 
2/3. ‘This means that there is a position of the points M and 


N for which (MN) || (BD,), and this position is unique. It 
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mare 
is defined by the values of 2 and y we have found: CM = 
—_ (2 2 9 => —> eee 

—aCA ==> CA, CN = CD. In this case MN = BD,/3 
and, hence, |MN| = | BD,|{/3. 

Answer: 1/3. A 

In the preceding two problems we passed from a vector 
equality expressing the geometrical meaning of the problem 
to an equivalent system of three scalar equations and solved 
that system. It should be emphasized that a vector equality 
is equal just to a system of equations. Even if it is required 
to find only one of the unknowns (A in the problems consid- 
ered), we should not restrict our search to only that value. 
We must verify whether the system obtained has a solu- 
tion. It may so happen that the value of one unknown is 
found but the system and, consequently, the problem have 
no solution. 

3°. For the distinct points A, B, C, and D to lie on the 


— 
same plane, it is necessary and sufficient that the vectors AB, 


> —- 
AC, AD should be complanar, that is, there should exist 
the numbers a and 8 such that 


— — —_? 
AD = aAB + BAC. 


The proof follows from the definition of the complanarity 
> — 
of vectors and from the fact that the vectors AB, AC, and 


> — — 
AD (and, hence, the vectors aAB and BAC) are laid off 
from the same point A (Fig. 115). 


Problem 3. A plane is drawn through the ends of three 
edges of a parallelepiped, emanating from the same vertex. 
Determine the ratio in which it divides the diagonal of 
the parallelepiped emanating from the same vertex. 

/\ Let us take an arbitrary vertex of the parallelepiped 
and designate it as A and denote the other vertices as shown 
in Fig. 116. Suppose ™ is a point of the straight line AC,. 
For the points A,, B, D, and M to lie in the same plane, 


— — 
it is necessary and sufficient that the vectors A,B, A,D, 


—> 
and A,M should be complanar, that is, there should exist 
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numbers «@ and B such that 
-— — —> 
A 1M = aA 1B -+ BA 1D . (4) 


—_ —_— —> 

let us designate AB = a, AD = b, AA, = c and Pesonve 
the ugChorS in (4) along these three meres We He Ab ae = 
nC, AD = b—e. Pe NIN. A, M = = A, A + AM. 


Here AA = —c, and the vector AM is collinear with the 


Fig. 115 Fig, 116 


— — — 
vector AC), i.e. AM = x-AC, = x(a + b+ c). This means 


— > 
that A,M = 2a + ab + (x — 1) ec. Substituting the reso- 
lutions obtained into (4), we get 


xa + cb + (x —1)¢ = aa + Bb — (ac + B)e, 


whence we have 
r=, 
E 
z—1= —a—B. 


Solving the system, we obtain z = 1/3, a = 1/3, B = 1/3. 


— —> 
Thus we have AM = AC,/3, that is, the plane BDA, in- 
lercepts a third of the diagonal AC,, reckoning from the 
vertex A. Hence it follows that |AM]/|MC,| = 4/2. 
Answer: 1/2. @2 
. . = 4 —> ——> 
Iiquation (4) also yields A,M = = (A,B -+ A,D), and 
this signifies that M is the point of intersection of the me- 
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dians of the triangle BA,D. In other words, the diagonal 
AC, cuts the triangle A,D at the point of intersection of 
its medians. 

There is a simpler method of solving Problem 3, which 
is a method of sections. Do it by yourself. 

4°. Assume that a and b are distinct straight lines, A, 
and A, are points of the line a, A, # A., B, and B, are 
points of the line b, and B, ~ B,. 

For the lines a and b to intersect, il is necessary and suf- 

—> — 


—_ 
ficient that the vectors A,B,, A,A,, B,B, should be complanar, 
that is, there should exist numbers a and B such that 


=> == = 
A,B, — aA,A, + BB,B,. 


[) Necessity. If the lines a@ and b intersect, then the 
points A,, A», B,, and B, lie in the same plane and, conse- 


—_ — — 
quently, the vectors A,B,, A,A., and B,B, are complanar. 


— — — 
Sufficiency. Suppose A,B, = aA,A, + BB,B,. Let us 


— — 
lay off a vector A, M = aA,A, from the point A,. Its head, 
the point M, belongs to the line a. Next we lay off a vector 


—> —> . 
B,N = —BB,B, from the point B,. Its head, the point JN, 
belongs to the line b. From the vector equality 


—> —_? —_ —_ 
MN => MA, + A,B, + BN, 
—>- 
expressing its right-hand side in terms of the vectors A,A, 


——> ; 
and B,B,, we obtain 


— — — > —> 
MN = —aA,A, + aA,A, + BBB, — BBB, = 0. 


It follows from the definition of a zero vector that the 
points M and N coincide, that is, the lines a and b inter- 
sect. 

Problem 4. Points M and WN are the middles of the edges 
of a tetrahedron (Fig. 117), points P and Q are located 
on the edges AD and BC so that the segments MN and PQ 
intersect, and |AP{|/|AD| = 2/3. Find the ratio 
|BQ|/| BC. 
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/\ Mor the lines MN and PQ to intersect, it is necessary 
nud sufficient that there exist numbers a and 6 such that 


= pan — 
MP =aMN + BPQ. (5) 
—_> —-> — 
Wo resolve the vectors MN, PQ, and MP along Wes vec- 
> —_ —_ 
tory AB = a, Eas = hb, and ae a oe Bhs ae MN = = 
wl | AD + DN, and, since MA =—F4, DN = 1 pe, 


nid DC — AC — AD = b —e, 
it follows that 


. | 1 1 
MIN oF at > bt++ce. 


Wo introduce the designa- 
tion |BQ|/| BC| = zx. Then 


—> — 
wo have BQ =2zBC =2(b— 
4). ene mnt account 


that PQ = PA + AB + BO and P — 2.6, we 


obtain 


PO = =(1—a)a+sb—e. 


And finally we find MP = MA + AP = —ta ea Se. 


Substituting the resolutions obtained into (5), we get 
1 2 
7 Ibye 


2 


=(B(1—2)—$) a+ (4 +82) b+ (F—F Ble. 
whence it follows that 
—5=p(it—2)—4, 
a 
O= > + fz, 


2 a 2 
so 3 
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This system yields B = —1/2, x = 2/3, a = 2/3. Conse- 
quently, | BQ |/| BC | = 2/3. 

Answer: 2/3. zA 

In just the same way as was done in the preceding exam- 
ples, we can express the conditions of parallelism of a line 
and a plane, of two planes, etc. in the form of vector equali- 
ties. 


7.3. An Angle Between Straight Lines in Space 


To define any two straight lines, a concept of an angle 
between them has been introduced in solid geometry. 
The angle between two intersecting lines is the magnitude 
of the smallest angle formed by those lines. If all the four 
angles formed by intersecting lines are congruent, then the 
angle between them is equal 
to 90° (or x/2 radians). 


g~% - M If two straight lines are 
parallel, then the angle be- 
a 0 Np tween them is considered to 


be equal to 0°. 

The angle between two skew 
lines is the angle between two 
Q, i; p intersecting lines correspond- 

; ingly parallel to the given 
skew lines.* 

In this definition the point 
through which the two inter- 
secting lines pass can be chosen arbitrarily, the choice being 
unrelated to the angle between the skew lines. This fol- 
lows from the theorem given below. 

If the intersecting straight lines a and b are parallel to the 
intersecting lines a, and b,, respectively, then the angle between 
the lines a and b is equal to the angle between the lines a, and by. 

O To prove the theorem, we select similarly directed 
rays on each pair of the parallel lines and make use of the 
fact that two convex angles with similarly directed sides 
are congruent (Fig. 118): [OM) #4 [0,M,), [OP) +4 [0,P,], 
and, consequently, ~ POM = 7 P,0O,M,, etc. @ 

* The term “angle” denoting a quantity in these definitions is also 


used as the name of a geometric figure. It is usually clear from the text 
what meaning is meant. 


Fig. 118 
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I. follows from the definition of the angle between straight 
lines and from the theorem above that 

if the lines a and b are parallel, respectively, to the lines 
a, and b,, then the angle between the lines a and b is equal 
lo the angle between the lines a, and b,. 


Problem 1. Find the angle between the straight lines 
which contain the diagonals AB, and BC, of the faces of the 
cube (Fig. 419). 

‘A. The given diagonals lie on skew lines. The diagonal 
1), of the face ADD,A, is parallel to the diagonal BC, and, 


A 
(a) 
Fig. 149 


therefore, the angle between the lines AD, and AB, is equal 
to the angle between the lines BC, and AB,. 

I.ct us consider the triangle AB,D, (Fig. 119b). Its every 
side is the diagonal of a face of the cube. The lengths of the 
diagonals are equal and, hence, the triangle AB,D, is equi- 
lateral and #7 B,AD, = 60°. We have found the angle be- 
tween the rays AB, and AD,, and it proved to be acute, and, 
therefore, the angle between the lines AD, and AB, has the 
same magnitude. 

Answer: 60°. 2~z2 


Problem 2. In a regular triangular prism (Fig. 120) 
| AA,| = + | AB|. Find the angle between the lines 


mA | B, and BC. 
/\ Let us perform a parallel displacement of the diagonal 


eas 
AR, along B,C, and denote the image of the point A by A, 
(lig. 1206). The angle between the lines AB, and BC, is 
equal to the angle between the lines BC, and C,A,. We 
have [AA] || [B,C,] || [BC], | AAg| = | ByCy| = | BC}. 
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-Consequently, the quadrangle ABCA, is a parallelogram 
and, moreover, a rhombus since |BC| = |AB|. The 
point O is the centre of the rhombus and, therefore, BO is 
an altitude of the triangle ABC. We designate | AB| = a 


and then | BO| =aV)3/2, | BA,| =aV3. Taking into 
account that |/BB,| = a/V 5, we find | AB,| = | BC,| = 
V 6/5 a in the triangles BB,A and BB,C,. The segment 


ep). Say 
(a) (6) 


Fig. 120 


A.C, is the image of the segment AB, in the parallel dis- 


placement and, therefore, |A.C;| = |AB,| = V 6/5 a. Us- 
ing now the cosine law, we find in the triangle BC,A., 


_ [BC I+ | Cy, F—| BAg |? 4 
acai amma 7A 


whence / BC,A, = arccos (—1/4). The angle between the 
rays C,B and C,A, turned out to be obtuse (n/2< 
arccos (—1/4) <1) and, consequently, the angle between 
the lines C,B and C,A, is supplementary to that an- 


—_—" 
gle: (C,B, C,A,) = n — arccos (—1/4). Using the identity 
arccos z + arccos(—z) =a, (|z]|]<1), we find that 


—_——__——— 
(C,B, C,A,) = arccos (1/4). 

Answer: arccos (1/4). A 

In the last two problems the search for an angle between 

lines reduced to finding the angle between rays with a com- 
mon vertex, parallel to the given lines. If @ is an angle be- 
tween straight lines, then the angle between rays may turn 
out to be equal either to a or to n — a. This fact must be 
taken into account, especially in problems when it is required 
to find other parameters of a polyhedron from the given 
angle between straight lines. 
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Problem 3. In a regular triangular prism (Fig. 120a) the 
unpvlo between the lines AB, and BC, is equal to arccos (1/4), 
und the side of the base is a in length. Find the length of 
the lateral edge. 

A Let us designate the length of the lateral edge as b. 
Wo carry out the same constructions as in solving Problem 2 
nud) consider two _ cases: 
(1) 7 BC,A, = arccos (1/4) 
(iv. 421); (2) 2 BCA, = 
n -arccos (1/4) (Fig. 120d). 

Wehave |C,A,|]=|AB,|= 


LBC, | == Va® > BY, | BA, | = 
a V3. Using the cosine law, 
we find, in the triangle 
BC,A,, that 3a2=2~x 
(a? |- B) (4 —+) in the Fig. 124 

lirst case, and, analogously, 3a? = 2 (a? + b?) (1 +) in 


the second. From this we find b, = a and b, = a/V5 re- 
spectively. Thus, the problem admits of two solutions. The 
second case corresponds to the data of Problem 2. 


Answer: a ora/V5. ~z 


7.4. Using a Scalar Product of Vectors 
in Problem Solving 


A scalar product of vectors can be used to find angles be- 
tween straight lines, lengths of line segments, distances 
between a point and a straight line, and so on. 

The formula 


YN 
a-b = | a |-| b | cos (a, b), 
which defines the scalar product of the vectors a and b, 
vields 
“~™ 
a-b 
cos (a, b) = Tallbl: 


Let us apply this formula to find the angle between 
straight lines. Suppose A, and A, are some points of the 


234 7. SOLID GEOMETRY (PART 1) 


straight line a, A; = A,, and B, and B, are points of the 


line b, By A By. The magnitude of angle @ between the vec- 
—_—> 


—> 
tors A,A, and £B,B, is in the limits between 0 and a and 
is defined by the formula 


cosy = ; 
| 4, A, |-| BiB, | 


The magnitude of angle a between the lines a and b is 
in the limits between 0 and x/2. IfO< p< n/2, thena = @ 
and cosa=cos@~=|cosg|, now if a/2< gq, 
then «@ = xn — g and cosa = 
—cos m = |cos |. Hence 


—_> —- 
| AyAy- By By | 


ie: 
cos(a, 6) =—— | 
(4, 0) = Tae 1 Be | 


It follows from this formula 
that 

for the straight lines a and 
b to be perpendicular, it is 
necessary and sufficient that 
Fig. 122 ae aaa 


A,A, BB, — ° 


Problem 1. In a regular tetrahedron, points M and WN are 
the midpoints of the edges AB and CD (Fig. 122), |AB| = 
a. Find: 

(1) the length of the segment MN; 

(2) the angle between the lines MN and BC; 


(3) prove that the line MN is perpendicular to the edges 
AB and CD. 


—= —> —> 
A We designate BC = a, BA =b, and BD =e and 
have 


laj=|]b]=le]l=a, ab=a-c = b-e = a?/2. 


We represent MN in terms of a, b, and e. Since 


—_ —> —- ——- —_ { —- 
MN =MB+BC+CN and MB= —F b, CN = 
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| ° —> 
, CD, and CD =e — a, it follows that 
pad 4 
(1) We find 


MN? 2 (a—b-be) 


= (at-+b?+ ce? —2a-b4-2a-e—2b-e) =<, 
Hence |MN| = al 2. 
—_S> -— 4 az 
e calculate = — (a — c)a=—, 
(2) We calculate MN-BC = = (a—b +e) 2 


—_ _ —_- 
and, taking into account that |MN| = alV 2, | BC| =a, 
we pet 


—_> — 

| i | MN-BC | 1 

cos (MN, BC) = eg Se 
|MN|-|BC| V2 


aN“ 
This means that the angle (MN, BC) = a/4. 
(3) We find, in succession, 


—_—> > 2 2 
MN-BA=+(a—b+e)-b=4 (a4) =0, 


2 2 
MN-CD + (a—b+e)-(e—a) = + ((e-+a)-(e—a)—b(e—a)) 
1 . { 2 @ 
aks <> (oe? — a*-— b-e¢ + b-a) = > (a2 — a? — +5} = (0. 


Ilence it follows that (WN) 1 (AB), (VN) 1 (CD). 
Answer: (1) alV 2; (2) 1/4. 
Problem 2. In the tetrahedron ABCD we have | AB| = 
| BC|, |AD| = |DC|. Prove that the edges AC and BD 
are perpendicular. 


—> 
A. We choose three noncomplanar vectors: BC = a, 


> —- —* —_ 
BA = b, BD = ec (Fig. 123). We have DC = a— ce, DA 
b—ec. By the hypothesis |a|=|b| and |a—c| 
|b —c|. Hence it follows that (a — c)? = (b — c)?, a? — 
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2a-c + ce? = b? — 2b-c + c?. Taking into account that 

a? = b*, we obtain a-c = b-e, i.e. (a — b) ec = O. Since 
— — —> 

a — b = AC, ec = BD, we have AC-BD = 0, i.e. (AC) 1 

(BD). A 


Fig. 123 Fig. 124 


Corollary. Jn a regular triangular pyramid, in a regular 
tetrahedron in particular, the opposite edges are perpendicular. 

It was proved in Problem 1 that a straight line passing 
through the midpoints of the skew edges of a regular tetra- 
hedron is perpendicular to those edges. 

The following assertion holds true. 

For any two skew lines there is a straight line which cuts 
both given lines and is perpendicular to each of them, and 
that line is unique. 

A line segment whose end points lie on two skew lines and 
which is perpendicular to those lines is called their common 
perpendicular. The common perpendicular has the least 
length among all the segments whose end points lie on two 
skew lines. Therefore, the distance between skew lines is 
equal to the length of their common perpendicular. 


Problem 3. The edge of the cube is a in length. Find the 
distance between the straight lines which contain the skew 
diagonals of two adjacent faces of the cube. 

A Let us consider, for instance, the diagonals AC and 
A,B of the faces of the cube (Fig. 124). Assume that M is 
a point of the straight line AC and N is a point of the line 
A,B. The condition of the perpendicularity of the line seg- 
ment MN and the lines AC and A,B is equivalent to the 
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fact that 
> — > —> 
MN-AC =0, MN-BA, = 0. (1) 
— —> —> 
Let us represent AC, BA,, and MN in terms 


-> — — —> 
of AB =a, AD=b, and AA, =e. We have AC = 


—> 
a +-b and BA, = ec — a. Furthermore, since the point M 
lies on the line AC and the point N on the line A,B, it 


— —> —_" —> 

follows that AM = zAC and BN = yBA,. Taking this 
— — — — 

into account we find that MN = MA + AB+ BN = 


— —_ 
—rtAC +a-+ yBA, = (1—2z2—y)a— zb+ ye. 

Let us substitute the resolutions of the vectors into equa- 
lions (1) and transform the equations: 


((1—x—y)a—zb + ye)-(a+b)=0, 
((1—x—y)a—sb + ye)-(e—a) =0, 

(1 —zx— y) a*— za? =-0, 1—2z—y=0, 
—1-+-2+2y=0. 
Ilence we find z = y = 1/3. This means that the points M@ 
and N lie on the segments AC and BA, and |AM| = 
|AC|/3, | BN| = | BA,|/3. 

— 


Now we have MN =fa-—Z 


ya?— (1—2x—y)a*=0, 


b +5 ec and, therefore, 


a 


a 


IMN| = + (a+ a? +02) = 
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1. Prove that 

(a) the line segments connecting the vertices of the tetrahedron 
with the points of intersection of the medians of the opposite faces 
meet at the point (we designate it as O) which divides each segment 
in the ratio 3/4, reckoning from the vertex; 

(b) the line segments connecting the midpoints of the skew edges 
of the tetrahedron meet at the same point O which is the midpoint 
of each of them. 

2. The length of each edge of the tetrahedron ABCD is a. Points 
M,N, and P are positioned on the edges DA, DC, and BC, respec- 
lively, so that |DM| = |CN| = a/3 and |CP| = a/5. Construct the 


238 PROBLEMS OF SECTION II 


section of the tetrahedron cut by the plane MNP and find the length 
of the segment BQ, where Q = (MNP) () (AB). 

3. The parallelogram ABCD serves as the base of the pyramid 
SABCD. Construct the section of the pyramid passing through the 
vertex A and the midpoints M and P of the edges SB and SD. De- 
termine the ratio in which the section divides the edge SC. 

4. The length of the edge of the cube ABCDA,B,C,D, is equal to 
a. Points M and Q are taken on the edges AD and B,C), respectively, 
and points P and N are taken on the edge CD, so that |AM|= 
{| C,Q| =| CP| = | DN | = a/3. Construct the section of the cube 
cut by the plane passing through the straight line MP, parallel to the 
line NQ, and find the area of that section. 

5. The lengths of the edges AC and BD of the tetrahedron ABCD 
are equal to a and b respectively, and the angle between the lines AC 
and BD is equal to g. Find the greatest area of the section of the tetra- 
hedron cut by the parallel lines AC and BD. 

6. Given the straight line a and the plane y, points A, and A, lie 
on the line a (A, A,), points M, N, and P, not lying on the same 
line, belong to the plane y. Prove the following: for the line a and 
the plane y to be parallel, it is necessary and sufficient that the vectors 
> — — 

A,A,, MN, and MP should be complanar, that is, there should be 
numbers @ and 6 such that 


—> — — 
A,A,=a@aMN + BMP. 


7. Points M, N, and P are the midpoints of the edges AB, CD, 
and BC, respectively, of tetrahedron ABCD. A plane is drawn through 
the point P parallel to the lines DM and AN. In what ratio does the 
plane partition the edge AD? 

8. In the right-angled parallelepiped ABCDA,B,C,D,, perpendic- 
ulars A,P and BQ are dropped from the vertices A, and B to the dia- 
gonal AC,. Find the length of the line segment PQ if |AB| = a, 
[AD| = b, and |AA,| =e. 

9. Each edge of the regular prism ABCA,B,C, is a in length. 
Points M and N arc taken on the diagonals AB, and BC, of the faces of 


the prism respectively, such that (MN) | (AB), |MN|= =. In 
what ratio do the points M and N partition the segments AB, and BC,? 
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1. Prove that if a plane is parallel to one of the two parallel lines, 
then it is parallel to the other line. 

2. Two straight lines lying in the same plane are parallel to two 
Beer lines of the other plane. Does it follow that the planes are 
paralle 

3. Two intersecting straight lines of one plane are parallel to the 
other plane. Prove that the planes are parallel. 

Two planes are parallel. Prove that the straight line parallel 
to one of the planes is also parallel to the other planc. 
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>». Prove that if a straight line is parallel to each of the two inter- 
“ecling planes, then it is parallel to their line of intersection. 

4. tlow should the plane y be drawn for it to intersect two given 
planes « and B along parallel straight lines? 

7. Given two straight lines. Prove that a plane can be drawn 
through one given line parallel to the other given line. Under what 
condition is the plane unique? 

4. Prove that a plane can be drawn through any point parallel to 
two given skew lines, and that the plane is unique. 

. Given the skew lines a and 6 and a point M. Construct a straight. 
lime passing through M and intersecting a and b. Find the set of all 
points M for which the problem has no solution. 

10. Given three pairwise skew lines. Prove that there is a line 
intersecting these three given lines. Is that line unique? 

11. Can the parallel projections of skew lines on the plane (a) be 
parallel, (b) coincide? 

12. Can the parallel projection of a tetrahedron onto a plane be (a) 
i trapezoid; (b) a parallelogram; (c) a pentagon? 

13. Can a parallel projection of a parallelepiped onto a plane be 
(a) a trapezoid; (b) a pentagon; (c) a hexagon? 

14. Prove that if a parallel projection of a plane quadrangle onto 
au plane is a parallelogram, then the quadrangle itself is a parallelo- 
ywram, 

15. A parallel projection of an equilateral triangle onto a plane is 
un equilateral triangle too. Prove that the sides of the triangles are 
equal in length. 

16. In a rectangular prism one of the diagonals cuts the other 
three. Prove that the prism is a parallelepiped. 

17. The skew diagonals AB,, BC,, CD,, and DA, of the faces of the 
parallelepiped ABCDA,B,C,D, are equal in length. Prove that the 
laces ABCD and A,B,C,D, are rhombi and the other faces are rectan- 
gles. 

18. Points A,, B,, and C, are located on the edges SA, SB, and 
SC of the pyramid SABC respectively. The lines A,B,, B,C,, and C,A, 
cut the lines AB, BC, and CA at points M, N, and P respectively. 
Prove that the points M, N, and P lie on the same straight line. 

19. Points M and P lie on the edges AB and CD of the regular tet- 
rahedron ABCD so that |AM|/|AB| = |DP|/|DC| = 4/3. Find 
the area of the section of the tetrahedron drawn through the points M 
und P parallel to the line AC if the edge of the tetrahedron is a in 
length. 

20. Points M, N, and P are located on the edges AA,, CC,, and 
(',D, of the parallelepiped ABCDA,B,C,D, so that | AM |/|AA,| = 


LCN INC C| = 1¢C,P\/|C,D,|. Construct the point Q of  inter- 
section of the plane MNP and the line BC and find the ratio | BQ |/ 
IBC. 


21. A plane cuts the lateral edges AA,, BB,, CC,, and DD, of the 
parallelepiped ABCDA,B,C,D, at points M, N, P, and Q respec- 
tively, with |AM |/[AA,| = m, |BN|/|BB,| =n, |CPI/|CC,| = 
p. lind the ratio |DQ|/|DD,|. 

22. A plane is drawn through the vertex C of the tetrahedron 
ABCD and the midpoints of the edges AD and BD. In what ratio does 
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the plane divide the line segment MN, where M and WN are the mid- 

points of the edges AB and CD respectively? 
23. Points M, N, and PF are located on the edges A,B,, AB, and 

CC, of the prism ABCA,B,C, respectively so that |A,M |/|A,B,| = 


| BN |/|BA | = |C,P|/|C,C| = 1/2. Construct the point Q . of 
intersection of the plane MNP and the line B,C, and find the ratio 
|C,Q |/| ByCyhl. 


24. The medians of the base ABC of the prism ABCA,B,C, meet at 
a point M and the diagonals of the faces AA,C,C and BB,C,C meet 
at points N and P respectively. The plane MNP cuts the lines B,C, 
and CC, at points K and L respectively. Construct the section of the 
ae cut by that plane and find the ratios |B,K|/|B,C,| and 
| C,LI/| CC, |. 

25. A plane cuts the edges AB, AC, CC,, and BB, of the prism 
ABCA,B,C, at points K, L, M, and N respectively. The areas of the 
figures AKL, CLM, and CMNB are equal, respectively, to 1/6, 1/12, 
and 1/2 of the area of the face containing the respective figure. Find 
the ratio between the area of the triangle BAN and the area of the 
face AA,B,B. 

26. A plane is drawn in the tetrahedron ABCD through the mid- 
point M of the edge AD, the vertex C, and the point N of the edge BD, 
the resulting ratio being |BN|/| ND | = 2/4. In what ratio does the 
plane partition the segment AL, where A and L are the midpoints of 
the edges AB and CD respectively? 

27. The parallelogram ABCD serves as the base of the pyramid 
SABCD. A point L taken on the edge SD is such that | SZ |/| LD | = 
2, the point A being the midpoint of the edge SB. Construct the 
section of the pyramid formed by the plane AKL and determine in 
what ratio the plane partitions the edge SC. 

28. The trapezoid ABCD serves as a base of the pyramid SABCD. 
The ratio between the lengths of the bases AD and BC of the trape- 
zoid is equal to 2. Construct the section of the pyramid passing 
through the vertex D and the midpoints of the edges SA and SB. 
Determine in what ratio the section divides the edge SC. 

29. A section is drawn parallel to the diagonal BD of the base of 
the parallelepiped ABCDA,B,C,D, through the midpoints M and N 
of the edges AA, and C,D, respectively. Construct the section and dc- 
one in what ratio it divides the diagonal A,C of the parallele- 
piped. 

30. A plane is drawn parallel to the diagonal DB, of a parallele- 
piped through the midpoints M and N of the edges AD and CC,. In 
what ratio does the plane divide the edge BB,? 

31. The points O and OQ, are the centres of the faces ABCD and 
A,B,C,D, of the cube ABCDA,B,C,D,. A point S taken on the seg- 
ment OO, is such that | OS |/|OS| = 1/3. A section of the cube is 
drawn through that point parallel to the diagonal AC, of the cube 
and to the diagonal BD of the base. Find the area of the section if 
the edge of the cube is a in length. 

32. Among all the sections of the cube, passing through its diago- 
nal, indicate the one having the least area. Find that area if the edge 
of the cube is a in length. 
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33. Under consideration are the sections of the parallelepiped 
ABCDA,B,C,D, formed by the planes drawn parallel to the skew 
diagonals AB, and BC, of the faces AA,B,B and BB,C,C. Indicate 
(he section with the greatest area. 

34. A plane cuts the edges AB, AC, DC, and DB of the tetrahe- 
dron at points M, N, P, and Q respectively, with | AM |/| MB| = 
mt, [AN |/[|NC| =n, |DP |\/| PC| = p. Find the ratio 
| DC |/| QB |. | 

$5. In a regular rectangular pyramid SABCD the side of the base 
ina in length and the length of the lateral edge is 7. Sections are drawn 
parallel to the edge SA and to the diagonal BD of the base. Find the 
wreatest area of the section. 

36. All the edges of the regular prism ABCA,B,C, are ain length. 
\lnder consideration are the line segments with their ends on the diag- 
onuls BC, and CA, of the lateral faces, the segments being parallel 
lo the plane ABB,A,. 

(1) One of the segments is drawn through the point M of the diago- 
nal BC, such that | BM |/|BC,| = 1/3. Find its length. 

(2) Find the least length of all the segments being considered. 

$7. In the triangular prism ABCA,B,C,, points M and N are the 
midpoints of the lateral edges BB, and CC,. A straight line intersect- 
ing the lines MN and AB, at points P and Q respectively is drawn 
Ihrough the point O of intersectién of the medians of the triangle 
IHC. Find the ratio | PQ|/|0Q |. 

$8. The medians AM and DN of the faces ACD and ADB are 
drawn in the tetrahedron ABCD, and points E and F are taken on 
ee medians respectively, so that (EF) || (BC). Find the ratio 
LEE \/| BEI. 

Jo. In the prism ABCA,B,C, the medians of the bases ABC and 
A,4,C,; meet at points O and O, respectively. Through the midpoint of 
the seyment OO, a straight line is drawn paralle] to the line CA,. 
l‘ind the length of the segment of that line lying in the interior of the 
prin af | CA, | = a. 

4). The parallelogram ABCD serves as a base of the pyramid 
“ABCD, The diagonals of the parallelogram meet at a point O. Through 
(he midpoint of the segment SO a line is drawn parallel to the 
incdian BM of the face SAB. Find the length of the segment of that 
line, lying in the interior of the pyramid, if |BM| = a. 

41. Points M and N are taken on the edges AD and BD, respec- 
lively, of the tetrahedron ABCD, so that |AM|/|AD| = |BN |/ 
| 1) | : m. Find the distance between the points of intersection of 
(lu medians of the triangles ANC and BMC if |AB| =a. 

4z. ‘he edge of a regular tetrahedron is a in length. A triangular 
nection is drawn through the vertex of the tetrahedron. Prove that the 
perimeter p of the section satisfies the inequalities 2a < p < 3a. 

4s. (riven the points A, B, C, and D. Points M and WN are the 
nitdpoints of the segments AB and CD, and point O is the midpoint of 
(lw neyiment MN (if a segment degenerates into a point, then its mid- 
polut is ee to coincide with that point). 

rove that 


> > —_—> > —> 
SA+SB+SC+SD=4S0 
lid owny point S. 
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44, Given the tetrahedron ABCD. Prove that there is a point M 
such that 


> Oe rel ll 
MA+MB+MC+MD=0 


and that this point is unique. 

45. Points M and N in the parallelepiped ABCDA,B,C,D, are the 
midpoints of the edges AB and A,D,. The plane CMN cuts the 
straight lines B,C, and DB, at points P and Q respectively. Represent 

—> 


—> — — —> 

the vectors AP and AQ in terms of AB = a, AD =b, and AA, =. 
46. Given four distinct points A, B, C, and D. Points M and N 
are taken on the segments AC and BD, respectively, so that |AM| = 


—_> —> 
~|AC| and |BN |=A|BD|. Prove that the vectors AB, CD, 
— — 
and MN are complanar and find the resolution of the vector MN along 


the vectors AB and CD. 
47. Given four distinct points A, B, C, and D. Points M and N 
are the midpoints of the segments BC and AD respectively. Prove 


that if | MN| = + (AB + |CD |), then (AB) || (CD). 


48. Given the skew lines a and b and points A,, A», Ags, and B,, 
B,, B; lying on them respectively (A, lies between A, and Ag and B, 
between B, and B;). It is known that | A,A, |/| 4,43| = 
| B,B, |/| B.Bs |.{ Prove that the midpoints of the segments A,B,, 
A,B,, and A3B; lie on the same straight line. 

49. ABCDA,B,C,D, is a parallelepiped. A straight line cuts the 
lines AA,, BC, and C,D, at points M, N, and P respectively so that 
| MN |/| MP| = 2. Find the ratio | BN |/| BC | (find all solutions). 

50. The edge of the cube ABCDA,B,C,D, is a in length. A point M 
is taken on the line BC, so that the lines DA,, AB,, and D,M are 
parallel to the same plane. Find the length of the segment D,M. 

51. Points M and N are taken on the edge AD and the diagonal 
A,C of the parallelepiped ABCDA,B,C,D, respectively, so that the 
line MN is parallel to the plane BDC, and |AM|/|AD| = 1/5. 
Find the ratio | CN |/| CA, |. 

52. Given four points A, B, C, and O not belonging to the same 
plane. Prove that for the point M to lie in the plane ABC it is neces- 
sary and sufficient that there be three numbers z, y, and z satisfying 
two conditions: 


— —_> —> — 
OM = x0A + yOB + 20C, zr+y+z=1. 


53. The base of the rectangular pyramid SABCD is a parallelo- 
gram ABCD. A plane cuts the edges SA, SB, SC, and SD at points 
M, N, P, and Q respectively. Suppose | SA |/|SM|= m, | SB|/ 
[SNj[ =n, |SC|/|SP| =p, and |SD|/|SQ|=q. Prove that 


m+p=n+q. 
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54. ‘The centre of the lower base of the cube is connected with the 
lun vertices of the upper base by straight lines. Determine the angles 
letween those lines. 

bo. Point K is the midpoint of the edge AA, of the cube 
AHCDA,B,C,D,. Find the angles between the lines (a) BK and BC,; 
(hb) BK and AD,; and (c) BK and A,C,. 

66. Point M is the midpoint of the edge CD of the regular tetrahe- 
ilvon ABCD. Find the angle between the lines AM and BC. 

57. Points M and N are the midpoints of the edges BC and AD 
of the tetrahedron ABCD in which | AC| = |BD| and the angle 
letween the lines AC and BD is equal to a. Find the angle between 
the lines MN and AC (find all solutions). 

68. All the edges of the regular rectangular pyramid SABCD are 
equal in length. Find the angles between the lines (a) AM and BN, 
where M and N are the midpoints of the edges SB and SC, respec- 
tively; and (b) SP and BN, where P is the midpoint of the edge AB. 

59. It is known that |AC|=|BD| and (AC) | (BD) in the 
tetrahedron ABCD. Points M and N are taken on the edges AD and 
(HR respectively so that |AM|/|AD| = |CN|/|CB| and the angle 


so3, SSS a 
(MIN, AC) => (MN, BD). Find the ratio |AM|/| AD]. 
60. The edges AB and CD of the tetrahedron ABCD are perpendic- 


ular and | AB| = |CD|= a. Points M and WN are taken on the 
vdge AB and points P and Q on the edge CD so that|AM|=|NB| = 
[CP] =|QD|=aAa (A< 1/2). Find the distance between the 


midpoints of the segments MP and NQ. 

G1. Given three noncomplanar vectors. Is there a fourth vector 
which is perpendicular to the given three? 

62. Given three pairwise perpendicular straight lines. A fourth 
itraight line makes the angles a,, @,, and @, with the given lines re- 
npectively. Prove that cos? a, + cos? a, + cos? a, = 1. 

63. Given the parallelepiped ABCDA,B,C,D,. Prove that 


1 
44,7? <7 (AB? + LBC? + 1 CDi 1? + 1 DA; 1’). 


64. It is known that 2DAB= 2 ABC = m/2 in the tetrahedron 


ABCD, (AB, CD) = a, 2|AD| =|CD| =|BC|. Find the angle 
between the straight lines AD and BC. 

65. Point M is the midpoint of the edge A,B, of the cube 
ABCDA,B,C,D, and point N is the centre of the face ABB,A,. Find 
the angle between the straight lines MD and CN. 

66. Two edges of the tetrahedron are perpendicular to the edges 
which are skew with respect to them. Prove that the other two skew 
edges of the tetrahedron are perpendicular as well. 

67. The line segment AB is a common perpendicular to the skew 
lines 2, and 1, (A € 1,, B € J,). Points C and D are taken on the lines 


/, and l, respectively, so that |AC| = |BD|=|AB|= = CD |. 
ind the angle between the lines J, and J,. 
10* 
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68. The angle between the skew lines J, and /, is a, and the line 
segment AB is their common perpendicular (A € J,, B € l,). Points C 
and D are taken on the lines J, and J, respectively, so that | ACj| = 
|BD|=a and |CD|=b. Find |AB| (find all solutions). At 
what ratio between a and b does the problem possess a solution for 
any @ 

69. The side of the base of a regular triangular prism is a in length, 
and two nonintersecting diagonals of the lateral faces are perpen- 
dicular. Find the length of the lateral edge of the prism. 

70. Points M, N, P, and Q are taken on the diagonals of the faces 
D,A, A,B, B,C, and C,D of the cube ABCDA,B,C,D, respectively, 
so that |D,M|/| D,A| =|BN|/| BA,| =|B,P\/| B,C| =|De1/ 
/|DC,| =A, and the straight lines MN and PQ are perpendicular. 


Find A. 

71, All the edges of the regular prism ABCA,B,C, are a in length. 
Under consideration are line segments with the end points lying on 
the lines AB, and BC,, the segments being perpendicular to the line 
AC,. Find the least length of such segments. 

72. The edge of the cube ABCDA,B,C,D, is a in length. Points M 
and N are taken on the diagonals D,A and A,B respectively, so that 
| DM |/| D,A | =|NB|/|A,B| = 1/3. Find the distance from the 
vertex C to the line MN. 

73. The edge of the cube ABCDA,B,C,D, is a in length. A point 
M is taken on the line BC, so that the lines D,M, DA,, and AB, are 
parallel to the same plane. Find: (a) the distance from the point M 
to the line AB,; and (b) the area of the section of the cube formed by 
the plane MD,B,. 

74, It is known that | AD|/| DC| = n in the right parallelepiped 
ABCDA,B,C,D,. In what ratio does the common perpendicular to 
the lines AA, and B,D divide the segments AA, and B,D? 

75. The altitudes DE and BF of the faces ABD and BDC are drawn 
in the ae tetrahedron ABCD. In what ratio are the segments DE 
and BF divided by the foot of their common perpendicular? 

76. The length of each edge of the parallelepiped ABCDA,B,C,D, 
is a, and all plane angles at the vertex A are equal to n/3. Determine 
the distance between the lines AC and DB,. 

77. The length of the edge of the regular tetrahedron ABCD is a. 
The point £ is the midpoint of the edge CD, and the point F is the 
midpoint of the altitude BL of the face ABD. The segment MN with 
its end points on the lines AD and BC cuts the line EF at right angles. 
Find the length of that segment. 

78. The lengths of the edges AB and BC of the right parallelepi- 
ped ABCDA,B,C,D, are a and 2a respectively. A straight line is known 
to exist which cuts the lines AA,, BC, and C,D, and makes equal 
angles with them. Find the length of the edge AA, (find all solutions). 

79. The side of the base ABC of the regular prism ABCA,B,C, is 
equal to a. Points M and N are the midpoints of the edges AC and 
A ,B, respectively, and points M. and N, are the feet of the perpendi- 
culars dropped from the points M and N to the line BC,. Find the 


length of the lateral edge of the prism if | M™,N,| = ae 
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x0. Assume that S is the area of the triangle ABC. Prove that 


4 ———— eee 
S=>V | Bl. |AC|2—(AB-AC)- 


41. The length of the edge of the regular tetrahedron ABCD is a. 
lolnts “ and F are taken on the edges AD and BD respectively so 
that | DE|/|EA| = |BFI/| FDi| = 2. Find the area of the tri- 
angle CHF, 

42. Given four vectors a, b, ec, and d. The vectors a, b, and ¢ are 
complanar but not collinear pair-by-pair,. and the vector d is not 
complanar with the vectors a, b, and ce. It is known that the angles 


“™ “™ a 
un, b) = (b, c) = 1/3, (d, a) =a, and (d, b) = Bf. Find the angle 
wiween the vectors d and e. 

K3. Four rays emanating from the same vertex pairwise make equal 
wnples. Find the angles. 

84. The edge of the cube is a in length. Find the sum of the scalar 
jroducts of the vectors whose origins are at the centre of the cube and 
(he terminal points are at its vertices. 

Kk. Given the points A, B, C, and O, of which A, B, and C do not 
ll on the same line. It is known that for any points M the quantity 
uv (AL) |MA|2?+ | MB|?+|]MC|? —3|MO{? has one and the 
nue value. Prove that O is the point of intersection of the medians 
of the triangle ABC. 

46. Distinct points A, B, C, and D not lying on the same straight 
line are given in space. Suppose S is an arbitrary point in space. We 
introduce the designation 


y (S) = | SA|? + | SC |? — | SBI? — | SD |?. 


rove that 

(a) y (S) has the same value for all points in space if and only if 
(he points A, B, C, and D are the vertices of a parallelogram; 

(b) if there are four points S,, S., Ss, and S,, not lying in the 
name plane, such that y (S;) = y (S2)=y (S3)=y (S,)= 0, then A, 
#, (, and D are the vertices of a rectangle. 

‘or the given quantity y, find the set of points S of space for which 
W (S) -= Yo. 

47. ‘The base of the pyramid is a regular octagon with the side of 
length a. The vertex of the pyramid is at a distauce b from the centre 
of the base. Find the sum of the squares of the lengths of the lateral 
clpres. 

48. Given the points A, B, C, and D. Find a point M such that 
ihe quantity | MA |?+ | MB|?+|MC|2? + ][MD |? has the least 
vilue, 

9. Prove that for any four points A, B, C, or D 


>> | 
AB-CD = 5 (\AD |* + | BC |? — | AC |? — | BD |?). 


0. Four points A, B, C, and D are given in space (A #~C, B= 
/)), points P and Q being the midpoints of the segments AC and 


246 PROBLEMS OF SECTION II 


BD respectively. Prove that 
|AB\? + |BC|? + |CD|? + | AD |? 
= |AC|?+ |BD|? + 4|PQ|?. 
91. Given the points A, B, C, and D (A+B, C+D). Prove 
pera i lines AB and CD to be parallel it is necessary and suffi- 


2|AB|-|CD| = ||AD |? + |BC |? — |AC|? — | BD |*|. 


Chapter 8 
Solid Geometry (Part 2) 


This chapter treats of various problems dealing with per- 
pondicularity of straight lines and planes, with calculations 
of the angle between a straight line and a plane, and between 
planes, with finding the volumes of polyhedra and their 
parts, and with combinations of polyhedra. 


8.1. Perpendicular Lines and Planes 


A straight line and a plane are said to be mutually perpen- 
dicular if the line is perpendicular to every line lying in the 
plane. This is the definition of perpendicularity of a line 
and a plane. 

Problem 1. The base of the pyramid is a regular triangle 
ABC (Fig. 125), the lateral edges SA, SB, and SC are equal 
in length. Prove that the 
pyramid SABC is regular. 

/\ Suppose SO is the alti- 
(ude of the pyramid. Then, by 
the definition of perpendicu- 
lnrity of a line and a plane, 
theangles SOA, SOB,and SOC 
ure right angles. We desig- 
nate | SA]== |SB| = |SC|=1, 
|SO| = h. From the right 
triangles SOA, SOB and Fig. 129 
SOC we find that |AO| = 
| BO| =|CO| = V 1? — h?. This means that the point O 
in the centre of the circle circumscribed about the regular 
triangle ABC and is, therefore, the centre of that triangle. 
‘Thus, the vertex S of the given pyramid can be projected 
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onto the centre of the base (of the regular triangle ABC), 
that is, the pyramid is regular. A 

It can be proved quite analogously that the pyramid 
whose base is a regular polygon and whose lateral edges 
are equal in length is regular. In particular, a regular tetra- 
hedron, that is, a tetrahedron whose all edges are equal 
in length, is a regular pyramid. Any face of a regular tetra- 
hedron can serve as its base. 

The criterion of the perpendicularity of a line and a plane 
is as follows. 

If a straight line is perpendicular to each of the two inter- 
secting lines lying in a plane, then the line and the plane are 
mutually perpendicular. 


Fig. 127 


Problem 2. Prove that the diagonal AC of the base of 
a regular quadrangular prism (Fig. 126) is perpendicular 
to the plane BB,D,D. 

A It is sufficient to prove that the line AC is perpendicular 
to any two intersecting lines lying in the plane BB,D,D. 
Since ABCD is a square, it follows that (AC) _| (BD). We 
shall prove that (AC) | (BB,). The given prism is regular 
and, therefore, (BB,) | (ABCD). In accordance with the 
definition of perpendicularity of a line and a plane, this 
yields (BB,) | (AC). Thus we see that the line AC is per- 
pendicular to the intersecting lines BD and BB, of the plane 
BB,D,D. According to the criterion of perpendicularity of 
a line and a plane, this signifies that (AC) | (BB,D,D). A 

To establish perpendicularity of straight lines, use is 
often made of the theorem on three perpendiculars, 
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lor a straight line lying in a plane to be perpendicular 
fo an inclined line, it is necessary and sufficient that the line 
he perpendicular to the projection of the inclined line onto 
that plane. 

The necessary and sufficient conditions formulated in this 
(theorem must be strictly distinguished and used correspond- 
ingly. The sufficient condition consists in the fact that 

if a line lying in a plane is perpendicular to the projection 
of an inclined line onto that plane, then it is perpendicular 
lo the inelined line itself. 


rh 


Fig. 128 Fig. 129 


Problem 3. Prove that the diagonal BD, of the cube shown 
in ig. 127 is perpendicular to the diagonal AC of the face 
ABCD. 

A The line BD is the projection of the inclined line BD, 
onto the plane ABCD since (D,D) | (ABCD). The face 
ABCD is a square and this means that (AC) | (BD). By 
virtue of the sufficient condition of the theorem on three 
perpendiculars, this yields (AC) | (BD,). A 

The assertion proved yields the following useful corollary. 

Corollary. The diagonal of the cube emanating from one of 
its vertices is perpendicular to the plane drawn through the 
endpoints of three edges of the cube emanating from the same 
vertex. 

(1) Let us consider, say, the diagonal BD, (Fig. 128). We 
have proved that (BD,)_| (AC). We can prove quite anal- 
ogously that (BD,) | (AB,). Hence it follows that (BD) 1 
(AB,C). It is clear from the properties of the symmetry of 
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the cube that the same is true for any other diagonal of the 
cube. & 

The necessary condition of the theorem on three perpen- 
diculars formulated above is as follows. : 

If a straight line lying in a plane is perpendicular to an 
inclined line, then it is also perpendicular to the projection 
of the inclined line onto that plane. 


Fig. 134 


Problem 4. In the tetrahedron ABCD the edge AB is 
perpendicular to the edge CD and the edge AC to the edge 
BD. Prove that the foot of the altitude DO of the tetra- 
hedron is the point of intersection of the altitudes (or of their 
extensions) of the triangle ABC. 

\ Let us first consider the case when neither of the edges 
BD and CD is perpendicular to the plane ABC, that is, 
each of these edges lies on a line inclined to the plane ABC. 
Since (DO) | (ABC) (Fig. 129), the line BO is the projection 
of the line BD onto the p!ane ABC. By the hypothesis, the 
line AC, lying in the plane ABC, is perpendicular to the 
inclined line BD. According to the necessary condition of 
the theorem on three perpendiculars, it signifies that (AC) | 
(BO). We can prove quite analogously that (CO) | (AB). 
Thus, the point O is the point of intersection of the altitudes 
(or of their extensions) of the triangle ABC. 

Let us now discuss the case when one of the edges, say, 
the edge BD, is perpendicular to the plane ABC (Fig. 130). 
In that case the point O coincides with the point B, the 
straight line CD is inclined to the plane ABC, and its pro- 
jection onto that plane is a line (BC). In accordance with 
the necessary condition of the theorem on three perpen- 
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diculars, the fact that (AB) | (CD) yields (AB) 1 (BC). 
‘This means that the triangle ABC is a right triangle, and 
(he point B is the point of intersection of its altitudes. @ 

lol us consider a problem C, 
which can be easily solved with D 
the aid of the following crite- Ra B 
rion of perpendicularity of two : 
planes, 

If a plane passes through $ 
the perpendicular to the other D 
plane, then it is perpendicular \ 
to that plane. A 

Problem 5. Prove that the 
plunes AD,C and BB,D,D of 
(he regular quadrangular prism 
ABCDA,B,C,D, are perpen- 
dicular. 

/, It was proved in Prob- Fig. 132 
lom 2 that (AC) 1 (BB,D,D) 
(lig. 131). According to the criterion of perpendicularity 
of planes, this yields (AD,C) | (BB,D,D). A 

We shall formulate two other theorems useful for estab- 
lishing perpendicularity of a line and a plane. The first 
of them states: 

if two planes are mutually perpendicular, then a straight 
line drawn in one of the planes at right angles to the line of 
intersection of the planes is perpéndicular to the other plane. 


Problem 6. In the regular quadrangular prism 
ABCDA,B,C,\D, find the length of the perpendicular 
dropped from the vertex B, to the plane AD,C if |AB| = 
a and |AA,| = 6. 

/. We have proved in Problem 5 that the planes AD,C 
and #2,D,D are perpendicular. The line of intersection of 
these planes is the straight line DO (Fig. 132). Suppose 
/},M is a perpendicular drawn in the plane BB,D,D to the 
line DO. Then, in accordance with the theorem proved above, 
(3,M) | (AD,C). Assume N = (D,O) (\ (BB,). In the 
right triangle NB,D, (7_NB,D, = 90°), we have |8,D,| = 
a V2 and, evidently, |NB,| = 2b. Consequently, 


|VD,| = V |NB,|?+ [B,D]? = V 462+ 202. 
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The segment 8,M is an altitude in the triangle NB,D,. 
Then, for the area of this triangle we have, on one hand, 


S =+ |NB,|-|B,D,| and, on the other hand, S = 
+ |ND,|-|B,M|. Hence it follows that |B,M|-|ND,| = 
|B,D,|-|NB,|, that iS, 


|B,M| = | BD, |-INB| = 2ab 
|VD;| V 2b? + a? 


The second theorem states: 

if two intersecting planes a and 68 are perpendicular to 
a plane , then the line of intersection of the planes a and B 
is perpendicular to the plane y as well. 

We leave the proof of the theorem to the reader (see Prob- 
lem 1 in Section I of the present chapter). 


A 


8.2. Depicting Perpendicular Lines and Planes. 
Constructing Sections Perpendicular 
to a Line or a Plane 


The basis for drawing solids in solid geometry is parallel 
projection onto the plane of the drawing. As is known, 
parallel projections possess a number of simple properties. 


For instance, parallel projection retains parallelism of 
straight lines, the ratio of the lengths of parallel segments. 
But the angles are not, in general, preserved in parallel 
projection. Figure 133 illustrates a cube in a parallel pro- 
jection. The face AA,B,B is parallel to the plane of the 
drawing and, therefore, its projection is a square congruent 
to the face itself. The face ABCD is not parallel to the plane 


8.2. DEPICTING PERPENDICULAR LINES AND PLANES 253 


of the drawing. Its image is a parallelogram which is not 
congruent to the face. Dependent on the position of the 
right angle ABC and on the direction of projecting, its 
image can be either an acute or an obtuse angle. In the 
general case, as well, a perpendicular drawn in space from 
the given point to the given line is shown in the figure 
by a line not, in general, 

perpendicular to the depicted q, rp} 
line. To show correctly such Ji, ff 

u perpendicular in the draw- A 

ing, it is usual practice to 
determine the position of its 


foot with respect to some 
points of the given line defined C 
in the figure. 


Problem 1. The side of the ‘i 5 
base of the regular quadrangu- . 
lar prism ABCDA,B,C,D, Fig. 134 


(ig. 134) is a in length. Con- 

struct the image’ of the perpendicular drawn from the 
midpoint M of the edge AA, to the line BP, and find the 
length of that perpendicular. 

A Let us consider the triangle MBD,. The perpendicular 
dropped from the point M to the line BD, is an altitude of 
that triangle. We designate |AA,| = b, and then |AM| = 
| MA,| = 0/2. In the right triangles MAB and MA,D, 


we find |MB| = |MD,| HV a+ 2. This means that 
the triangle MBD, is isosceles and its altitude drawn from 
the vertex M is also its median, that is, the foot of that 
altitude is the midpoint of the segment BD,. Connecting 
the point M and the midpoint N of the diagonal BD,, we 
vbtain the perpendicular dropped from the point M to the 
line BD,. 

Now, bearing in mind that! BD,| =V 2a? + b? and 
| BN| = - |BD,|, we find, from the right triangle VNB 


that |MN| = VY |MBP—|BN/>? = ad//2. az 
To depict a perpendicular drawn in space from a given 
point to a given plane, it is customary to determine the 


position of its foot with respect to the points of that plane 
defined in the figure. 
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Let us take Fig. 135a illustrating a regular triangular 
pyramid SABC and draw its altitude SO (A ABC is the 
base of the pyramid). In accordance with the definition, the 
foot of the altitude of a regular pyramid is the centre of the 
base of that pyramid. The centre of the regular triangle ABC 
coincides with the point of intersection of its medians. Ac- 
cordingly, the medians AM and BN are drawn in Fig. 135a. 
The point O of their intersection is the foot of the altitude. 


re 5 


(2) (5) (c) 
Fig. 135 


The foot of the altitude of the regular quadrangular pyra- 
mid shown in Fig. 135b can be found as the point of inter- 
section of the diagonals of the parallelogram serving as the 
base of the pyramid and being a square ABCD. The foot 
of the altitude of the regular hexagonal pyramid shown in 
Fig. 135c¢ can be found by analogy. 

The construction of a perpendicular to a line or to a plane 
is often used to construct a section of a figure formed by 
a plane perpendisular to the given line or plane. 

Figure 136a and b illustrates the construction of a section 
of the regular triangular pyramid SABC formed by a plane 
passing through the midpoint M of the edge SA at right 
angles to the altitude CNV of the ‘base of the pyramid. We 
designate the cutting plane as a. Since (CN) | a, it follows 
that (ABC) _| a as well. Hence, the perpendicular dropped 
from the point to the plane ABC belongs to the plane a. 
The perpendicular is parallel to the altitude ofthe pyramid 
drawn from the vertex S. On the basis of the analysis carried 
out we perform the following constructions: we construct 
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the altitude SO of the pyramid and draw [MS,] || [SO] 
(Il‘ig. 136a). The side of the section lying in the face ABC 
is perpendicular to the line CN and, hence, is parallel to 
the edge AB. We draw [PQ] || [AB] (Fig. 136) through the 


5 


aS 
x 


B 


(2) 

Fig. 136 
point S,. PQ and AB being parallel, it follows that the side 
of the section lying in the face ASB is parallel to the edge 


AB as well. We construct [MR] || [AB]. The section is 
a trapezoid PMRQ. 


J, Bp 


(2) 
Fig. 137 


Let us consider one more example of constructing a section 
perpendicular to a straight line. 


Problem 2. Construct a section of the cube passing through 
the midpoint M of the edge AA, (Fig. 137a) at right angles 
to the diagonal B,D of the cube and determine in what 
ratio it divides the diagonal. 


256 8. SOLID GEOMETRY (PART 2) 


4. As in Problem 1 above, it is easy to prove that the per- 
pendicular dropped from the point M to the line B,D passes 
through the midpoint O of the segment B,D. The perpen- 
dicular dropped from the midpoint N of the edge A,D, 
to the line B,D also passes through the point O (Fig. 137b). 
This means that the plane of the section passes through 
the points M, N, and O and, in particular, bisects the 
diagonal B,D. Let us construct the section. To do that, we 
shall prove that the plane of the section passes through 
the midpoint S of the edge AB. The straight line SO, just 
as the line MO, is perpendicular to the line B,D. Therefore, 
the plane MOS, as well as the plane MON, is perpendicular 
to the line B,D. But then the planes coincide, that is, S € 
(MON). Now we can use the result of Problem 2 in 7.1. We 
proved there that the section of a cube formed by the plane 
MNS is a regular hexagon (Fig. 137c) with vertices at the 
midpoints of the edges which do not intersect the diago- 
nal B,D. 

Answer: 1:1. 4 


5 


B 
(a) 


Fig. 138 


Let us now consider the example of constructing a section 
perpendicular to a given plane. 


Problem 3. Every edge of the regular quadrangular pyra- 
mid SABCD is a in length. Construct a section passing 
through the diagonal BD of the base (Fig. 138a) at right 
angles to the face SCD and find its area. 

A We first construct a perpendicular from some point of 
the line BD to the plane CSD. The perpendicular belongs to 
the plane of the section and, together with the line BD, 
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completely defines it. It is convenient to perform the con- 
struction from the centre O of the base ABCD. Indeed, the 
plane SOM, where M is the midpoint of the edge CD 
(lig. 138a), is perpendicular to the plane CSD ((CD) L 
(SUM), (CD) < (CSD)). Therefore, the altitude of the 
triangle SOM, drawn from the vertex O, is perpendicular 
to the plane CSD. Let us determine in what ratio the foot V 
of that altitude divides the side SM. In the right triangle 
SOM (ZSOM = 90°) we have | OM| = a/2 and|SM| = 
a 3/2. In accordance with the property of a right triangle 
we have |OM|? =|MN|-|SM|, whence it follows that 


| MN| = ae ——a. This means that |MN| = = |SM\, and 


the point N: is the centre of the regular triangle CSD. We 
draw a median DK of the triangle CSD (Fig. 1386), N = 
(DK) 1} (SM) and obtain a section, which is a triangle 
DKB. 

Let us now find the area of the section. The altitude h 
of the triangle DKB drawn from the vertex B is twice as long 
as the perpendicular OW since the point O is the midpoint 
of the segment BD. In the right triangle SOM we have 


|ON| = V|MN|-|SN| = a//6. Consequently, h= 
2a/ 6, and the area of the triangle DKB is equal to 
‘h |DK| = @/2V2-a 


8.3. The Angle Between a Line and a Plane 


The angle between a line, inclined to a plane, and that plano 
is the angle between the line and its orthogonal projection onto 
that plane. 

If a straight line is perpendicular to a plane, then the 
angle between them is equal to 90°; if the line and the plane 
are parallel, then the angle between them is 0°. 


Problem 1. Find the angle between the edge of a regular 
(octrahedron and the plane of the face which does not contain 
that edge. 

/A. We find the angle between the edge AD and the plane 
ABC (Fig. 139). The length of the edge of the tetrahedron 
will be designated as a. We drop a perpendicular DO to the 
plane ABC. The point O is the centre of the triangle ABC 
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(Problem 4 in 8.4), and, therefore, |AO| = a Y3/3. The 
line AO is the projection of the line AD onto the plane ABC 
and, hence, the angle between the line AD and that plane is 
equal to ~DAO. We have cos DAO = |AO|/|AD| = 
V 3/3, Z.DAO = arccos (1/V 3). It is easy to see that any 
edge of a regular tetrahedron makes an angle of the same 
magnitude with the plane of any face which does not contain 
that edge. 


Answer: arccos (1/V 3). & 


D 
C 
A 7 
N 
B 
Fig. 139 Fig. 140 


Errors often arise in determining the angle between a line 
and a plane which are due to an incorrect determining the 
orthogonal projection of the line onto the plane. 

Problem 2. In the regular triangular prism ABCA,B,C, 
we have |AA,| =|AB|. Find the angle between the diag- 
onal AB, and the plane AA,C,C. 

A We construct the projection of the line AB, onto the 
plane AA,C,C. The planes A,B,C, and AA,C,C are perpen- 
dicular and, therefore, the perpendicular B,M (Fig. 140) 
to the line A,C, is also a perpendicular to the plane AA,C,C. 
The line AM is the orthogonal projection of the line AB, 
onto the plane AA,C,C. The angle between the line AB, 
and the plane AA,C,C is 7B,AM. We designate |AB| = @ 
and then have |AA,| =a as well, and |AB,| =aYV 2. 
The altitude B,M of the regular triangle A,B,C, is equal 


to a 3/2. In the right triangle B,AM we have 
sin B,AM =|B,M\\|AB,| = V 6/4, 
Z.B,AM = arcsin (V 6/4). 
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Answer: arcsin (V 6/4). & 

Remark. It would be incorrect to take the angle B,AA, as 
the angle between the line AB, and the plane AA,C,C 
(l‘ig. 140). The line AA, is not an orthogonal projection of 
the line AB, onto the plane AA,C,C, and the angle B,AA,, 
oqual to 1/4, is not the angle between that line and the 
plane. 

The method of coordinates can also be used to find the 
angle between a line and a plane. 


Fig. 144 


Suppose a Cartesian system of coordinates has been intro- 
duced in space and assume that the plane «a is defined by the 
equation (see 7.8 in Part 1) 


ax + by+cez+d=0, (1) 


and two points A, (xz; y,; 2,) and A, (z.; y,; 2.) are given 
on the line a. The angle between the line a and the plane «a 
is designated as Q. 

Let us consider two vectors 


_—_- 
n = (a; 6; c) and 1 = A,A, = (%, — 43 Yo — 13 2, — %)- 


The angle @ is defined by the following formula: 


in = 
oe = aor |. 


(2) 


Indeed, the vector n = (a; b; c) is perpendicular to the 
plane a defined by equation (1) and, therefore, designating 


i 
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“~~ 
1 = (n, 1), we have 


if 0<y<4, then p=%—y (Fig. 1410); 


if + <t<a, then p=y—- (Fig. 1410). 


In both.cases we have sin g = |cosp|. This and the fact 
that cos p= yield formula (2). 

In problems on deriving equations of a plane use is often 
made of the fact that 

the equation of any plane passing through the point 
M (x03 Yo} 29) can be written in the form 


a (x — 2) + b(y — Yo) te (2 — 2%) = 0. (3) 


Problem 3. In the regular quadrangular prism the ratio 


between the lengths of the lateral edge and the side of the 
base is equal to 2. Find the 


angle between the diagonal 
BD, of the prism (Fig. 142) 
and the plane BC,D. 

A. We introduce a system 
of coordinates as shown in 
Fig. 142*. If we designate the 
side of the base of the prism 
as s, the length of the lateral 
edge will be 2s. Then we find 
the coordinates of the points 
B, C,, D, and D,: B (s; s; 9), 

Fig. 142 C, (0; s; 2s), D(O; 0; 0), and 

D, (0; 0; 2s). The plane BC,D 

passes through the point D(Q; 0; 0) and, therefore, in accor- 

dance with equation (3), its equation is of the form az + 

by + cz = QO. Substituting here the coordinates of the points 
B and C,, we get a system 


| as-+- bs=0Q, 


bs + 2cs= 0. 


* For the sake of simplicity, we shall not always show the basis 
(i; j; k) in the figure featuring the Cartesian system of coordinates, 
indicating only the positive direction of the axes. 
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whonce we find that a = 2c, b = —2c. This means that the 
oquation of the plane BC,D has the form 


2cxr — 2cy +cz = 0. 
‘Taking into account that c = 0 (otherwise the three coeffi- 
cients would vanish) and cancelling, we obtain an equation 
2x —2y+2z2=0. 


‘Thus, the vector n, perpendicular to the plane BC,D, has 
the coordinates (2; —2; 1). We find the coordinates (p; q; r) 


of the vector 1 = BD: p=O0-—-s=-—s, g=0-—s=-—-S, 
r 2s — 0 = 2s. Then we make the calculations: 
I-n = (—s)-2 + (—s)-(—2) + 2s-4 = 2s, 
In] -=VW44+441=3, |1]]=Vs?+s?+ 4s2?=/6 s. 
Designating as m the angle between the line BD, and the 
plane BCD, we find, by formula (2), that 
Jl-n| — 2 2  Y6 
In|-tl] 3.-f6es 376 9 ’ 
@ = arcsin (V 6/9). aA 


sing = 


8.4. The Distance Between a Point and a Plane. 
Distances Between Lines and Planes 


I.et us recall the definition of the distance between solids: 
the least distance between the points one of which belongs 
(o the solid ®, and the other to the solid @, is said to be the 
distance between the solids DM, and Q,. 

If the point does not belong to the plane, then the distance 
from the point to the plane is known to be equal to the length 
of the perpendicular dropped from the point to the plane. 
If the point belongs to the plane, then the distance between 
(hem is zero. Earlier in this chapter we have come across 
n problem on finding the distance between a point and 
u plane (Problem 5 in 8.1). Let us now discuss other methods 
of finding that distance. 

If we know the volume V of the pyramid and the area Q 
of its base, then the altitude H of the pyramid can be found 
from the formula 


H = 3v/0. 
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This altitude is nothing other than the distance from the 
vertex of the pyramid to the plane of its base. 


Problem 1. The area of the lateral surface and the volume 
of a regular quadrangular pyramid are S and V respectively. 
Find the distance from the vertex of the base to the plane 
of the lateral face not containing that vertex. 

A. We seek the distance from the vertex B to the plane 
SCD (Fig. 143). Let us consider the pyramid SBCD. That 


Fig. 143 Fig. 144 


pyramid and the pyramid SABCD have a common altitude 
emanating from the vertex S, and the area of its base BCD 
is half that of the square ABCD. This means that if we des- 
ignate ee volume of this pyramid as V,, then we have 
V, = V/2. 

We assume the face SCD to be the base of the pyramid 
SBCD. The area of that face is evidently equal to S/4. 
The altitude of the pyramid SBCD, dropped from the ver- 
tex B, is equal to the distance from the point B to the 
plane SCD. We designate it as d. Then we have V, = 


a ce, fas tes, cat 4 
3'75:-d=, S-d. Bearing in mind that V, => V, we 


find that d = 6V/S. Evidently, the result does not depend 
on the choice of the vertex of the base and the plane of the 
lateral face not containing that vertex. 

Answer: 6V/S. z& 

To find the distance between a point and a plane, use can 
also be made of the method of coordinates. namely, 
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the distance p from the point M, (x93 Yo; 20) to the plane 
defined by the equation ax + by + cz +d = 0 can be found 
by the formula 


_ | azotbygteatd | (1) 
Vator 


(Problem 7 in Section I of the present chapter). 

Problem 2. In a regular triangular prism shown in Fig. 144 
| AB! = 4 cm and |AA,| =3cm. Find the distance from 
the vertex C, to the plane ADB, where D is the midpoint 
of the edge A,C\. 

/A, We introduce the Cartesian system of coordinates as 
shown in Fig. 144. The z-axis of this system and the median 
/3\1 of the triangle ABC lie in the plane of the base and are 
perpendicular to the line AC. Therefore, the z-axis is parallel 
(o the line BM. Note that the hatched part ADB of the 
plane is not a section of the prism. We find the coordinates 
of the points A, B, D, and C,: A (0; 0; 0), B (2 V3; 2; 0), 
/) (O; 2; 3), and C, (0; 4; 3). Proceeding from the known coor- 
dinates of the points A, B, and D, we find the equation 
of the plane ADB as it was done in Problem 3 of 8.3 and get 


V 32 — 3y + 22 = 0. 


‘The distance p from the point C, (0; 4; 3) to that plane can 
be found by formula (1): 


_ | V3-0— 3-412-3 | _6 3 
pe V8944 ar 


Answer: 3/2 cm. A 

Problems on finding the distances between a line anda 
plane parallel to it and between parallel planes reduce to 
finding the distance between a point and a plane. This fol- 
lows from the two assertions cited below: 

the distance between a line and a plane parallel to it is 
equal to the distance from an arbitrary point of that line to 
the given plane; 

the distance between two parallel planes is equal to the dis- 
tance from an arbitrary point of one plane to the other plane. 

Let us prove the first assertion (Fig. 145a). The second 
assertion can be proved by analogy (Fig. 145d). 
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O Assume alla, ag a (if aca, then the distance 
between them is evidently zero). Suppose that A is an arbit- 
rary point of the linea, [AA,] _ @ (Fig. 145a). It is required 
to prove that the distance between a and a is|AA,|. We 
draw a plane f through the line a and the point A, and have 
B | a. Assume a, = B f] a, then a, || a. We take arbitrary 
points M€a and N €a, and draw a perpendicular MM, 
in the plane f to the line a,. Then, evidently, |MM,|= 
|AA,|. Besides, [MM,] | a (since B | @) and, hence, 


Fig. 145 


| MN|>|MM, |. From this it follows that |MN|> 
|AA,|. Thus, |AA,] is the least among the distances be- 
tween the points of the line @ and the plane a, i.e. |AA,| 
is the distance between these figures. ™ 

Problem 3. The altitude of the regular quadrangular pyra- 
mid SABCD and the side of its base are equal to a. Find 
the distance between the line AB and the plane SCD. 

A Let us draw a plane through the vertex S of the pyramid 
and the midpoints M and N of the edges AB and CD 
(Fig. 146). This plane is perpendicular to the plane SCD. 
The perpendicular MP to the line SN is also a perpendicular 
to the plane SCD. Its length is precisely equal to the dis- 
tance between the line AB and the plane SCD. The alti- 
tude SO of the pyramid and the segment MP are the alti- 
tudes of the triangle SMN. In that triangle we have: 
IMN| =a, |SO|=a, |SN| =V{SOP+|ONP = 
a* +2 a. The area of the triangle SMW is equal 


to + | MN|-| SO} on one hand, and to > |SN|-| MPI, 


e 9 
on the other. Hence we find that | W@P|= ae ee 


Answer: 2a/V5. A 
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Problem 4. In the cube ABCDA,B,C,D, find the distance 
between the planes AB,D, and BDC, if |AB| =a. 

A The diagonal A,C (Fig. 147) of the cube is perpendicular 
to the planes AB,D, and BDC, (the consequence of Problem 3 
of 8.1). It follows from the result of Problem 3 in 7.2 that 
the planes AB,D and BDC, divide the diagonal A,C into 
three congruent segments, that is, if M and WN are the points 


S 
A, ZW 
c \\ 
A < / ; 


Fig. 146 


of intersection of the diagonal A,C with those planes, ther 
|4,M| =|MN|=|NC|=|A,C|. The length of 


the segment MN is equal to the distance between the planes 
AB,D, and BDC,. Since |A,C| = V 3a, it follows that 


iuni= Va. 


Answer:a V 3/3. & 
The distance between skew lines is known to be equal to 
the length of their common perpendicular. 


Problem 5. In the tetrahedron ABCD the edges AB and 
CD are a in length, the other edges are b in length. Find 
the distance between the lines AB and CD. 

A Assume that M and WN are the midpoints of the edges. 
AB and CD (Fig. 148). In the isosceles triangles ABC and 


ABD we find|CM| =|DM| = Ve — ©. The triangle 


CMD is isosceles and, therefore, [MN] | (CD). Similarly 
we establish that the triangle ANB is isosceles (|AN| = 
|VB|), and, therefore, [MN] | (AB). This means that MN 
is the common perpendicular of the lines AB and CD. 
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From the triangle CMN we find that |MN| = 
V (CMP CNP = eS. 


OS 


Answer: / —>. A 


(2) 


Fig. 150 


Corollary. Jn a regular tetrahedron with an edge a the seg- 
ments connecting the midpoints of the skew edges are the common 
perpendiculars to those edges and the length of each segment 
is equal to alV 2. 

To find the distance between skew lines, it is not necessary 
to construct their common perpendicular. Two skew lines 
can always be drawn in two parallel planes. A scheme of con- 
structing one of these planes (through the line b) is shown 
in Fig. 149: B is an arbitrary point of the line b, a, || a, 
a, (\ 6= 8B,bca,a, ca. The distance between the lines 
a and b is equal to that between any point of the line a and 
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(liv plane a. It is also possible to draw a plane B, parallel 
to the plane a, through the line a. The distance between 
(liv planes a and B is equal to the distance between the 
lines a and. Ob. 

Problem 6. In the regular triangular prism shownin 
Mig. 150a |AB] = 4cm, |AA,] = 3 cm. Find the distance 
hetween the lines AB and C,M, where M is the midpoint 
of the edge AC. 

/. We draw a line, parallel to the line C,M, through the 
point A of the plane AA,C,C. It is clear that it passes 
through the midpoint D of the edge A,C, (Fig. 150b). The 
plane ADB passes through the line AB parallel to the line 
(',Al. The distance between the lines AB and C,M is equal 
to the distance between some point of the line C,M and the 
plune ADB. We found the distance from the point C, to 
the plane ADB in Problem 2 of this section, it is equal to 
O72 oem. 


Answer: 3/2 cm. & 


8.5. A Dihedral Angle. The Angle Between Planes. 
A Bisector. A Trihedral Angle 


A measure of a dihedral angle is a measure of one of its 
plane angles. A plane angle is a section of a dihedral angle 
formed by some plane perpendicular to an edge. The sides 
of a plane angle are perpendicular to the edge of the dihedral 
angle. To find a dihedral angle, it is good practice to con- 
struct its plane angle and to find its magnitude. 

Problem 1. Find the edge dihedral angle of a regular tetra- 
ledron. 

/A, We find the dihedral angle at the edge AB (Fig. 151). 
Suppose that DO is the altitude of the tetrahedron and DM 
is the altitude of the face ABD. Then MO is the projection 
of DM onto the plane ABC and, consequently, [MO] | [AB] 
us well. This means that “7 DMO is a plane dihedral angle 
at. the edge AB. We designate the length of the edge of the 
tetrahedron as a and, then, | DM| = a V 3/2. The point O 
is the centre of the face ABC and, therefore, |MO| = 
a V 3/6. From the right triangle D MO wefind thatcos DMO = 
| MO|/| DM| = 1/3. Hence, the dihedral angle at the 
edge AB is equal to arccos (1/3). The dihedral angles at 
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the other edges of a regular tetrahedral have the same 
magnitude. 

Answer: arccos (1/3). A 

Problem 2. All the edges of the regular quadrangular pyra- 
mid SABCD are of the same length. Find the dihedral angle 
between the faces SBC and SAD. 

A. The plane SBC passes through the line BC which is 
parallel to the plane SAD ((BC) || (AD), Fig. 152). There- 
fore, the line of intersection of the planes SBC and SAD 


Fig. 154 Fig. 152 


is a straight line /, which passes through the point S parallel 
to the line BC. The line J is the edge of the dihedral angle 
which we have to find. Suppose M and N are the midpoints 
of the edges AD and BC respectively. The plane SMN 
is perpendicular to the edge /. Indeed, (BC) _| (MN) and 
(BC) 1 (SN) and, hence, (BC) _| (SMN). But 1 || (BC) 
and, consequently, 27 | (SMWN) as well. It follows from this 
that “7 MSN is a plane dihedral angle between the faces 
SBC and SAD. We designate the length of the edge of the 
pyramid as a and assume that SO is the altitude of the pyra- 
mid. We also introduce the designation ~MSN = a. 
In the isosceles triangle MSN we have |MN| =a, 
|MS| = |NS| = aV 3/2, |ON| = a/2. Hence it follows 
that sin (a/2) = |ON|/|SN| = 1/V 3. Now we find that 
cos a = 1 — 2 sin? (a/2) = 1/3, a@ = arccos (1/3). 

Answer: arccos (1/3). A 

Two intersecting planes form four dihedral angles. If the 
angles are congruent, then the planes are said to be perpen- 
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dicular and the angle between them is x/2. Now if the 
planes are not perpendicular, then the smaller of the magni- 
tudes of the dihedral angles formed by them is taken as the angle 
deftween them. Thus, the angle between planes is in the limits 
botween OQ and x/2. 


Problem 3. In the regular hexagonal pyramid SABCDEF 


the ratio of the altitude to the length of the side of the base 
in | 6:4. Find the angle 
hetwoen the planes SBC and 5 
SDE, 
A. We Construct the line VA : 
of intersection of the planes LAF 


SRC and SDE, the line SM 
(lip. 153, WM = (BC) 1) (ED)). 
‘lo find the dihedral angle 
with the faces BSM and ESM, 
wo first construct its plane 
angele, 

Suppose O is the centre of 
(he base of the pyramid. The 
point O is the midpoint of the 
dingonal BE, and, since the 
triangle BME is regular, we have (MO) | (BE). The line 
MQ is the projection of the line SM onto the plane of the 
lase (SO is a perpendicular to that plane), and, therefore, 
(SAT) 1 (BE) as well. Assume that ON is an altitude in the 
triangle SOM. Then, from the fact that (SM) | (ON) and 
(SM) 1 (BE) it follows that (SM) | (BNE), that is, the 
angle BNE is the plane dihedral angle BSME. Let us find 
the angle BNE. 

We designate the length of the side of the base of the pyra- 
mid as a. Then, |BE| =|BM| =|EM|= 2a and, 
hence, |MO| =aYV3. From the right triangle SOM we 
find that{|SM| = V|SO|? + |OM|? = av Dg. Next we 
find that |ON| = ee = TF It is clear from the 
symmetry about the plane SOM that if 7 BNE = q@ then 
/ BNO = Q/2. From the triangle BON we have tan (q/2) = 
| BO||ON| = V3, whence @ = 2n/3. This is the magni- 
tude of the dihedral angle BSME. Since m > x/2, the angle 


iT 
Hl 
08 


Fig. 153 
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between the planes BSC and ESD is equal ton — g = n/3. 
Answer: 1/3. A 
The method of coordinates can also be used to find the 
angle between planes. 
Assume that the planes are defined by the equations 


axz+ by +e2z2+d, =0, 
a,x + bey + coz +d, = 0. 
We designate the angle between the planes as ~. Then 
(7.8 in Part 1) 
| My-De | 
| my |-|n,]? 


where n, = (a,; 5,; c,) and ng = (a,; 0; Ce). 


cos @ = 


Fig. 104 


Problem 4. Points FE, F, and M in the cube shown in 
Fig. 154 are the midpoints of the edges AA,, AB, and CC, 
respectively. Find the angle between the planes EFD and 
A,D,M. 

A We introduce the Cartesian system of coordinates as 
shown in Fig. 154. Designating the length of the edge of the 
cube as a, we find the coordinates of the points: D (0; 0; 0), 
E (a; 0; a/2), F (a; a/2; 0), A, (a; 0; a), D, (0; 0; a), and 
M (0; a; a/2). From the known coordinates of the points 
we find the equation of the plane EFD: 


z—2y—2z=0, 
and the equation of the plane A,D,M: 
y + 22 — 2a =0 
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(the latched part of the plane A,D,M in Fig. 154 is not. 
wnoction of the cube). The vector n, = (1; —2; —2) is per- 
pondicular to the plane EFD and the vector n, = (0; 1; 2). 
in porpondicular to the plane A,D,M. We find the angle qg.- 
hoatwoon these planes: 


von —bMeBal 102422 2 


@ =arccos(2/V 5). A 

‘Tho bisector of a dihedral angle is a half-plane dividing 
it into two equal dihedral angles. 

‘The boundary of the bisector is the edge of the dihedral 
Tae 

There is a bisector for any dihedral angle. This is how it 
‘au be constructed: we construct any plane angle of 
(li yiven dihedral angle 
(Nip. 155); then we construct 
(lhe lisector of that plane 
wtiyle. ‘The half-plane defined 


hy the odge of the dihedral 
niytle ound = that bisector is . 
procinoly the bisector of the oa 
piven dihedral angle. Let us 
prove: this. 

(| The plane of the angle Fig. 155 


wh (Mig. 155) is perpendicular 
tv the common edge 2 of the dihedral angles al5 and Sif. 
Thin means that the angles aOc and cOb are plane angles of 
(hose dihedral angles. But c is the bisector of the angle aQb, 
therefore, “ aOc = 7.cOb. This means that the dihedral 
vuples al6 and 6B are equal, that is, 5 is the bisector of 
the dihedral angle alB. H 

lt. is also easy to see that the bisector of a dihedral angle 
cuts overy plane angle of that dihedral angle along its bisec- 
tor. In other words, 

the bisector of every plane angle belongs to the bisector of the 
Kitven dihedral angle. 

‘he bisector of a dihedral angle possesses a number of 
propertios similar to those of the bisector of a plane angle. 

Problem 5. Prove that the bisector of a dihedral angle is 
(ly sot of points of that angle equidistant from the planes 
of its faces. 
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A We designate by X the set of points of the dihedral 
angle equidistant from the planes of its faces, and by 6 
the bisector of the dihedral angle. | 

Let us prove that every point of the set X belongs to the 
bisector, i.e. X c 6. We shall first note the fact that the 
edge / of the dihedral angle (Fig. 156a) belongs both to the 
set X and to the bisector 6. There are, evidently, no points 
belonging to the set X in the faces of the angle outside the 
edge /. Let us now consider the interior points of the dihedral 


Fig. 156 


angle. Assume M € X. We draw a plane y through the point 
M at right angles to the edge J (Fig. 156a). The section of 
the dihedral angle is its plane angle aOb. Sunpose MM, 
and MM, are perpendiculars to the lines containing the 
rays a and b. Then, MM, and MM, are perpendiculars to 
the planes of the faces of the angle and, hence, |MM,| = 
|MM,| since Me€EX. This means that the point YM of the 
angle aOb is equidistant from the lines which contain its 
sides. It is known from plane geometry that in this case 
the point belongs to the bisector of the angle aOb. But 
then, together with the bisector of this angle, it belongs 
to the bisector 6. Thus we have proved that X c 6. 

Remark. The plane dihedral angle is less than a straight 
angle. As we have proved, OM is the bisector of the plane 
angle aOb, therefore, the ray OM forms acute angles with 
the rays a and b. Hence it follows that the feet of the per- 
pendiculars MM, and MM, lie on the rays a and b respec- 
tively. Figure 156a takes account of this fact. 

Let us prove that every point of the bisector belongs to 
the set X, i.e. 5 c X. As was noted, the points of the edge / 
belong both to the bisector and to the set X. Assume that M 
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in an arbitrary point of the bisector and does not belong 
(o the edge. We again draw the plane y through the point M 
al right angles to the edge / and obtain a plane angle aOb 
in the section (Fig. 1560). As we have established above, 
the bisector of the dihedral angle cuts this plane angle along 
it bisector. This means that the point M belongs to the 


liye. 157 Fig. 158 


binector of the angle aOb and is, therefore, equidistant 
lrom the lines containing those sides, i.e. |MM,| = 
| A AT,|. The perpendiculars MM, and MM, to the sides 
of the angle are also the perpendiculars to the planes of 
(lhe faces of the dihedral angle since the plane y is per- 
pondicular to those planes. The point M is, therefore, equi- 
distant from the planes of the dihedral angle too, i.e. 
Mi( X. It follows that 6c X. 

We have thus proved that X c 6 and 6c X. This means 
that 6 = X, and that is what we had to prove. & 

A trihedral angle is the simplest of polyhedral angles. 
The following magnitudes are most often used to describe 
uw (rihodral angle: the magnitudes of its three plane angles, 


whieh are the faces (Fig. 157) ASB, BSC, and CSA, and the 
mupnitudes of ils three dihedral angles at the edges SA, 
S7t, and SC. These six magnitudes are interrelated. For 
instance, the dihedral angles can be found from the known 
plane angeles. 


Heceall that for a, trihedral angle with the plane angles a, 
(', und y to exist, if is necessary and sufficient that two con- 
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ditions be fulfilled: 
a+tp+y< 360° and |B—y|<a<B+ y. 


If even one of these conditions is not fulfilled, then the tri- 
hedral angle with the given plane angles does not exist (see 
Ch. 2, Problem 6 in Section [). 

Problem 6. The plane angles ASB, ASC and the dihedral 
angle at the edge SA in the trihedral angle SABC are 60°. 
Find the angle BSC. 


Fig. -159 


A. Let us take a point M =< S on the edge SA and draw 
[MN] 1 [SA] and [MP] 1 [SA) (Fig. 158). We designate 
|SM| =a. From the right triangles SMN and SMP 
we find: |MN| = |MP| =aV3,|SN| = |SP| = 2a. 
The angle VAP is the plane angle of the dihedral angle at 
the edge SA, therefore, ~NMP = 60°. Now in the triangle 
MNP we find that |NP| = a 3. By the cosine law, we 
find in the triangle SNP that 

: tp ISN [2+] SP|2?—-| NPI? 5 
cos NSP = ———“S aa sPL => 
whence “ VSP = arccos (5/8). A 

Problem 7. Prove that the bisectors of the dihedral angles 

of a trihedral angle intersect along the same ray. 
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A Let us consider two bisectors, say, B, and B, (Fig. 159). 
Their intersection is a rav with vertex S; we designate it 
as 1. ‘Suppose A is an arbitrary point of the ray 1, A ~~ S. 
We drop perpendiculars AA,, AA,, and AAs to the planes 
of the faces of the angle. Since A € B,, we have |AA,| = 
|4A,| and, besides, |AA,|=|]AA,| since A E€f,. This 
means that |AA,|=|AA;,|, that is, the point A is equi- 
distant from the planes of the 
faces NSP and MSP. Hence 
it follows that the point A 
belongs to the bisector of 
the dihedral angle at the edge 
SP. Since A is an arbitrary 
point of the ray J, the whole 
ray belongs to the bisector. 
Thus it follows that the three 
hisectors intersect in the inte- 
rior of the trihedral angle 
nlong the same ray. A 

[tis known from plane geom- 
etry that the bisectors of the Fig. 160 
angles of a triangle meet at 
one point. The bisectors of the dihedral angles of a tetra- 
hedron possess a similar property. 

Problem 8. Prove that the bisectors of the dihedral angles 
of a tetrahedron meet at one point in the interior of the 
tetrahedron. 

A Suppose / is a ray which is the line of intersection of 
the bisectors of the trihedral angle at the vertex A, and M 
is the point of intersection of that ray and the face BCD 
(fig. 160). The end points of the line segment AM belong 
lo different faces of the dihedral angle at the edge BC and, 
therefore, the bisector of that angle cuts the segment AM. 
We designate the point of intersection as O. 

The point O belongs to the ray / and, consequently, it is 
equidistant from the planes ABC, ABD, and ACD. At the 
yume time, the distances from the point O to the planes ABC 
and BCD are equal since that point belongs to the bisector 
of the dihedral angle at the edge BC. Thus we see that the 
point O is equidistant from the planes of all the faces, that 
in, it belongs to the bisectors of all the dihedral angles of the 
lotrahedron. & 


1K * 
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8.6. Calculating the Volumes of Polyhedra 
and Their Parts 


Problem 1. A section A,B,C, is drawn in the triangular 
pyramid SABC parallel tothe base so that!SA,|/|SA| = 
k. Prove that if V, and V are the volumes of the pyramids 
SA,B,C, and SABC respectively, then 


V, = kV. 


A Let us consider a homothetic transformation with 
centre S and ratio k. The triangle A,B,C, (Fig. 164) is the 


Fig. 164 Fig. 162 


image of the triangle ABC under this transformation since 
[ISB | SB| = {SC,|SC| = |SA,|/| SA| =k. | Consequ- 
ently, S4.si.c, = PSapc. Suppose SO is the altitude 
of the pyramid SABC, O, = [SO] (9 (A,B,C,). Then, SO, 
is the altitude of the pyramid SA,B,C, and |SO,| = 
A} |SO|. Hence it follows that 


Vi=4 1804] Saumnc,= ky |SO|-Sanc= BV, 


and that is what we bad to prove. A&A 

Remark. (1) If we consider an arbitrary polygonal pyra- 
mid, we shall evidently get the same result since it can be 
represented as a union of several triangular pyramids 
(Fig. 162). 

(2) Using the resuJt. obtained in Problem 1, it is easy to 
derive a formula for the volume of a truncated pyramid: 


=H (S,+-V 5,8, +5,), 
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where // is the altitude of the truncated pyramid and S, 
and S, are the areas of its bases. 

In calculating the volume of a prism, besides the formula 
V H-Q, where # is the altitude of the prism and Q is the 
area of its base, use is also made of the formula V = 1-S, 


Fig. 163 Fig. 164 


where / is the length of the lateral edge and S is the area 
of the perpendicular section of the prism. 


Problem 2. The volume of the triangular prism ABCA,B,C, 
is V. Points M and WN are located on the edges BB, and CC, 
respectively, so that |BM|/| BB,| = m, |CN|/CC,| = 
n. Find the volume of the polyhedron ABCA,MN (a trun- 
cated prism). 

A Assume that A,B,C, is a perpendicular section of the 
prism (Fig. 163) and A.D is the altitude of that section. 
Wo designate |AA,| = 1, |B,C,| =a, |A.D| =h and 
have |BM| = ml, |CN|=nl, |B,M| = (1 — m)l, 
|C,N| = (4 —n)l. Let us find the volume of the pyramid 
A,B,C\NM. Its base is the trapezoid B,C,NM. The altitude 
of the trapezoid is, evidently, equal to |B,C,|, i.e. to a. 
Wo find the area of the trapezoid: 


1 Se 
Str oe ee (|]B,M| + |C,N|)-a= -—B— al. 


Note that the segment A,D is perpendicular to the plane 
BB.C,C and, therefore, the altitude of the pyramid 


278 8. SOLID GEOMETRY (PART 2) 


A,B,C,NM drawn from the vertex A, is equal to|A,D| = 
h. Hence it follows that if V, is the volume of the pyramid, 


then Vj = ZhSy, = 2 (2 —m —n) lah. 
Next we find the area of the perpendicular section of the 
prism: S = + ah. This means that the volume of the whole 


prism can be expressed by the formula V = = lah. Compar- 


ing the expressions for V, and V, we see that V, = = (2 — 
m —n) V. Then we find the volume V, of the polyhedron 
ABCA,MN: V, = V—V, =-t2t* vig 

To find the volume of a polyhedron, use is often made 
of the complement of that polyhedron to a pyramid or 
a prism or a partitioning into those figures. 


Problem 3. A section is drawn in the triangular prism 
ABCA,B,C, through the vertex A and the midpoints of the 
edges BB, and B,C,. Find the ratio of the volumes of the 
parts into which the section divides the prism. 

A Weconstruct the section. Assume that M and WN are the 
midpoints of the edges BB, and B,C, (Fig. 164). We find 
the points S = (MN) f\ (CC,) and P = (SA) {) (A,C,). 
The section is a quadrangle AMNP. 

We designate the volume of the prism as V and the vol- 
ume of the part containing the edge CC, as V,. The tech- 
nique of constructing the section suggests the way of express- 
ing V, in terms of V. We construct a point LZ = (MN) 
(BC). To find V,, we must subtract the volumes of the pyra- 
mids SPNC, and MALB from that of the pyramid SALC. And 
those volumes are easy to express in terms of the volume 
of the prism. 

We designate the altitude of the prism as H, the area of 
the base as Q, and the volumes of the pyramids SALC, 
SPNC,, and MALB as V,., V3, and V, respectively. 

M and N being the midpoints of the edges, we have 


|BL| = + |BC| and |CL| = +|BC|. Hence it follows 
that S,rc = = Q. Furthermore, |SC,| = 5 1cC,| and 


|SC| = 2 1CCy). This means that the altitude of the 
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pyramid SALC is equal to> H. We find V, = 4-5 HX 
Sanco = [HQ, ie. V, =+V. The pyramid SPNC, is 
homothetic tu the pyramid SALC, with the ratio k = 


(|SC,|{SC| = 1/3), whence it follows that V; 


k*V, = a V. M being the midpoint of the edge BB, the 
altitude of the pyramid MALS is equal to oH, and the 
fact that |BL| = [BC] yields Sar,=-4Q. This 


means that Vz= 4+ 3H-5Q =_ H-Q=q V. Then we 


find V, = V;— V3 — Vy = $V. The volume of the cut-off 


part of the prism containing 
the edge AA, is equal to 
V —V, = 13/36 and the ratio 
hetween the volumes of the 
parts is 13/23. ~ 


8.7. Problems on 
Combinations of Polyhedra 


Problem 1. The side of the 
base of aregular quadrangular 
pyramid is @ in length, and 
the altitude of the pyramid is 
h A cube is inscribed into the 
pyramid so that its four ver- 
tices belong to the base of the 
pyramid and the other four 
vertices lie in the lateral faces, and four edges of the cube 
are parallel to the diagonal of the base of the pyramid. 
ind the length of the edge of the cube. 

A Suppose four edges of the cube are parallel to the diag- 
onal AC (Fig. 165) of the base of the pyramid. We designate 
them as MN, PQ, M,N,, and P,Q,, and the required length 
of the edge of the cube we designate as b. 

Let us consider the section of the pyramid formed by the 
plane of the upper base of the cube (A,B,C,D, in Fig. 165). 
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It is a square, the edges M,N, and P,Q, of the cube are 
parallel to its diagonal A,C,. Consequently, 7~N,M,B, = 
m/4, and from this we infer that 7Q,M,A, = n/4 as well, 
that is, the right triangle M,A,Q, is isosceles. Moreover, the 
triangles M,B,N, and M,A,Q, are congruent since their 
hypotenuses are congruent, |M,N,| = |M,Q,| = 6. This 
means that |B,M,| =|A,™M,|. Hence it follows that 
= |M,N,| = |A1C,|/2 

Let us now make use of the fact that the distance between 
the planes A,B,C,D, and ABCD is equal to b. Suppose SO 
is an altitude of the pyramid, O, = [SO] (| (A,B,C,D,). We 
have |OO,| = b, |SO,| = h — b, 50,1 SO| = 
(h — b)/h. Hence it follows that |A,C, AC] = (h — b) Ih. 
Taking into account that|A,C,|—= 2b, |AC| =aV2Q, we 
obtain 2b/a V2 = (h — b)/h, whence we find that b = 
hal(a + VY 2h). 

Note that we have reasoned and calculated assuming that 
the positions of the pyramid and the cube indicated in the 
hypothesis are possible. It follows from the solution that 
the cube can be inscribed into the given pyramid as required. 
Indeed, let us draw a section of the pyramid, parallel to its 


base, through the point A, of the edge SA, such that ea = 


V2h bie os ; 
a It is easy to prove that the midpoints of the sides 
of the section and the feet of the perpendiculars dropped from 
them to the plane of the base of the pyramid are the vertices 
of the cube satisfying the hypothesis. It also follows from 
the solution carried out that there is only one cube of this 
kind. 

Answer: ahl(a+ VY 2h). A 

While solving the problem, we have made use of the 
section of one of the given polyhedra formed by the plane 
of the face of the other. It is sometimes useful to consider 
such sections in problems where one polyhedron is inscribed 
into the other. Let us now discuss a problem where such 
sections are of no use. 

Problem 2. The side of the base of the regular triangular 
prism ABCA,B,C, is a in length. Two edges of a regular 
tetrahedron lie on the straight lines A,B and B,C. Find 
the length of the edge of that tetrahedron. 
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/\ The lines A,B and B,C evidently contain the skew 
odges of the tetrahedron. But such edges are perpendicular 
in a regular tetrahedron (Problem 2 in 7.4), consequently, the 
lines A,B and B,C must be perpendicular. This condition 
will allow us to find the length / of the lateral edge of the 
prism. 

lt is also known that the common perpendicular of the 


skew edges of a regular tetrahedron is b// 2 in length, where 


(2) 


Fig. 166 


b is the length of the edge of the tetrahedron (consequence 
of Problem 5 in 8.4). This means that if d is the distance be- 
tween the lines A,B and B,C, then b = dV 2. 

Let us find the length J of the lateral edge of the prism 
from the condition indicated above. We project the diagonal 
},C onto the plane AA,B,B. Its projection is the line B,M 
(Fig. 166a), where M is the midpoint of the edge AB. The 
fact that (B,C) | (A,B) yields (B,M) 1 (A,B). In that 
case the right triangles MB,B and A,BA are similar and, 
therefore, |BB,|//[AB| =|MB\|/|AA,|, whence it _ fol- 
lows that 1? = a#/2, 1 = a/V 2. 

Let us determine the distance d between the lines A,B 
and B,C. We draw [B,D] || [4,8] (Fig. 166b). The desired 
distance is equal to the distance from the point B to the 
plane DB,C, that is, to the altitude of the pyramid BDB,C 
drawn from the vertex B. Let us find the volume of the pyra- 
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mid taking the face DBC as its base; then we get V = 


a®/4 6. Taking now the face DA,C as the base of the pyra- 
mid, we obtain 


|DB,| = |BA,| =|B,C|=/ @+4+ aaa 2. 
The triangle DB,C is right-angled since (DB,) || (A,B) and 
(A,B) | (B,C). This means that 


3a2 
4 


1 , 
Spa.c= > |DB,|-| B,C| fe 


Substituting the values of V and Sp,z,c, into the formula 
y= = d-Snzg,c, we get d = a//6. In the final analysis 


we find that b = d/V2 = a/V3. 

It is clear that when the lateral edge of the prism has the 
length which we have found, then the regular tetrahedron 
can be positioned in the manner indicated in the hypothesis. 
The diagonals A,B and B,C will then be perpendicular. 


Laying off segments of the length b/2 = a/2 V3 on each 
of the lines A,B and B,C from the foot of their common per- 
pendicular, we get four points which are the vertices of the 
regular tetrahedron. 


Answer: alV 3. A 
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{. Prove that a plane perpendicular to each of the two intersecting 
planes is perpendicular to their line of intersection. 

2. Prove the equivalence of the following statements: 

(a) the lateral edges of a pyramid are equal in length; 

(b) the lateral edges of a pyramid make equal angles with the 
plane of the base; 

(c) a circle can be circumscribed about the base of a pyramid, the 
altitude of the pyramid passing through the centre of the circle. 

3. Prove that the planes perpendicular to the edges of a tetrahe- 
dron and passing through their midpoints meet at one point. 

4. The side of the base of the regular pyramid SABCD is a in 
length and the lateral edge is J in length. Construct a section ofthe pyra- 
mid perpendicular to the lateral edge SC and passing through its mid- 


point, and find the area of the section if (a) /= V2 a; (b) 2 = / 5. a. 


5. A section is drawn in the cube ABCDA,B,C,D, through the 
diagonal AD, of the face AA,D,D at right angles to the plane BC,D. 
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‘ind the ratio between the volumes of the parts of the cube into which 
it is divided by the section. 

6. The lateral edge SB of the regular quadrangular pyramid 
‘ABCD makes the angle 1/4 with the plane of the base. Find the angle 
hetween that edge and the plane SCD. 

7. Prove that the distance p from the point My, (z9; Yo; 29) to the 
plane a defined by the equation ax + by + cz + d = 0, can be cual- 
culated by the formula 
| ato tbyo+czy+d | 

V a+ 6? +c? 

&. Given the coordinates of the vertices of the base of the regular 
pyramid SABC: A(5; 1; —1), B(5; —2; 2), and C (2; —2; —1). The 
vertex S§ of the pyramid lies in the coordinate plane Oyz. Find the 
distance between the lines SB and AC. 

9. A straight line intersects the faces y, and y, of a dihedral angle 
ut points A and B respectively and makes an angle of x/6 with the 
plane of the face y, and an angle of arcsin 0.7 with the face y,. The 
dihedrai angle is equal to 1/3. Find the angle between the line AB 
and the edge of the dihedral angle. 

10. A section is drawn in the quadrangular pyramid SABCD, 
whose base is the parallelogram ABCD, through the edge AB and the 
midpoint M of the edge SC. Find the ratio between the volumes of 
the parts into which the section divides the pyramid. 

11. The volume of the tetrahedron is V. All the vertices of the 
parallelepiped lie on the surface of the tetrahedron, three faces of the 
parallelepiped belonging to three faces of the tetrahedron. Find the 
xreatest possible volume of such a parallelepiped. 


p 
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1. The points M(—1; 3; 2), N(1; 1; 3), and A(— 1; 2; 3) are given 
in the Cartesian space. Points B and C are taken on the line MN 
such that 7 BAC = 90° and ~ ABC = 30°. Find the coordinates of 
the points. 

2. Prove that a line and a plane, perpendicular to the same line, 
are parallel. 

3. Prove that if diagonals of the parallelepiped are equal in length, 
then the parallelepiped is rectangular. 

4. One of the diagonals of a rectangular parallelepiped is perpen- 
dicular to the plane drawn through the end points of three edges 
emanating from the same vertex as the diagonal. Prove that the paral- 
lelepiped is a cube. 

5. Prove that the altitudes of a regular tetrahedron meet at one 
point, which is its centre. 

6. Find the angles between the lines connecting the centre of the 
regular tetrahedron with its vertices. 

7. The base of the pyramid is a rhombus with the acute angle a. 
The length of the side of the base and of three lateral edges is equal to 
a. Find the length of the fourth lateral edge of the pyramid if it is 
known to be less than a. 
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8. The base of the pyramid SABC is a regular triangle ABC with 
the side a in length. The face SAB is perpendicular to the plane of the 
base, and the altitudes of the faces SAC and SBC drawn from the 


vertex S are equal to 5a and y 2a respectively. Find the altitude of 
the pyramid. 

9. In the pyramid SABC the angles ABC, SAB, and SCB are 
right angles and SH is the altitude of the pyramid. Express the vector 


— —> —- > 
SH in terms of the vectors SA, SB, and SC. 

10. The base of the pyramid SABCD is an isosceles trapezoid 
ABCD in which |AB| = |BC| =a _ and |AD| = 2a. The planes 
of the faces SAB and SCD are perpendicular to the plane of the base 
of the pyramid. Find the altitude of the pyramid if the altitude of 
the face SAD drawn from the vertex S is 2a. 

41. Prove the equivalence of the following statements: 

(a) the altitudes (or their extensions) of a tetrahedron meet at one 

oint; 
: (b) every two skew edges of a tetrahedron are perpendicular; 

(c) the foot of one of the altitudes of a tetrahedron is the point of 
intersection of the altitudes of the face; 

(d) the foot of every altitude of a tetrahedron is the point of in- 
tersection of the altitudes af the face to which that altitude is dropped. 

12. Prove the following fact: for the right angle to be the orthogo- 
nal projection of the right angle onto the plane, it is necessary and suf- 
ficient that one of the sides of the given angle should be parallel to 
the plane of the projection and the other side should not be perpendic- 
ular to that plane. 

3. The area of a regular triangle is S. Its orthogonal projection 
onto the plane is an isosceles triangle with the angle a at the vertex. 
Find the area of that projection if (a) a > 2/3; (b) a < n/3. 

14. The edge of the cube ABCDA,B,C,D, is a in length. Points 
P, K, and L are the midpoints of the edges AA,, A,D,, and B,C, 
respectively, and the point Q is the centre of the face CC,D,D. The 
line segment MN with its end points lying on the lines AD and KL 
cuts the line PQ and is perpendicular to it. Find the length of the 
segment. 

15. In the triangular prism ABCA,B,C, points M, N, and P are 
the midpoints of the sides AB, BC, and CA of the base ABC respec- 
tively. The line segments MC,, NA,, and PB, are pairwise perpen- 
dicular, and the lengthofeach of them is a. Find the volume of the 
prism. 

16. The plane angles at the vertex of the pyramid are right angles, 
Sy is the area of the base and S,, S,, and Sg are the areas oF the later- 
al faces. Prove that S? = S? + S2-+ $2. 

17. The edge of the regular tetrahedron ABCD is a in length. 
Find the area of the orthogonal projection of the tetrahedron onto the 
plane passing through the midpoints of the edges AB, BD, and DC. 

18. The base of the prism ABCA,B,C, is a regular triangle ABC 
the length of whose side is 2a. The orthogonal projection of the prism 
onto the plane of the base ABC is a trapezoid with a leg AB and the 
area twice that of the base. Find the altitude of the prism if |AB, |=: 
b (find all solutions). 
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19. In the cube ABCDA,8B,C,D, points F and F are the midpoints 
al the edges A,B, and C,D, respectively. Construct a perpendicular 
from the point F to the plane EBD and find its length if the edge of 
the cube is @ in length. 

2(). In the regular quadrangular prism ABCDA,B,C,D, the side of 
the base is @ in length. A straight line, perpendicular to the plane 
HA,D, is drawn through the point C,. Find the length of the segment 
of that line, lying in the interior of the prism, if the length of the 
luteral edge is equal to (a) a2, (b) a/2y 2. 

21. All the edges of the regular prism ABCA,B,C, are a in length. 
‘he straight line, perpendicular to the plane BA,C, cuts the lines BC, 
and AB, at points M and N respectively. Find the length of the seg- 
nent MN, (Hint. Express in vector form the condition of the perpen- 
icularity of the segment MN and the plane BA,C.) 

22. A section is drawn through the midpoint of the altitude of a 
regular quadrangular pyramid at right angles to the lateral edge. Find 
the area of the section if the lateral edge is a in length and the angle 
ase the lateral edges lying in the same face is equal to (a) 60°, 
(b) 120°. 

23. Under consideration are the sections of the cube formed by 
planes perpendicular to one of its diagonals. Determine the greatest 
possible area of the section if the edge of the cube is a in length. 

24. In the regular triangular prism ABCA,B,C, a section is drawn 
through the vertex B, at right angles to the diagonal CA, of the lateral 
fuce AA,C,C. Find the area of the section if (a) |AB| = |AA,| = a; 
(b) |AB] = 2a, |AA,| = a. 

25. The base of the pyramid SABCD is a rhombus ABCD with the 
side of length a and the acute angle a. The foot of the altitude of the 
pyramid is the centre of the rhombus ABCD. The planes of the faces 
SAB and SCD are perpendicular. Find the volume of the pyramid. 

26. In the regular hexagonal pyramid SABCDEF the angle between 
the apothem of the lateral face and its projection onto the plane of 
the base is equal to 2/3. Construct the section of the pyramid passing 
through the edge AB at right angles to the face SCD and determine in 
what ratio it divides the altitude of the pyramid. 

27. Three nonintersecting diagonals of the lateral faces of a trian- 
gular prism are perpendicular and each of them is a in length. Find 
the volume of the prism. 

28. Point M is the midpoint of the lateral edge AA, of the parallel- 
cpiped ABCDA,B,C,D,. Straight lines BD, MD,, and A,C are pair- 
Wise perpendicular. Find the altitude of the parallelepiped if| BD| = 


2a,-| BC| = =a, and |A,C| = 4a. 


29. Three planes are pairwise perpendicular, and a straight line 
tuakes angles @,, @2, and @3 with them. Prove that sin? @, + sin’, + 
sin? (py = 14. 

30) Line segments A A/ and AW are drawn from the point A of the 
plane on its both sides. Each segment is a in length and makes an 
angle @ with the plane. The angle between the projections of the seg- 
ments onto the plane is B. Determine the length of the segment MN. 

31. A line segment AB of kength a lies in a plane. A perpendicular 

AM and an inclined line BN are drawn from the points A and B to 
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the plane (on the same side of it), with |AM| = |BN| = Sa, 
|MN| = 2a, and ABN = 90°. Find the angle between the line 
MN and the plane. 

32. Find the angles between the line of intersection of the planes 


2x —y—z=0 and «—2y+2z2=0 


and (a) the coordinate axes, (b) the coordinate neal Oxy. 

33. The side of the base of the regular triangular prism ABCA,B,C, 
is a in length. D is the midpoint of the edge AB, and the point & lies 
on the edge A,C,. The line DE makes angles a and B with the planes 
ABC and AA,C,C respectively. Find the altitude of the prism. 

34. The side of the base of a regular triangular pyramid is a in 
leng: h, the angle between the apothem and the lateral face is equal to 
m/4. Determine the altitude of the pyramid. 

35. A plane is drawn in the regular tetrahedron ABCD through 
the vertex B parallel to the edge CD and making an angle of (a) m3, 
(b) arcsin 5/6, with the edge AD. In what ratio docs the plane divide 
the edge AD? 

36. The base of the rectangular parallelepiped ABCDA,B,C,D, 
is a square ABCD. Find the greatest possible magnitude of the angle 
between the line BD, and the plane BDC,. 

37. A plane cuts a line segment. Prove that it divides the segment 
in the ratio equal to the ratio between the distances from its ends to 
that plane. 

38. How many planes are there which are equidistant from four 
points not lying in the same plane? 

39. Calculate the distance from the point M(3; 1; —1) to the 
plane 22x — 4y — 20z — 45 = 0; and from the point N(4; 3; —2) 
to the plane 3x —y+5z+1= 0. 

40. Find the points on the z-axis which are equidistant from the 
planes z + 4y — 3z —2=0 and 5Br+2+ 8= 0. 

41. Given the coordinates of four vertices of the parallelepiped 
ABCDA,B,C,D,: A(4; 1; 1), B(3; 2; 0), C (3; 5; 0), and C, (3; 7; 2). 
Find the coordinates of the other vertices and the distance between 
the vertex A and the plane CDD,C,. 

42, In the pyramid SABC the edge SA is perpendicular to the 
plane ABC, |AC|=|CB|, and |AS| = |AB| =a. A plane is 
drawn through the ig Seren of the edge AC at right angles to the edge 
SB. Find the distance between the vertex C and that plane. 

43. The side of the base ABC of the regular pyramid SABC is a 
in length, and the lateral edge is b in length. At what distance from 
the line BC should the section of the pyramid be drawn, parallel to 
the edges BC and SA, for its area to be the greatest possible? __ 

44, The face AA,B,B of the prism ABCA,B,C, is perpendicular to 
its base ABC. The-altitude of the prism is equal to A, the area of the 
face AA,B,B is equal to the arca of the base of the prism. Find the 
distance between the point B and the piane CA,B,. 

45, In the regular pyramid SABCD the length of the common per- 
pendicular of the edges SA and BC is a, and its foot divides the seg- 
ment BC in the ratio 1:3. Determine the volume of the pyramid. 
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46. Given the vertices A(14; 2; 3), B(2; 3; 5), A,(3; 3; 4), and 
(', (4; 5; 5) of the parallelepiped ABCDA,B,C,D,. Find the distance 
botween the lines AD, and BC. 

47. ‘The volume of the tetrahedron ABCD is equal to 5 cu cm. 
A plane drawn through the midpoints of the edges AD and BC, at a 
dintunce of 4.cm from the vertex A cuts the edge CD at a point M so 
that |DAT|/|MC| = 2/3. Calculate the area of the section of the 
tetrahedron formed by that plane. 

AK. ‘The base of the pyramid SABCD is a rhombus ABCD with the 
nlde a and the acute angle BAD = 60°. The altitude of the pyramid is 


: a und ZSBA + 2 SBC = 180°. A point Mis taken on the edge SC 


atich that |CS| = 3|CM|. Find the distance between the lines DM 
and AC, 

4). In the pyramid SABC the common perpendicular to the lines 
AC and SB passes through the midpoint of the edge SB. The areas of 
the faces ASB and BSC are equal, the area of the face ASC is twice 
that of the face BSC. There is a point M in the interior of the pyramid 
the sum of whose distances to the vertices B and S is equal to the 
stun of the distances to the planes of all the faces of the pyramid. 
Kind |[MBI, if |AC| = Y6 cm and |SB| = 1 cm. 

50. The edge of a regular octahedron is a in length. Determine the 
shortest distance along the surface of the octahedron between the mid- 
points of two parallel edges. 

51. The side of the base of a regular triangular prism is a in length, 
and the lateral edge is J in length. Determine the shortest distance 
along the surface of the prism between the vertex of one base and the 
midpoint of the opposite side of the other base. 

h2. The plane of an isosceles triangle makes an angle p with the 
plane @ passing through its base. The vertex angle.of the triangle is 
yp. ind the angle between its side and the plane a. 

53. Given a rectangle whose sides are equal to 1 cm and 2 cm. 
A plane @ is drawn through the smaller side of the rectangle, making 
an angle @ with the diagonal of the rectangle. Find the angle between 
that plane and the plane of the rectangle. 

54. In a regular quadrangular pyramid the dihedral angle between 
the ajc lateral faces is a. Find the base dihedral angle of the 
pyramid. 

55. In the cube ABCDA,B,C,D, find the angle between the planes: 
(1) A,DM and A,B,CD; (b) A,DM and C,DN, where M and N are the 
midpoints of the edges AB and BC respectively; (c) EDC, and EB,C; 
(1) AA,D,D and EFO, where E and F are the midpoints of the edges 
AA, and CD respectively, and O is the centre of the face A,B,C,D,. 

56. A plane is drawn through the vertex A_ of the cube 
ABCDA,B,C,D,, parallel to the diagonal BD, of the cube and the 
diagonal B,C of its face. Find the angle between that plane and the 
plane ABCD. 

57. In the regular hexagonal pyremiy SABCDEF the planes of the 
faces SAB and SCD are perpendicular. Determine the angle between 
the planes: (a) SAB and SDE; and (b) SAB and SBC. 

98. The base of the pyramid is a triangle with sides a, a, and b. 
ach lateral face is .at the angle a to the plane of the base. Find: 
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(a) the area of the lateral surface of the pyramid; and (b) the volume of 
the pyramid for the case when a = 5 cm, b = 6 cm, and a = 45° 

59. The legs AB and AC of the right triangle lie, respectively, in 
different faces of a dihedral angle and make acute angles gp and y, 
respectively, with its edge. Find the dihedral angle. 

60. The sides AB and AC of the equilateral triangle lie in the 
faces a@ and f, respectively, of the acute dihedral angle g. The side 
AB makes an acute angle p with the edge of the dihedral angle. De- 
termine the angle between the plane ABC and the face 6. 

61. In the tetrahedron ABCD the dihedral angles at the edges 
AB, AC, and BD are right angles. One of the segments connectin 
the midpoints of the opposite edges of the teirahedron is a in lengt 


and the other is 2/6 in length. Find the length of the longest edge of 
the tetrahedron. 

62. Points A and B are in the faces of a dihedral angle. Prove that 
the bisector divides the segment AB in the ratio equal to the ratio 
between the distances from the points A and B to the edge of the di- 
hedral angle. 

63. The side of the base of the regular quadrangular pyramid is a 
in length, and the base dihedral angle is a. A bisector cuts one of the 
base dihedral angles. Find the area of the resulting section. 

64. In the pyramid SABC the lateral edge SA is perpendicular to 
the plane of the base ABC, |SA| = a, and |BC| = 2a. The dihe- 
dral angles at the edges SB and SC are 60° each. Find the volume of 
the pyramid. 

65. The base of the right-angled parallelepiped ABCDA,B,C,D, is 
a rhombus ABCD, and the altitude of the parallelepiped is a. The 
plane AB,M, where M ‘is the midpoint of the edge BC, makes the 
angles of 60° with the planes AA,C,C and BB,D,D. Determine the 
volume of the parallelepiped. 

66. The plane trihedral angles ASB, BSC, and CSA have the 


magni n/3, 2/6, and arccos (1/7 3) respectively. Find the dihe- 
dral angle at the edge SB. 

67. Prove that if the dihedral angles at the edges SB and SC of the 
trihedral angle SABC are equal, then the plane angles ASC and ASB 
opposite to them are also equal. 

68. Every dihedral angle of a trihedral angle is equal to a. Find 
the plane angles and indicate’ all possible values of a. 

69. Every trihedral plane angle is equal to 2/3. A point lies in 
the interior of the angle at the distance a from two faces of the angle 
and at the distance 3a from the third face. Find the distance between 
that point and the vertex of the angle. 

70. Every dihedral angle of a trihedral angle is equal to g. A point 
lies in the interior of the angle at the distance a from its vertex and at 
equal distances from the plane of each face. Find that distance. 

71. Every tetrahedral plane angle is equal to « and all the dihedral 
angles at the edges of the given tetrahedral angle have the same magni- 
tude. Determine the dihedral angles. 

72. The length of the side of the base of a regular triangular pyra- 
mid is equal to a, a is the magnitude of the plane angle at the vertex 
of the pyramid, B is the dihedral angle between the lateral face and 
the base, y is the angle between the lateral edge and the base, and 6 
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in the dihedral angle between the lateral faces. Find the volume of 
the pyramid in the following four cases: (a) cos a = 1/4, (b) tan B = 
%, (c) tan y = 41, and (d) cos 6 = 1/5. 

73. The faces of the triangular pyramid are isosceles triangles. The 
base of each triangle is a in length and the opposite angle is equal to 
«. Find the volume of the pyramid. 

74. The length of the side of the smaller base of the regular trun- 
cated triangular pyramid is a, the dihedral angle of the pyramid at the 
edge of the smaller base is equal to 120°, and the altitude of the pyra- 
mid is a/2. Find the volume of the pyramid. 

75. The base of the pyramid is a right triangle with the acute angle 
a. Every lateral edge makes an angle of 30° with the plane of the base 
of the pyramid and is 6 in length. Find the volume of the pyramid. 

76. In the pyramid SABC every two skew edges are perpendicular, 
|\AB| = |AC| = b, zBAC =a, and the dihedral angle of the pyr- 
amid at the edge BC is equal to q. Find the volume of the pyramid. 

77. The base of the pyramid is an isosceles trapezoid with the 
ucule angle equal to @ and the area S. Every lateral face makes an 
angle B with the base. Find the volume of the pyramid. 

78. The base of the pyramid is a convex polygon, and the areas of 
the lateral faces are equal. Prove that the sum of the distances from 
any point of the base to the planes of the lateral faces of the pyramid 
is a constant quantity. 

79. The skew diagonals of two parallel faces of the parallelepiped 
are the edges of a tetrahedron. Determine the ratio of the volumes of 
the parallelepiped and the tetrahedron. 

80. If we cut the surface of the tetrahedron along the edges AD, 
BD, and CD, then its development onto the plane ABC will be a 
square with side a. Find the volume of the tetrahedron. 

81. A plane cuts the lateral edges SA, SB, and SC of the trian- 
yvular pyramid at points M, MN, and P respectively, so that 
ISM|/|SA|] = m, |SN|/|SB| = n, |SP|/|SC| = p. Find the ratio of 
the volumes of the pyramids SMNP and SABC. 

82. Find the ratio between the volumes of the parts into which the 
prism ABCA,B,C, is divided by the planes passing through: 

(a) the vertex B, and the midpoints of the edges AA, and AC; 

(b) the midpoints of the edges AB, AC, and BB,; 

(c) the point of intersection of the medians of the hase ABC, the 
midpoint of the edge A,C, and the point of intersection of the diago- 
nals of the face BB,C,C. 

83. Prove that any plane passing through the point of intersection 
of the diagonals of a parallelepiped divides it into two parts of equal 
volumes. 

84. Prove that every plane passing through the midpoints of two 
skew edges of a tetrahedron cuts it into two parts of equal volumes. 

85. The bases of a truncated quadrangular pyramid are the paral- 
lelograms ABCD and A,B,C,D,, the ratio of the lengths of whose sides 
is equal to 2. A section is drawn through the edge B,C, parallel to the 
face AA,D,D. Find the ratio between the volumes of the parts into 
which the section divides the pyramid. 

&6. The ratio between the lengths of two skew edges of the tetra- 
ledron is equal to g. A plane is drawn parallel to those edges so that a 


290 PROBLEMS OF SECTION {i 


rhombus results in the section. Find the ratio between the volumes of 
the parts into which the plane divides the tetrahedron. 

87. Given the tetrahedron ABCD with |AB| = 2a, |AD| = 
IBD| = 6b, and |AC| = |BC|=c (a<b<e). The straight 
lines DM and BN, where M and WN are the midpoints of the edges AB 
and CD, are perpendicular. Find the volume of the tetrahedron. 

88. In the tetrahedron ABCD the face ABC is a regular triangle, 
the face DBC is perpendicular to it, DAC = n/3, |AD| = 6 cm, 
and the angle between the lines AD and BC is equal to arccos (1/4). 
Find the volume of the tetrahedron (find all solutions). 

89. Given the triangular prism ABCA,B,C, of volume V. Find 
the volume of the part of the prism bounded by its base A,B,C,, the 
lateral faces and the planes ABC,, BCA,, and CAB,. 

90. In the Cartesian space the solid @ is given as the set of all 
those and only those points whose coordinates satisfy the inequality 
lz|+1ly!]—-+1|2|< a. Find the volume of the solid ®. 

91. A lateral edge of the regular triangular pyramid makes an 
angle @ with the plane of its base. One base of the regular triangular 
prism belongs to the base of the pyramid and the vertices of the other 
base lie on the lateral edges of the pyramid. All the edges of the prism 
are a in length. Find the volume of the pyramid. At what value of 
is the volume the smallest? 

92. The edge AB of the tetrahedron ABCD is the diagonal of the 
base of a quadrangular pyramid, and the edge CD is parallel to the 
plane of its base and its ends lie on the lateral edges of the pyramid. 
Determine the least possible volume of the pyramid if the volume of 
the tetrahedron is V. 

93. Given the regular tetrahedron ABCD. Its every vertex A, B, C, 
and D is symmetrically reflected about the plane of the face opposite 
to it, and as a result the respective points A,, B,, C,, and D, are ob- 
tained. Find the ratio between the volumes of the tetrahedra A,B,C,D, 
and ABCD. 

94. The line segments connecting the vertices of the tetrahedron 
with the points of intersection of the medians of the opposite faces 
meet at a point O. Another tetrahedron is symmetric with respect to 
the first about the point O. Find the volume of the common part of 
the tetrahedra if the volume of the first tetrahedron is V. 

95. The volume of the regular quadrangular pyramid SABCD 
is V. The altitude SP of the pyramid is an edge of the regular tetra- 
hedron SPQR, the plane of whose face PQR is perpendicular to the 
edge SC. Find the volume of the common part of the pyramid and the 
tetrahedron. | 

96. In the tetrahedron ABCD the edges AB and CD are perpendic- 
ular, |AB| = a, |CD| = b. The line segment connecting the mid- 
points of the edges AB and CD is perpendicular to them and its length 
is ¢. The vertices of the regular tetrahedron lie on the surface of the 
tetfahedron ABCD, one of its edges is parallel to the edge AB and the 
other to the edge CD. Find the length of the edge of that regular tet- 
rabedron (find all solutions). 

97. All the vertices of the regular pyramid SABCD lie on the edges 
of the regular pyramid QMNP with the base MNP. The plane ABCD 
is known to be perpendicular to the planc of the lateral face QMN of 
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the pyramid QMNP. Find the ratio between the volumes of the pyra- 
mids, 

98. The volume of the triangular prism ABCA,B,C, is V. Four 
planes are drawn so that the first passes through the vertex C parallel] 
to the plane ABC,, the second through the vertex C, parallel to the 
plane A,B,C, the third through the edge BB, parallel to the edge AC, 
and the fourth through the edge AA, parallel to the edge BC. Find 
the volume of the tetrahedron bounded by these four planes. 

99. In the regular prism ABCA,B,C, the side of the base is 2a in 
length, and the lateral edge is a in length. Three planes are drawn so 
that the first passes through the vertex A at right angles to the line 
AB,, the second through the vertex B at right angi to the line BC,, 
and the third through the vertex C at right angles to the line CA. 
‘ind the volume of the tetrahedron bounded by these three planes and 
the plane A,B,C,. 

100. The length of the edge of the cube ABCDA,B,C,D, isa. A point 
/; is the midpoint of the edge AD. One edge of the regular tetrahe- 
dron lies on the line /'D,, and the other lics on the line passing through 
the point A, and intersecting the line BC ata point A. Find: (a) |BRI; 
and (b) the length of the edge of the tetrahedron. 

101. Two regular tetrahedra ABCD and MNPQ are positioned so 
that the planes BCD and NPQ coincide, the vertex M lies on the alti- 
tude AO of the first tetrahedron and the plane MNP passes wean th 
the centre of the face ABC and the midpoint of the edge BD. Find the 
ratio between the lengths of the edges of the tetrahedra. 


102. The side of the base of a regular triangular pyramid is 27/6 cm 
in length, and the altitude of the pyramid is 3 cm. The vertex A of 
the cube ABCDA,B,C,D, is at the centre of the base of the pyramid, 
the vertex C, on the altitude of the pyramid, and the edge CD lies in 
ue plane of one of its lateral faces. Find the length of the edge of the 
cube, 


Chapter 9 


Solids of Revolution 


9.1. A Cylinder 


A cylinder is a solid obtained as a result of rotation of 
a rectangle about the axis containing its side (Fig. 167). 
Circles resulting from the rotation of the sides of a rectangle, 
which are perpendicular to the axis (OA and O,A, in 
Fig. 167), are called the bases of the cylinder. The radius of 
the base is said to be also the 
radius of the cylinder. 

The solid obtained as a 
result of rotation of the side 
of a rectangle, which is paral- 
lel to the axis (AA, in 
Fig. 167), is called the lateral 
surface of the cylinder. The 
distance between all points of 
the lateral surface of a cylin- 
der and its axis is equal to 
the radius of the cylinder. 

Every section of a cylinder 
formed by a plane passing 
through the axis (azial section) 
is a rectangle (BB,C,C in 
Fig. 167). Its sides, parallel to the axis (BB,, CC,), are called 
the generating lines of the lateral surface of the cylinder. 
Every generating line is perpendicular to the planes of the 
bases of the cylinder, its length being equal to the distance 
between these planes, that is, to the altitude of the cylinder. 

Every section of a cylinder formed by a plane perpendicu- 
lar to its axis is a circle congruent to the bases of the cylinder. 

The orthogonal projection of a cylinder onto a plane, 
perpendicular to its axis, is a circle of radius equal to the 
radius of the cylinder, and the projection of the axis is the 


Fig. 167 
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centre of that circle. The projection of the lateral surface 
is a circumference bounding that circle. 

Problem 1. The vertices A, B, and D, of the cube 
ABCDA,B,C,D, lie on the lateral surface of the cylinder 
whose axis is parallel to the straight line DC,. Find the 
radius of the cylinder if the edge of the cube is a in length. 

A The plane BA,D,C is perpendicular to the line DC, 
(Fig. 168) and, hence, to the axis of the cylinder. The pro- 
jections of the points B and D, onto the plane BA,D,C coin- 


Fig. 169 


cide with these points themselves. The projection of the 
point A is the midpoint A, of the line segment BA,. The 
projection of the lateral surface of the cylinder onto the 
plane BA,D,C is a circle passing through the points B, Ag, 
and D,. The radius of the circle is equal to that of the cylin- 


der. This radius can be found by the formula R = 2, 


where a@,, d,, and ag are the lengths of the sides BA,, A,D,, 
and BD, of the triangle BA,D,, and S is the area of that 
triangle. We have a, :=|A,B| =a/V2, a, = [BD,| = 
a V3, and the triangle A,A,D, can be used to find a, = 
|A,D,| = a Y 3/2. Furthermore, S = } |A,B|-+|A,D,|= 


. Now we can find R=*¥2 aA 


a® 
2V2 

A prism is said to be inscribed into a cylinder (and a cylin- 
der is said to be circumscribed about a prism) if the bases 
of the prism are inscribed into the bases of the cylinder. 
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It is evident that to be possible to circumscribe a cylinder 
about a prism it is necessary and sufficient that the prism should 
be right-angled and a circle could be circumscribed about its 
base. 

In particular, a cylinder can be circumscribed about any 
right triangular prism and about any regular prism. Every 
lateral edge of the prism inscribed into a cylinder is a generat- 
ing line of the lateral surface of the cylinder. 

Problem 2. Considered are various right triangular prisms 
of the given volume V. A cylinder is circumscribed about 
each of these prisms. Find the least area of the surface of 
such a cylinder. 

A We designate the altitude of the prism as //, the length 
of the side of the base as a, and the radius of the circum- 
scribed cylinder as R (Fig. 169). This radius is equal to the 
radius of the circle circumscribed about the base of the 


prism, and since the base is a regular triangle, R =: a/V 3. 


It follows from the hypothesis that ¥3 a*HI = V, w ence 
we have ff = sad . Taking this into account, we find 
V 3a? 


the area of the surface of the cylinder: S = 2nR*? + 2nRH = 
oo Ce + <). The area S is a function of the variable 


a € (0; +00). We find the critical point of that function: 
s=2 2a =) =(0, ay =; 2V. It is easy to see 
that the function S has the least value at a = a, and it is 
equal to 2x \/ 4V?. 

Answer: 2);/4V?. ~ 

Assume that the plane a is parallel to the axis of the cylin- 
der, d is the distance between that plane and the axis, and 
R is the radius of the ¢ylinder. Jf d > R, then the plane a 
has no points in common with the cylinder. IfO <d< R, 
then the section of the cylinder formed by the plane a@ is 
a rectangle (Fig. 170). If d = AR, then the plane @ has a com- 
mon generating line (KK, in Fig. 170) with the lateral sur- 
face of the cylinder and that generaling line lies on the 
orthogonal projection of the axis of the cylinder onto the 
plane a. In that case, the plane a is said to be tangential 
to the lateral surface of the cylinder. 
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A cylinder is said to be inscribed into a prism (and a prism 
is said to be circumscribed about a cylinder) if the bases of 
ihe cylinder are inscribed into the bases of the prism. It is 
easy to see that 

to be possible to inscribe a cylinder into a prism, it is neces- 
sary and sufficient that the prism should be right-angled and 
a circle could be inscribed into its base. 

very lateral face of the prism circumscribed about a 
cylinder touches its lateral surface along the generating 


‘ 


line, which passes through the points of tangency of the 
respective sides of the base of the prism with the circum- 
ferences of the bases of the cylinder. 

A cylinder can be inscribed into any right triangular 
prism and into any regular prism. 


Problem 3. The radius of the cylinder is r, and its alti- 
(ude is 5r. A parallelepiped is circumscribed about the 
cylinder, the ratio between the volume of the parallelepiped 
and that of the cylinder being 5/m. Find the length of the 
segment of the longer diagonal of the parallelepiped lying 
in the interior of the cylinder. 

A The faces of the parallelepiped circumscribed about 
the bases of the cylinder are designated as ABCD and 
A,B,C,D, (Fig. 171) so that 7~BAD =a< n/2. The 
parallelogram circumscribed about a circle is a rhombus and, 
therefore, ABCD is a rhombus. Suppose BE is the altitude 


Fig. 170 Fig. 171 
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of that rhombus and, then |BE| = 2r and from the triangle 
ABE we find |AB| = 2r/sina. The area of the rhombus 
ABCD is 4r?/sin a. Since the altitude of the parallelepiped 
is equal to the altitude of the cylinder, we have V) = 
20 r*/sin a. Taking into account that V, = 5ar* and the 
condition V,/V, = 5/n, find 
that sina = 4/5. Hence it 
follows that cos (a/2) = 2/)V' 5. 
From the triangle AOB we find 
|AO| =|AB| cos (a/2) = 
V5r, whence |AC] = 
2|AO|=2Y5r. 

Let us consider a section of 
the cylinder formed by the 
plane AA,C,C (AC, and A,C 
are the principal diagonals 
of the parallelepiped, | AC,|= 
y; {|A,C|). The section is a 

é rectangle PP,Q,Q. The inter- 

Fig. 172 section of the diagonal AC, 

and the rectangle, the segment 

MN, is precisely the segment of that diagonal lying in 
the interior of the cylinder. Let us find its length. ~ 

From the right triangle ACC, we have |AC,| = 


V |ACP? + (CC, =3V5 r. Taking into account that 
|PQ| = 2r, we find, from the proportion |MN|/|AC,| = 
|PQ|NAC|, that 

\MN| = JAC,|-|PQ\AC| = 3r. 


Answer: 3r. A 

There can be other cases of mutual positions of a cylinder 
and a polyhedron besides those discussed above. 

Problem 4. Given a regular triangular pyramid of volume 
V. A cylinder is inscribed into the pyramid so that one of 
its bases belongs to the base of the pyramid and the other 
base is inscribed into the section of the pyramid formed by 
a plane parallel to the base. Find the greatest possible volume 
of such a cylinder. 

A We designate the altitude of the pyramid as H, the 
length of the side of the base as a, the altitude of the cylinder 
as h, and the radius of the cylinder as r. Let us consider the 
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section A,B,C, (Fig. 172) of the pyramid formed by the 
plane of the upper base of the cylinder. That section is 
a regular triangle homothetic to the base ABC with the 
ratio equal to (H —h)/H. Consequently, its side is 
a (H —h)/H in length and the radius of the inscribed circle 
is equal to ’3a(H —h)/6H. That is the radius of the 
cylinder, i.e. r = V3 a (H —h)/6H. Let us find the volume 
of the cylinder as a function of h: 


Ve =a (H—hyth, hE€(0; 
0 = ite (H—hyth, hE (0; H). 


Then sh seek the critical point of the function obtained 


v= ant (H — h) (Hq — 3h), h, = H/3. It is evident that 


forh =h, the function V, has the greatest value equal to 


a*H. Bearing in mind that v3 —a*H = Vby the hypothe- 


sis, we find that the greatest possible volume of the cylinder 


a ea 


under consideration is equal to 


9.2. A Cone 


A cone is a solid obtained as a result of rotation of a right 
triangle about the axis containing its leg. The other leg 
of the triangle, when rotated about that axis, produces 
a circle called the base of the cone. The solid produced by 
the rotation of the hypotenuse is called the lateral surface 
of the cone. 

The line segments connecting the vertex of the cone with 
(he points of the circumference of its base are said to be the 
generating lines of the lateral surface of the cone (called, 
briefly, the generating lines of the cone; SA and SB in 
ig. 173). All the generating lines are equal in length and 
make equal acute angles with the axis. 

Every section of a cone formed by the plane passing 
through the axis (azial section) is an isosceles triangle 
(A ASB in Fig. 173, |SA| = |SB]). The vertex angle of 
the triangle is called the apex angle of the cone. If the apex 
angle is equal to m, then the angle between the generating 
line and the axis is g/2. 
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Every section of the lateral surface of the cone formed 
by the plane perpendicular to its axis and not passing 
through its vertex is a circle. All points of that circle are 
equidistant from the vertex of the cone, the distance being 
equal to Yr? + h?, where r is the radius of the circle and h 
is the distance from the vertex of the cone to the plane of 
the section. The converse is also true: points of the lateral 


Fig. 473 Fig. 174 


surface of the cone equidistant from its vertex lie on the 
same surface, which is a section of the lateral surface by 
a plane perpendicular to the axis. If the points M and N 
of the lateral surface of the cone are equidistant from its 
vertex, then the axis of the cone lies in the plane passing 
through the midpoint of the segment MN at right angles to 
it (in Fig. 173 |MP| =|PN|, (SAB) LL lMN)). 

Problem 1. In the regular pyramid SABC the side of the 
base ARC is a in length, the lateral edge is 2a long. Points 
S, B, and C lie on the lateral surface of the cone with vertex 
at the point A. Find the apex angle of the cone. 

A Let us take a point D on the ray AS (Fig. 174), such 
that |AD| =a. Then |AD| =|AB| =|AC];  conse- 
quently, the points B, C, and D, belonging to the surface 
of the cone, lie in the same plane perpendicular to its axis. 
The section of the lateral surface of the cone formed by that 
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plane is a circle circumscribed about the triangle BCD. Let 
iy determine the radius of the circle, for which purpose we 
detormine the lengths of the sides BD and CD. In the tri- 
nngle SAB we have cos SAB = |AB{/2|AS| = 0.25, 
nnd we find, by the cosine law, that |BD| = V 3/2 a. 
I'vidently, |CD| =|BD|. Now we have, in the triangle 


BCD, cos DBC =|BC\/2|BD| = 1//6, whence it fol- 


lows that sin DBC =V 5/6. 
‘I'he radius of the circle cir- 
cumscribed about the triangle 
ReD can be found by the 
formula R=|CD|/2sinDBC = 
3a/2V5. Designating the 
upex angle of the cone as 
1, we have sin(p/2) = 
R/AD| = 3/2V5, whence 
y 2 arc sin (3/2 V5). 

Answer: 2arcsin (3/2 V 5). & 

A pyramid is said to be in- 
scribed into acone (and a cone Fig. 175 
in. said to be circumscribed 
ubout a pyramid) if the vertex of the pyramid coincides 
with that of the cone and the base is inscribed into the base 
of the cone (Fig. 175). 

l;very lateral edge of the pyramid inscribed into a cone 
in the generating line of the cone and the altitude of the 
cone coincides with the altitude of the pyramid. It is easy 
lo see that 

tu be possible to circumscribe a cone about a pyramid, it is 
necessary and sufficient that the lateral edgesof the pyramid 
should be equal in length. 


Problem 2. A pyramid SABCD is inscribed into a cone, 
the base of the pyramid being a trapezoid ABCD. It is known 
that ~BAD = 60°, | BC| = 3a, | AD| = 8a (BC and AD 
ure the bases of the trapezoid), and the altitude SO of the 
pyramid is 7a in length. Find the lateral area of the cone. 

A The base of the pyramid, the trapezoid ABCD 
(l‘ig. 175), is inscribed into the base of the cone and this 
moans that the trapezoid is isosceles. Taking this into 
uccount, we find that/AB| = (|AD| — |BC])/2 cos 60° = 
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5a. Applying the cosine law, we find from the triangle ABD 
that |BD| = 7a. Next we find the radius of the circle cir- 
cumscribed about the trapezoid ABCD by the formula R = 
|BD\/2 sin 60° = 7a/Y 3. Then we find the length of the 
generating line of the coneZ = | AS | = Y|AO|? +|SOl?= 
14a/V 3 and its lateral area S = nR1 = 98 na?/3. 

Answer: 98 na?/3. & 


Fig. 176 Fig. 177 


Suppose the plane @ passes through the vertex S of the 
cone and makes an angle wp with its axis 7. Assume that 9 is 
the angle between the generating line and the axis of the 
cone. Recall that p is the angle between the axis / and its 
orthogonal projection l’ onto the plane a. Therefore, any 
line in the plane a, passing through the vertex S and non- 
coinciding with J’, makes an angle larger than p with the 
axis /. Hence it follows that if » > @ then the plane @ has 
no common points, other than the vertex S, with the cone. 

If 0 <p < 9q, then the section of the cone formed by the 
plane a is an isosceles triangle (ASAB in Fig. 176, |SA| = 
|SB|). For O0< p< the plane passing through the axis 
of the cone and the midpoint of the segment AB is perpen- 
dicular to the cutting plane a. For p = O we have the axial 
section of the cone. 

If » = g, then the plane a@ possesses only one common 
generating line (SK in Fig. 176) with the lateral surface 
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of the cone, the generating line lying on the orthogonal 
projection of the axis / onto the plane a. In that case, the 
plane @ is said to be tangential to the lateral surface of the 
cone. The plane passing through the axis of the cone and 
(he generating line along which the plane @ touches the 
luteral surface (the plane SOK in Fig. 176) is perpendicular 
to the tangent plane. The tangent plane cuts the plane of 
(he base of the cone along the line touching the circle of 
the base of the cone (the line & in Fig. 176). Note that the 
line A and the generating line SA are perpendicular. 


Problem 3. The faces of a dihedral angle equal to a touch 
(lhe lateral surface of the cone. The angle between the edge 
of the dihedral angle and the axis of the cone is equal to f. 
lind the apex angle of the cone. 

- ‘The vertex S of the cone evidently belongs to the edge 
ol the given dihedral angle. Suppose O is the centre of the 
lise of the cone. We designate |SO| =a and the apex 
wngle of the cone as m. Assume that OM, is a perpendicular 
to the edge of the dihedral angle and OM, and OM, are 
porpendiculars to the planes of its faces (Fig. 177). Then, 
‘iV, and SN, are the generating lines along which the faces 
of the angle touch the lateral surface of the cone and 

OSM, = ZOSM, = 9/2. Furthermore, the angle 
Al, A1,,M, is a plane dihedral angle, and, hence, 7/M,M,M,= 
© Uy the hypothesis, we also have 7ZOSM, = B. 

l'rom the triangles OSM, and OSM, we have |OM,| = 
}OM,| =a sin (p/2). Hence it follows that M,O is the 
liscctor of the angle 4,M,M, (that is, the axis of the cone 
lolongs to the bisector of the given dihedral angle). Taking 
(his into account, we find, from the triangle OM,M,, that 


; SI 2 
|OAT,| |OM, |/sin > =a amar - On the other 
hand, from the triangle OSM, we have |OM,| = asin B. 
Thus it follows that 22@) — gin B, whence we find 
sin (a/2) 


that sin (p/2) = sin B sin (a/2). 

Answer: 2 arc sin (sin B sin (@/2)). A 

A pyramid is said to be circumscribed about a cone (and 
uw cone is said to be inscribed into a pyramid) if the vertex 
of the pyramid coincides with that of the cone and the base 
ul the pyramid is circumscribed about the base of the cone. 
lt. in ovident that 
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to be possible to inscribe a cone into a pyramid, it is neces- 
sary and sufficient that a circle could be inscribed into the base 
of the pyramid and the foot of the altitude of the pyramid 
should be the centre of that circle. | 

In particular, a cone can be inscribed into any regular 
pyramid. 

Every lateral face of a pyramid, circumscribed about a 
cone, touches its lateral surface along a generating line 
which is at the same time 
the altitude of that lateral 
face and passes through the 
point of tangency of the cor- 
responding side of the base 
of the pyramid ‘and the cir- 
cumference of the base of the 
cone (in Fig. 178 SK, is the 
altitude of the face SA,A, 
and so on). Let us also note 
that the base dihedral angles 
of the pyramid circumscribed 
about the cone are of the same 

| “Fig. 178 magnitude and are equal to 

the angle of inclination of 

the generating line of the cone to the plane of its base 
(7.SK,O and so on in Fig. 178). 

Problem 4. A pyramid is circumscribed about a cone. 
Prove that the ratio between the volumes of the pyramid and 
the cone is equal to that between the areas of their lateral 
surfaces. . 

A Let us designate the radius of the base of the cone as r, 
its altitude as H, the length of the generating line as J, 
and the perimeter of the base of the pyramid as P (in Fig. 178 
| OK,| =r, | SO| = H, and |SK,| = 1). Since the base 
of the pyramid is circumscribed about the circumference 
of the base of the cone, the area of the base of the pyramid is 


equal to + rP. Consequently, the volume of the pyramid can 


be expressed by the formula V) = a rPH. We find the vol- 


ume of the cone by the formula V, = * nur*H. Hence we 


have V): V, = P/2ur. The areas of the lateral surfaces of 
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the pyramid and the cone are expressed, respectively, as 
Sp = DP, S, = arl. From this it follows that S)/S, = 
P/2nr. We see that the ratios V,/V, and S)/S, are equal. A 


9.3. A Sphere 


A sphere of radius R is a set of points of space at a positive 
distance R from the given point. In the Cartesian space, 


Fig. 179 Fig. 180 


a sphere with centre at O (a; 6; c) and radius R is defined 
by the equation 
(x — a)? + (y — bd)? + (¢ —c)? = RY 
A sphere is a solid of revolution. Rotation of a semicircle 
of radius R about its diameter results in a sphere of radius R. 
A section of a sphere of radius R formed by a plane which 
is at a distance d from its centre, O<.d< R, is a circle 


of radius r = V R? — d®. Sections equidistant from the 
centre of the sphere have equal radii. 

A section of a sphere formed by a plane passing through 
ils centre (d = OQ) is known as the major circle. If the centre 
of the sphere does not lie in the plane of the section (0< 
d << R), then the line passing through the centre of the 
sphere and the centre of the circumference of the section is 
perpendicular to the plane of the section (Fig. 179). 
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If points A and /} belong to the sphere, then its centre, 
being a point equidistant from A and 8B, lies in the plane 
perpendicular to the segment AB and passing through its 
midpoint (the plane a in Fig. 180). 


L 


Fig. 184 Fig. 482 


Problem 1. Prove that a sphere can be drawn through any 
four points not lying in the same plane, and that the sphere 
is unique. 

A The centre of the sphere passing through the given 
points must belong to each of the planes drawn through the 
midpoints of the segments with the ends at the given points 
at right angles to those segments. It is known (Chapter 8, 
Problem 3 in Section I) that these planes meet at one point, 
we designate it as O (Fig. 181). That point is equidistant 
from all given points. The distance between the point O 
and any one of the given points is designated as R. A sphere 
with centre O and radius A passes through all the given 


points. It is clear from the discussion carried out that there 
can be only one sphere of this kind. A 

A polyhedron is said to be inscribed into a sphere (and 
a sphere is said to be circumscribed about a polyhedron) if 
all the vertices of the polyhedron lie on the sphere. 

It follows from the result obtained in Problem 1 that 
a sphere can be circumscribed about any tetrahedron. In 
a regular tetrahedron the centre is at a distance of 3H/4 
from each of its vertices, where # is the altitude of the tetra- 
hedron. This means that the centre of a regular tetrahedron 
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is the centre of the circumscribed sphere. The radius of that 
sphere is equal to 3H/4 =: a VY 6/4, where a is the length 
of the edge of the tetrahedron. 

The centre of a cube is at a distance of a VY 3/2 from each 
of its vertices, where a is the length of the edge of the cube. 
‘his means that the centre of the sphere circumscribed about 
a cube coincides with the centre of the cube, and the radius 


of the sphere is equal to a V 3/2. 

Problem 2. All the plane angles at the vertex S of the 
pyramid SABC are right angles, |SA| =a, |SB| =), 
and | SC | = c. Find the radius of the sphere circumscribed 
about the pyramid SABC. 

A The centre of the sphere circumscribed about the tri- 
angle SAB is the midpoint O, of the hypotenuse AB 
(I°'ig. 182). We draw a straight line 7 | (SAB) through the 
point O,. Note that l || (SC) since the lines 7 and SC are 
perpendicular to the plane SAB. Next we draw a plane a 
through the midpoint M of the segment SC at right angles 
lo it. The point O of intersection of the plane @ and the 
line 2 is equidistant from all the vertices of the pyramid and, 
consequently, is the centre of the sphere circumscribed 
about the pyramid. In the right triangle SOO, we have 
\00,| = |MS| = 5 ¢, SO) = 5 |ABL= 4 VaGTR, 
and, consequently, the radius of the circumscribed sphere 


is equal to |SO| = VjO00,P+|SO,P => Vato? +e. 


Answer: +V a2+-b2+¢c2. A 

The following assertions hold true for a pyramid and 
a prism. 

(a) To be possible to circumscribe a sphere about a pyramid, 
il is necessary and sufficient that a circle could be drawn about 
the base of the pyramid (Fig. 183). 

The proof of this assertion is analogous to that of the 
statement that a sphere can be circumscribed about any 
tetrahedron (Problem 1 of the present section, Problem 3 in 
Chapter 8, Section I). 

(b) Lo be possible to circumscribe a sphere about a prism, 
iL is necessary and sufficient that the prism should be right- 
angled and that a circle could be circumscribed about its base 
(I‘ig. 184, see Problem 9 in Section I). 


“eae 4g 
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The centre of a sphere circumscribed about a pyramid lies 
on the perpendicular to the plane of the base drawn through 
the centre of the circle circumscribed about the base. The 
centre of a sphere circumscribed about a prism is the mid- 
point of the segment connecting the centres of the circles 
circumscribed about the bases of the prism. 

It follows from the statements cited that a sphere can be 
circumscribed about any regular pyramid and about any regular 
prism. 

Let us discuss the notion of a plane tangent to a sphere. 
If the distance from the centre of the sphere to the plane is 


Fig. 183 Fig. 184 


equal to the radius of the sphere (d = /2), then the sphere 
and the plane have a point in common. Such a plane is said 
to be tangent to the sphere. The radius drawn to the point 
of tangency is perpendicular to the tangent plane. 

If a sphere touches two planes, then the distance from 
its centre to each of the planes is equal to the radius of 
the sphere. If the tangent planes are parallel, then the points 
of tangency are the end points of the diameter of the sphere 
which is perpendicular to both planes (Fig. 185). If the tan- 
gent planes intersect, then the centre of the sphere belongs 
to the bisector of the dihedral angle between the planes 
(Fig. 186). The points of tangency of the sphere and the 
planes belong to the faces of that angle. 

A sphere is said to be inscribed into a polyhedral angle 
if it touches each of its faces. 


Problem 3. Prove that a sphere can be inscribed into any 
trihedral angle. 
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A The centre of the sphere inscribed into a trihedral 
angle must belong to the bisectors of its dihedral angles. 
It is known (see 8.3, Problem 7) that these bisectors inter- 


Fig. 186 


secl in the interior of the trihedral angle along a ray (the 
ray Zin Fig. 187). Suppose O is a point lying on that ray and 
nol coinciding with the vertex of the angle and R is the 


2 
<= 
Dy 


aN 


=’ 


Fig. 187 Fig. 188 


distance from the point to the planes of the faces. The 
Hphere with centre at O and radius A touches all the faces 
of the angle, that is, is inscribed into the given trihedral 
angle. A 


Z70¢ 
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Note that the ray /, its origin exclusive, is a set of centres 
of the spheres inscribed into the given trihedral angle. 

A sphere is said to be inscribed into a polyhedron (and 
a polyhedron is said to be circumscribed about a sphere) if 
it touches all its faces. 

The centre of the inscribed sphere is a common point of 
the bisectors of all the interior dihedral angles of the poly- 
hedron. It follows that if the inscribed sphere does exist 
then it is unique. 

It is known (see 8.5, Problem 8) that the bisectors of the 
dihedral angles of a tetrahedron meet at one point. The 
sphere with the centre at that point and the radius equal to 
the distance from that point to the plane of some face of the 
tetrahedron touches all the faces of the tetrahedron. This 
means that 

a sphere can be inscribed into any tetrahedron. 

Problem 4. In the tetrahedron ABCD we have | AB | = 
4 em, |CD| =12 cm, and |AC| =|BC| = [AD] = 
|BD| = 3Y6 cm. Find the radius of the sphere inscribed 
into this tetrahedron. 

A Suppose M and N are the midpoints of the edges AB 
and CD (Fig. 188). The triangles ACB and ADB being isos- 
celes, we have [CM] | [AB] and [DM] | [AB]. This 
means that the angle CMD is a plane dihedral angle at the 
edge AB. We find from the right triangles AMC and AMD 
that |CM| =|DM| = 5/V2 cm. It is clear that the 
triangle CMD is isosceles and, therefore, MN is the bisector 
of the angle CMD. But then the half-plane ANB (with 
the boundary AJ) is the bisector of the dihedral angle at the 
edge AB. We establish by analogy that the half-plane CMD 
(with the boundary CD) is the bisector of the dihedral angle 
at the edge CD. The centre of the sphere inscribed into the 
tetrahedron lies on the segment MN, which is the line of 
intersection of these two bisectors. 

From the right triangle BND we find that |BN| = 
3 V2 cm, and from the right triangle NMB we find that 
|MN| = V14 cm. 

Suppose O is the centre of the inscribed sphere and r is 
its radius. We draw perpendiculars OK and OF to the 
faces BCD and ABD. Then we have | OK| = |OL| =r. 
We designate ~?}NM =a, and ~DMN = 6. From the 
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right triangles VMB and NMD we find, respectively, that 
sin a = VY 2/3 and sin B = 3 Y 2/5. From the right tri- 


angle OKN we find |ON| = Mad wares r. Then, |OM| = 
sIn@ V2 


| MN| —|ON| — VY 14 — ae rand now we get, from the 


right triangleOLM, the equation / V 14— = x aves r. 


‘rom this we find that r=3/V7cm. ~A 

The centre of a regular tetrahedron is at a distance of H/4 
from its every face, where # is the altitude of the tetrahedron. 
Consequently, the centre of thesphere inscribed into a reg- 
ular tetrahedron coincides with the centre of the tetra- 
hedron. The radius of the sphere can be calculated by the 


formula r = $ = na , where a is the length of the edge 


of the tetrahedron. 

In a cube, the centre of the inscribed sphere coincides 
with the centre of the cube. The radius of the sphere is a/2, 
where a is the length of the edge of the cube. 

It is not in every polyhedron that the bisectors of the 
dihedral angles meet at one point and this means that a 
sphere cannot be inscribed into every polyhedron. 


Problem 5. Prove that if a circle can be inscribed into the 
base of a pyramid and the foot of the altitude of the pyramid 
is the centre of that circle, then a sphere can be inscribed 
into the pyramid. 

A Suppose L,, L,, ... are the points of tangency of the 
circle inscribed into the base of the pyramid and the sides 
of the base and P is the centre of the inscribed circle 
(l‘ig. 189). The right triangles SPL,, SPL,, ... are con- 
rruent and have a leg SP in common. Consequently, the 
bisectors of the angles at the vertices Z,, L,, ... cut that 
leg at the same point O. We drop perpendiculars OK,, 
OK,, ... fromthe point O to the hypotenuses SL,, SL,,... 
The plane SZ,P is perpendicular to the plane of the face 
SA,A, and, therefore, (OK,) | (SA,A,). Similarly we have 
(OK,) 1 (SA,A3), (OK;) _L (SA3A,), and so on. Taking 
into account that |OP| = |OK,| =|OK,| =..., we 
sce that the point O is equidistant from the planes of all the 
faces of the pyramid. This means that the sphere with 
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centre O and radius r = | OP| touches all! the faces, that 
is, 1t is inscribed into the given pyramid. A 

It follows from the statement we have proved that 

a sphere can be inscribed into any regular pyramid. 

A sphere can also be inscribed into pyramids not satisfying 
the hypothesis of Problem 5. 


Problem 6. The base of the pyramid SARCD is a square 
APCD, the edge SA is perpendicular to the plane of the base; 


J Lil 
| \ 
\ 
7 
RB 
B ry, Z 
Fig. 189 Fig. 190 
|AB| =3cm, and |SA|.+ 4cm. Prove tlfat asphere can 


be inscribed into the pyramid and find the radius of the 
sphere. 

A We shall first obtain some necessary conditions con- 
cerning the positions of the centre of the sphere and of its 
radius. For that purpose we shall assume that the sphere 
inscribed into the pyramid does exist and that O is its centre 
and r its radius. We draw a plane through the centre O 
at right angles to the line AD (the plane KLM in Fig. 190). 
Suppose 7 is the line of intersection of the planes SAD 
and SBC. Since (BC) || (AD), it follows that J || (AD) as 
well. The plane we have drawn is perpendicular to each 
of the lines, AD, BC, and l, and, therefore, the angles LKM, 
KML, and KLM, respectively, are plane dihedral angles 
at the edges AD, BC, and I! (the latter is the dihedral angle 
between the faces SBC and SAD). Since the sphere touches 
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(he faces of these dihedral angles, its section formed by the 
plane KIM (the major circle) must be inscribed into the 
lriangle ALM. It is easy to find the radius of that circle. 
lndeed, the planes KLM and ASB are parallel and, hence, 
the triangles KEM and ASB are congruent and |AKL| = 
JAS| =4 cm, |KM|=|AB| = 3 cm. The radius of 
(he circle inscribed into the right triangle KZM can be 
found by the formula r == 2S/P, where S and P are, re- 
spectively, the area and the perimeter of that triangle, and 
we find that r = 1 cm. This is the radius of the inscribed 
sphere. The same result will be obtained if we consider a sec- 
lion of the pyramid and the sphere formed by a plane drawn 
(hrough the centre O at right angles to the edge AB (the plane 
POR in Fig. 190). The triangle PQR is congruent to the 
triangle KEM (|PQ| =4 cm and |PR| =3 cm), and 
the radius of the circle inscribed into it (the major circle 
of the sphere) is equal to 1 cm. 

let us prove now that the inscribed sphere does exist. 
We take a point O, 1 cm from each face of the angle, in the 
interior of the trihedral angle ASBD (with vertex 4A). 
The sphere with centre at O and radius of 1 cm touches the 
faces SAD, SAB, and ABCD of the pyramid. We again 
consider the section KLM drawn through the centre of the 
sphere. The point O is at a distance of 1 cm from the sides 
Wi, and KM of the triangle KLM and this means that it 
coincides with the centre of the circle inscribed into the 
triangle. Therefore, if [OE] | [LM], then | OF| = 1 cm. 
‘rom the fact that (KEM) | (SBC) it follows that [OF] _L 
(SBC). Hence, the point O is at a distance of 1 cm from the 
plane SBC, and the sphere with centre at O and radius of 
! cm touches the plane. It can be proved by analogy that 
the sphere also touches the face SCD. Thus we see that the 
inscribed sphere exists and its radius is equal to ‘1 cm. 

Answer: 1 cm. & 

The following statement holds true for a prism: 

to be possible to inscribe a sphere into a prism, it is necessary 
and sufficient that a circle could be inscribed into the perpen- 
dicular section of the prism and that the altitude of the prism 
should be equal to the diameter of that circle (see Problem 45 
in Section IT). 

The diameter of the sphere inscribed into a prism is equal 
to the diameter of the circle inscribed into the perpendicular 
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section of the prism (the section MNPQ in Fig. 191). The 
centre of the sphere lies on the straight line (PP, in Fig. 191) 
drawn parallel to the lateral edges through the centre of the 
circle inscribed into the perpendicular section and is the 
midpoint of the segment intercepted on that line by the bases 
of the prism (in Fig. 191 the centre O is the midpoint of the 
segment PP,, and the altitude QQ, of the prism is equal to 


Fig. 191 


the diameter of the sphere). The points of tangency of the 
sphere and the lateral faces of the prism belong to the per- 
pendicular section drawn through the centre of the sphere. 

A sphere can be inscribed into a regular prism if and only 
if its altitude is equal to the diameter of the circle inscribed 
into the base. 


Problem 7. A right parallelepiped with diagonals V 10cm 
and 4 cm in length is circumscribed about a sphere. Find the 
radius of the sphere. 

A The allitude of the given parallelepiped is equal to 
the diameter of the inscribed sphere. We designate the radius 
of the sphere as R, then H =: 2R. 

Suppose AC and BD are the longer and shorter diagonals, 
respectively, of the base of the parallelepiped (Fig. 192), 
and we designate |AC| =- d, and|BD| == d,. The parallel- 
epiped being right-angled, AC, and BD, are its longer and 
shorter diagonals, i.e. |AC,| = 4 cm, |BD,| = V 10 cm. 
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rom the right triangles ACC, and BDD, we get 
d* -+ 4R2 =. 16, d} + 4R2 = 10. (1) 
l.el. us consider a perpendicular section of the parallel- 


wpiped passing through the centre O of the sphere. It is 
1 parallelogram A,B,C,D, congruent to the base and, in 


Fig. 192 


particular, [AO] :-= d, and |f,O| == 5 dy. Since the 
parallelogram is circumscribed about a circle, it is a rhombus 
and, hence, 7A,OB, = 90°. Assuming [OK] _| [A,B,], we 
rel | OK | = R, and from the right triangle A,OB, we 
obtain (OK|-| A,B, | = | A,O|-| B,O|, and, consequently, 
0 Yd + d? = djd,. From this equation, making use of 
equation (1), we get 3R4 — 13R2 4- 10 == 0, whence RF = 
LOS and 3 =: 1. The value R? = 10/3 is, evidently, extra- 
neous (da -- 4R? > 10) and this means R2 4. R=icmaA 


Problem 8. A polyhedron of volume V and the area of the 
surface S is circumscribed about a sphere of radius R. Prove 
that R = 3V/S. 

* Let us represent the circumscribed polyhedron as a 
union of pyramids whose vertices are at the centre of the 
‘phere and whose bases are the faces of the polyhedron (note 
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thal the circumscribed polyhedron is convex). We designate 
the areas of the faces of the polyhedron as S;, S,, ..., Sp 
and, by the hypothesis, $,;+ S,+...+ 8, =S. The 
radius drawn to the point of tangency of the jth face (of the 
area S;) and the sphere is the altitude of the pyramid for 
which that face serves as the base. This means that the vol- 
ume of the jth pyramid is equal to R-S,/3. The sum of the 
volumes of all the pyramids is equal to the volume of the 
polyhedron: 


1 1 1 
3 RS, -+|- a AS, -{- eee + RS, = : V. 
From this we obtain RS/3 = V,i.e. R = 3V/S. A 


Fig. 193 Fig. 194 


A straight line and a sphere have points in common if 
and only if the distance d from the centre of the sphere to 
that line does not exceed the radius R of the sphere. 

If0 <d < R, the line intersects the sphere at two points. 
A line segment with the ends at those points is called a chord 
and the straight line is called a secant (in Fig. 193 (SA) is 
a secant and [A/}] is a chord). 

If d = R, then the line and the sphere have one point in 
common, which is the foot of the perpendicular dropped 
from the centre of the sphere to that line. In that case, the 
line is called a tangent to the sphere (in Fig. 193 (SK) is 
a tangent). Any tangent line lies in the tangent plane drawn 
through the point of tangency of the line and the sphere. The 
converse is also true: any line lying in the tangent plane and 
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passing through the point of tangency is a tangent to the 
nphore, 

Secunt and tangent lines to a sphere possess the same 
properties as secants and tangents to a circle. Here are some 
al the properties. 

(1) A perpendicular dropped from the centre of a sphere to 
asecant line passes through the midpoint of a chord (in Fig. 193 
|.AA7| |MB|, (OM) 1 [AB)). 

(lb) A plane passing through the centre of a sphere at right 
angles to a chord passes through the midpoint of the chord. 

li. is useful to formulate the latter assertion in the follow- 
lng equivalent form: 

(b') A plane drawn through the midpoint of a chord at right 
ungiles lo that chord passes through the centre of the sphere. 

(°) Lf two lines meet at a point S and touch the sphere at 
potnts kK and L respectively (Fig. 193), then |SAK| = |SL| 
(theorem on tangents). 

(1) /f two lines meet at a point S and one of them touches 
the sphere ata point K and the other cuts the sphere at points A 
and B (Fig. 193), then |SA|-|SB| =|SK|? (the secant- 
langent theorem). 

(0) 1 f two lines meet at a point S and cut the sphere at points 
Ll, 2, and C, D respectively (Figs. 193-194), then |SA| x 
| S| -= | SC |-| SD | (the point S may be either in the 
evlerior or in the interior of the sphere; in the latter case the 
asserlion cited is sometimes called a theorem on intersecting 
chords). 

Properly (b) (and (b’)) is a consequence of Property (a). 
lo prove properties (a), (c), (d), (e), a plane should be drawn, 
respectively: through the secant and the centre of the sphere 
in case (a), through the tangents SK and SL in case (c), 
(hrough the tangent and the secant in case (d), and through 
the lines AB and CD in case (e), and then use should be 
mude of the corresponding properties of chords, secants, and 
tungents to a circle. 


Problem 9. Prove that there is a sphere touching all the 
cdjres of a regular triangular pyramid and find its radius 
if the side of the base of the pyramid is a in length and the 
luteral edge is 6 in length. 

’. If the sphere touches the sides of the base ABC 
(l’iv. 195), then its section formed by the plane of the base 
in a circle inscribed into the triangle ABC. That circle 
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touches the sides of the triangle (which is regular) at their 
midpoints K,, K,, and K3. The centre of the sphere must be 
equidistant from those points and, consequently, must lie on 
the perpendicular to the plane of the base passing through 
its centre P, that is, on the line SP. 

If the sphere touches the edge AS at a point Z,, then its 
centre lies in the plane drawn through the point L, at right 
angles to the edge AS. That 
plane cuts the plane ASP 
along a straight line perpendic- 
ular to the edge AS. Further- 
more, in accordance with the 
property of tangents, |AL,|= 
|AK,| = a/2, where a is the 
length of the side of the base. 

It follows from the analysis 
carried out that the centre 
of the sphere should be the 
point of intersection of the line 
SP and the line drawn in the 
plane ASP at right angles to 
the edge AS through the point 
L, of that edge such that 
|AL,| = a/2. Let us desig- 
nate the point of intersection 
of those lines as O and prove that a sphere with centre at O 
and radius r = | OK, | touches the edges of the pyramid. 
First, it is evident that |OK,| = |OK,| = |OKsl, 
that is, the sphere touches all the sides of the base. Second, 
it follows from the congruency of the right triangles OL,A 
and OK,A (a leg and the hypotenuse of one of them are equal 
to a leg and the hypotenuse of the other), that | OL,| = 
|OK,| =r, and this means that the sphere touches the edge 
AS as well. If [OL,] 1 [BS] and [OL,] | [CS], it follows 
from the congruency of the triangles SOL,, SOL,, and SOL, 
(the hypotenuse and an acute angle of one of them are 
equal to the hypotenuse and an acute angle of the other), 
that | OL,| = | OL;| = | OL,| =r. This means that the 
sphere touches the edges BS and CS as well. We have thus 
proved that the sphere touching all the edges of the pyramid 
does exist. 

Let us find the radius of the sphere from the similitude 
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of the triangles SL,O and SPA. We have r/|AP| = 
|SL,|/|SP|, whence, taking into account that 


[Sip =b — 5, |AP| = et |SP| = Vv, 


we find that r = a (2b — a)/2 V 302 —a’. A 


9.4. Combinations of a Sphere, a Cone, 
and a Cylinder 


A sphere is ‘said to be ‘circumscribed about a cylinder 
(1 cone) if the circumferences of its bases (the circumference 
of ils base and a vertex) belong to the sphere (Figs. 196, 197). 

A sphere can be circumscribed about any cylinder and 
nbout any cone. The centre of the circumscribed sphere 


Fig. 196 Fig. 197 


coincides with the centre of the circle circumscribed about 
(he axial section of the cylinder or the cone respectively. 
The radius of the sphere is equal to the radius of that circle. 

A sphere is said to be inscribed into a cylinder (and the 
cylinder is said to be circumscribed about a sphere) if the 
sphere touches every generating line and both bases of the 
cylinder (Fig. 198). 

A sphere can be inscribed into a cylinder if and only if 
the altitude of the cylinder is equal to the diameter of the 
base. The centre of the inscribed sphere is the midpoint of 
(he segment connecting the centres of the hases of the cylin- 
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der. 'he sphere touches every generating line at its midpoint, 
and the set of points of tangency is a circle, which is the 
section of the lateral surface of the cylinder formed by the 
plane parallel to the bases and passing through the midpoint 
of the altitude. 

A sphere is said to be inscribed in a cone (and a cone is 
said to be circumscribed about a sphere) if the sphere touches 
the base of the cone and every generating line (Fig. 1{)9). 


Fig. 198 Fig. 199 


A sphere can be inscribed into any cone. Its centre coin- 
cides with that of the circle inscribed into the axial section 
of the cone, the radius of the sphere is equal to the radius 
of the circle. The set of points of tangency of the sphere and 
the generating lines is a circle, which is the section of the 
lateral surface of the cone formed by the plane parallel 
to the base of the cone (in Fig. 199 the point Q is the centre 
of the circle). 

Problem 1. A sphere is inscribed into a cone. The circle 
of tangency of the sphere and the lateral surface of the cone 
is the circumference of the base of the cylinder inscribed 
into the sphere. The area of the sphere constitutes 4/9 of 
the area of the surface of the cone. Find the ratio between 
the volumes of the cylinder and the cone. 

A The axis of the cone is at the same time the axis of the 
cylinder and the centre of the sphere lies on that axis. Let 
us consider the sections of the three given solids formed by 
the plane passing through the axis of the cone (Fig. 200). 
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The axial section of the cone is a triangle ASB, the section 
of the sphere as a circle, with centre at.O, inscribed into the 
triangle ASB (K, L, and P being the points of tangency), 
the section of the cylinder (axial) is a rectangle inscribed 
into that circle, the line segment LK serves as a side of that 
reclangle. 

Suppose J and r, is the length of the generating line and 
the radius of the base of the cone, respectively, 7 is the radius 
of the sphere, rey, and # are the radius of the base and the 
altitude of the cylinder, respec- 
Lively. We have (Fig. 200): 
| SBI = 1, [PB|l = rg, 
|ABl = |PBl=r, (by the 
property of tangents), |SA| = 
| — Po, ISP| =Vl?—Rr, 
| OK| =r. From the simili- 
tude of the right triangles SKO 
and SPB we find that 


ee V L~Tre 

"Tepe 9 Vitro! 
We determine the areas of the 
surfaces of the cone and the 


sphere by the respective formulas: S, = nr, (1 + r,) and 


S = 4nr? = 4nr ri =. By the hypothesis, S/S, = 4/9, 


whence we obtain an equation 1? — 7r, 1 + 10r2 = 0 and 
find that either 27 = 5r, or 1 = 2r,. 
From the similitude “of the triangles SQ,K and SPB we 
= [PB 
have | Q,K| = ISK| [SBI é 
|Q,Al = rey, we get rey) = 7r,(l —r,)/l. From the right 


t\riangleOQ,K we find that |0Q,)] =V|OK|? — |Q,K/? = 
YF "8. For the altitude of the cylinder we have the 
“hy 2G 


Fig. 200 


Bearing in mind _ that 


| 
equation h =2|0OQ,|, and, hence, hk = sey 7 
ore 


Then we find the volumes of the cone and the cylinder: 


1 ——7 onrd (1—re)°/? 
Ve=z areV P—ri, Veyi eA seed le 


8 (1-+re) 


9 
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and the ratio between those volumes: V,y\/V, = 

oe 2 
ae 7 - Substituting here the values’ / = 5r, and 
L = 2r., we ue respectively, that either V.y,/V, = 16/125 
or Vey /Ve = 

Answer: (eee or 1/4. ~& 

Let us now consider the mutual positions of two spheres 
with centres at O, and O, and radii r,; and r,. Assume that 
d =|0,0,| is the distance 
between ‘the centres of the 
spheres. 

lfd>r,+r, ord< |r, — 
r, |, then the spheres have 
no points in common. 

lf |ry—r, |< d<n+ry, 
then the intersection of the 
spheres is a circle, whose 
plane is perpendicular to the 
line O,O, and whose centre 
lies on that line (Fig. 201). 

Now if d =r, +r, ord = 
|r; —r, | (in the latter case 

Fig. 204 r,=£r,), then the spheres have 
only one point in common 
and are said to be tangential. The common point of the 
spheres lies on the line 0,0, and is called the point of tan- 
gency. If d=r,-+ r,, then the tangency is external (in 
Fig. 202a these are the spheres with centres O, and O,), now 
if d = |r, — r, |, then the tangency is said to be internal 
(in Fig. 202 these are the spheres with centres O, and O)). 
Shown in Fig. 2020 is a section of the tangent spheres formed 
by the plane passing through the line of centres O,0,. The 
tangent spheres have a common tangent plane at their point 
of tangency. 

Problem 2. Three spheres, of radius r each, touch a plane a 
-and each sphere touches the other two spheres. Find the 
radius of the fourth sphere touching the plane @ and of each 
of the three given spheres. 

A Suppose O,, O,, and Og are the centres of the given 
spheres and O is the centre of the fourth sphere. We have 
| O,0.| = |O.03| = |030,| = 2r. There is, evidently, 
only an external tangency between the fourth sphere and 
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the given spheres and, therefore, |O0O,| == |OO,| = 
\OO,| =: r -|- z, where zx is the radius of the fourth sphere. 
Then the point O is equidistant from the points O,, O,, 


Fig. 203 


and O, and, therefore, lies on the perpendicular dropred to 
the plane 0O,0,0, drawn through the centre of the regular 
triangle O,0,0,. The point O is at the distancez, |OK| = 2, 
from the plane a (in Fig. 203 this plane is defined by the 
points of tangency K,, K,, and K,). Each of the points 
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O,, O,, and Og is at the distance r from the plane a. Since 
[PK] 1 a, it follows that |PA| =r as well, and |PO| = 
|r —az|. Taking into account that |PO,| = 2r V 3/3, 
we have, from the right triangle OPO,, that |OO,|? = 


|O.P|2 +|PO|? and (r+a)?= 2? + (r—a2)* From 
this equation we find that z= 7/3. & 


PROBLEMS OF SECTION I 


4. Asegment with the vertex angle @ is cut out of a circle and 
rolled into a funnel. At what @ is the funnel of the greatest capacity? 

2. A regular triangle with the side a in length is rotated about its 
axis which is parallel to its altitude and is at the distance b > a/2 
from it. Find the volume of the solid of revolution. 

3. The side of the base of a regular triangular prism is 1.6 dm 
long and the lateral edge is 1.2 dm long. Four vertices of the prism 
lie on the circle making the base of the cone and the other two ver- 
tices lie on its lateral surface. Find the volume of the cone. 

4. The edge of the cuke ABCDA,B,C,D, is a in length. Find the 
radius of the sphere passing through the vertices B and C,, the mid- 
point of the edge AD and the centre of the face CC,D,D. 

5. A chord AB and a diameter CD are drawn in a sphere of radius 


2 | = 
r. It is known that |AB| =r, (AB, CD) = /3, |AC| = Y 2r, and 
|BC|>|AC]. Find the length of the segment BD. 

6. A truncated cone is circumscribed about a sphere of radius R. 
The base and each generating line of the cone touch the sphere, and 
the generating line is a in length. Find the volume of the cone. 

7. A regular quadrangular pyramid is inscribed into a sphere of 
radius #. The dihedral angle of the pyramid at its lateral edge is 120°. 
The second sphere touches the first one and the lateral faces of the 
pyramid. Find the radius of the second sphere. 

8. Two touching spheres, of radius r each, are inscribed into a di- 
hedral angle 2a in magnitude. The third sphere, inscribed into the 
same angle, touches the first two. Find the radius of the third sphere. 

9. Prove that to be possible to circumscribe a sphere about a prism, 
it-is necessary and sufficient that the prism be right-angled and that a 
circle could be circumscribed about its base. 

10. The length of the lateral edge of a regular triangular pyramid 
is equal to the altitude of the base of the pyramid and is equal to a. 
A sphere touches the plane of the base of the pyramid, its two lateral 
edges, and the extension of the third lateral edge beyond the vertex 
of the pyramid. Find the radius of the sphere. 

41. In the regular pyramid SABC the side of the base ABC is a 
in length and the lateral edge is 2a/3 long. A sphere touches all.the 
edges of that pyramid. Find the area of the part of the sphere lying 
outside the pyramid. 

12. Two spheres S, and S, touch each other and each of them 
touches both faces @ and 6 of the dihedral angle 2~. The sphere S, 
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touches the facea at a point A and the sphere S, touches the face B at a 
point B. In what ratio is the segment AB divided by the spheres? 

13. The altitude of the cylinder is equal to 3r. Three spheres of ra- 
dius r are located inside the cylinder so that cach sphere touches the 
other two spheres and the lateral surface of the cylinder (that is, has a 
point in common with that surface). Two spheres touch the lower base 
of the cylinder and the third sphere touches the upper base. Find the 
radius of the cylinder. 


PROBLEMS OF SECTION II 


1. It is required to manufacture an open cylindrical tank of vol- 
ume V. How long should the radius and the altitude of the tank be for 
the area of its surface to pe the least? 

2. The edge of the cube is a long. Two vertices of the cube are the 
centres of the bases of the cylinder, the other vertices lying on the 
lateral surface of the cylinder. Find the volume of the cylinder. 

3. The volume of the tetrahedron ABCD is V. The edges AB and 
(‘D of the tetrahedron are perpendicular and are equal in lone: and 
the segment MN connecting their midpoints is perpendicular to the 
cdges. The line MN is the axis of the cylinder the circumferences of 
whose bases have a common point with each face of the tetrahedron. 
‘ind the greatest possible volume of such a cylinder. 

4. All the vertices of the regular pyramid SABCD lic on the lat- 
eral surface of the cylinder whose axis is perpendicular to the plane 
SAB. Find the radius of the cylinder if | AB| = a. 

5. In the regular quadrangular pyramid SABCD the side of the 


base is a in length and the lateral edge is 2 a long. One base of the 


cylinder lies in the plane SAB and the other is inscribed into the section 
of the pyramid. Find the area of the lateral surface of the cylinder. 

6. In the regular prism ABCA,B,C, the length of each edge is a. 
I'he vertices A and A, lie on the lateral surface of the cylinder, and 
the plane BB,C,C touches that surface. The axis of the cylinder is 
parallel to the line B,C. Find the radius of the cylinder. 

7. The vertices of the rectangle lie on the lateral surface of the 
cylinder. Prove that two parallel sides of the rectangle are perpendic- 
ular to the axis of the cylinder. 

8. The vertex A of the regular prism ABCA,B,C, coincides with 
the centre of one of the bases of the cylinder, the vertices B, and C, 
lie on the circumference of the other base, and the vertices A,, B and 
(’ lie on the lateral surface of the cylinder. Determine the ratio of the 
volumes of the cylinder and the prism. 

9. One vertex of the regular tetrahedron lies on the axis of the 
cylinder, and the other vertices lie on the lateral surface of that cyl- 
inder. Find the length of the edge of the tetrahedron if the radius of 
the cylinder is R. 

10. The straight line touches the lateral surface of the cylinder 
when it lies in the tangent plane and has a common point with the sur- 
face of the cylinder. The edge of the cube ABCDA,B,C,D, is a long. 
‘I'he cylinder whose axis is parallel to the line BD, is so positioned 


Py le 


324 PROBLEMS OF SECTION TI 


that the lines AA,, BC, and C,), touch its lateral surface. Find the 
radius of the cylinder (lind all solutions). 

11. The area of the section of the cone formed by the plane mak- 
ing an angle of 30° with the axis of the cone is equal to the area of 
the axial section. Find the apex angle of the cone. 

12. A regular triangular pyramid is inscribed into a cone. The 
area of the lateral face of the pyramid is equal to the area of the axial 
section of the cone. Find the ratio between the areas of the lateral 
surfaces of the cone and the pyramid. 

13. The apex angle of the cone is 2a, and the length of the generat- 
ing line is 7. Find the greatest possible area of the section of the cone 
formed by the plane passing through the vertex. Find the angle be- 
tween the axis and the plane of the section of the greatest area. 

14. The points A(1; 2; —2), B(4; 2; —2), and C (3; 4; —2) lie on 
the circumference of the base of the cone whose altitude is equal to 3. 
Kind the coordinates of the vertex of the cone and the area of the sec- 
tion of the cone formed by the plane z = 0. 

15. The points A(1; 2; —1), B(—2; 2; —1), and C (—2; 2; 3) lie 
on the circumference of the base of the cone, and the point M (0; 6; =) 
lies on its lateral surface. Find the area of the whole surface of the 
cone. 

16. A cone is circumscribed about a cube so that four vertices of the 
cube lie in the plane of the base of the cone and the other four vertices 
lie on its lateral surface. What is the least volume of the cone if the 
edge of the cube is a in length? 

17. The edge of the cube ABCDA,B,C,D, is a in length, and the 
points M and WN are the midpoints of the edges AA, and A,B, respec- 
tively. The plane D, MN touches the lateral surface of the cone whose 
axis is the line CC, and the centre of whose base is the point C. Find 
the volume of the cone. 

18. In the tetrahedron ABCD the dihedral angles at the edges BC 
and CD are right angles. One of the edges of the tetrahedron is thrice 
as long as the edge not intersecting it. The vertex of the cone coincides 
with one of the vertices of the tetrahedron and the circumference of 
the base of the cone is circumscribed about one of its faces. Find the 
angle in the axial section of the cone. 

19. In the tetrahedron ABCD the dihedral angles at the edges AB 
and BD are right angles and 7 ACD = a. The vertex of the cone coin- 
cides with one of the vertices of the tetrahedron and the circumference 
of the base of the cone is inscribed into one of the faces. Find the angle 
in the axial section of the cone. 

20. The base of the right prism ABCA,B,C, is a right triangle 
with the legs AB and BC 8 cmand 6 cm long respectively. The hypot- 
enuse AC is the diameter of the base of the cone whose vertex lies on 
the edge A,B,. The edge AB cuts the lateral surface of the cone at a 
point M so that |AM|= 5 cm. Find the volume of the cone. 

21. The ratio between the radii of the bases of the truncated cone is 
equal to 2. The vertices A, B, B,, and A, of the regular prism 
ABCA,B,C, lie on the circumference of the larger base and the ver- 
tices C and C, lie on the circumference of the smaller base of the cone. 
Find the ratio between the volumes of the cone and the pyramid. 
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22. The vertices A, B, and C of the regular tetrahedron lie on the 
luteral surface of the cone, the vertex D belongs to its base, and the 
line AD is perpendicular to the plane of that base. Find the length of | 
the edge of the tetrahedron if the apex angle of the cone is 90° and 
the radius of its base is R. 

23. The radius of the smaller base of the truncated cone is equal to 
‘sr, and the radius of the larger base is 7r. The vertices S and A of the 
regular pyramid SABC lie on the circumference of the smaller base 
of the cone and the vertices B and C of the base ABC of the pyramid 
lic on the circumference of the larger base of the cone. Find the volume 
of the pyramid SABC. 

24. A straight line touches the lateral surface of the cone if it lies 
in the tangent plane and has a common’ point with the generating 
line noncoinciding with the vertex of the cone. The base of the cone 
lies in the plane of the face ABCD of the cube ABCDA,B,C,D, and 
the vertex S of the cone lies on the ray OO,, where O and O, are the 
centres of the faces ABCD and A,B,C,D, respectively. The diagonal 
AB, touches the lateral surface of the cone. In what ratio does the 
point of tangency divide the segment AB, if |SO| = 2|[00,|? 

25. The triangle ABC of area S lies in the same plane as the line J. 
The point of intersection of the medians of the triangle is at a distance 
¢d from 1. Prove that the volume of the solid obtained by rotating the 
(triangle about the line Z is equal to 2n dS. 

26. The vertices of the rectangle lie on the lateral surface of the 
cone. Prove that two parallel sides of the rectangle are perpendicular 
to the axis of the cone. 

27. A regular quadrangular pyramid is inscribed into a sphere of 
radius R. What is the greatest possible volume of the pyramid? 

28. A regular triangular prism is circumscribed about a ball of 
volume V. What is the least possible volume of the pyramid? 

29. A regular truncated triangular pyramid is circumscribed about 
a ball, the lateral edge of the pyramid making an angle of 60° with 
(he plane of the base. Find the ratio between the volumes of the ball 
and the pyramid. 

30. The edge of the regular tetrahedron is a in length. The altitude 
of the tetrahedron is the diameter of a sphere. What is the area of the 
part of the surface of the tetrahedron lying in the interior of the sphere? 

31. The sphere touches all the edges of the cube. Find the volume 
of the part of the cube lying in the interior of the sphere if the edge of 
the cube is a long. 

32. The sphere touches all the lateral edges of the regular quadran- 
yttlar prism and its bases. Find the ratio between the area of the part of 
the sphere lying in the exterior of the prism and the area of the whole 
surface of the prism. 

33. All the plane angles at the vertex S in the pyramid SABC are 
right angles. Prove that the vertex S, the point of intersection of the 
medians of the triangle ABC and the centre of the sphere circumscribed 
nbout the pyramid, lie on the same line. 

34. The edge of the cube is a long. Find the radius of the sphere 
drawn ues the vertices A and D and the midpoints of the edges 
Bie, and C,D,. 

35. In the tetrahedron ABCD the dihedral angles at the edges 
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AB, BC, and CD are right angles and ABC = ZBCD = a. The ra- 
dius of the sphere circumscribed about the tetrahedron is 2. Find the 
volume of the tetrahedron. 

36. The points A and B lic in different faces of the right dihedral 
angle, the point A is at the distance 3a from the edge of that angle, 
and the point B is at the distance 4a from it. Find the least radius of 
the sphere touching the faces of the angle and the line AB. 

37. In the cube ABCDA,B,C,D, the points E and F are the mid- 
points of the edges AA, and A,D, respectively and |AB| = a. Find 
the radii of the spheres passing through the points E and F and 
touching the planes BB,C,C and DD,C,C. 

38. The side of the base of the regular triangular prism ABCA,B,C, 
is a long. The point D is the midpoint of the edge AB, and the point F 
lies on the edge A,C,. The line DE makes angles a and B with the 
planes ABC and AA,C,C respectively. Find the radius of the sphere, 
een on the segment DE, touching the planes ABC and 

104C. 

39. All the edges of the regular quadrangular pyramid are a long. 
Find the radius of the sphere passing through the centres of the lateral 
faces and touching the sides of the base of the pyramid. 

40. In the pyramid SABC the edge SC makes an angle of 60° 
with the plane of the base. The vertices A, B, and C and the mid- 
points of all the lateral edges lie on the sphere of radiusr. Find the 
altitude of the pyramid. 

41. In the tetrahedron ABCD the face ABC is a right triangle 
(ZBCA = 90°), the edge AD is perpendicular to the plane ABC, 
|AD| = |BC|=3 cm, and |AC|=4cm. Find the radius of the 
sphere inscribed into the tetrahedron. 

42. The base of the pyramid SABCD is a rhombus with the diago- 
nals AC and BD, |AC| = 8cm, |BD| = 6cm, the edge SA is per- 
pendicular to the plane of the base and its length is 2 cm. Find the 
radius of the sphere inscribed into the pyramid. 

43. In the regular hexagonal pyramid the centres of the inscribed 
and circumscribed spheres coincide. Find (a) the ratio of the radii of 
the spheres, and (b) the plane angle at the vertex of the pyramid. 

44. Prove that for any prism circumscribed about a sphere the ra- 
tio between the area of the lateral surface and the area of the base is 
equal to 4. 

45. Prove that to be possible to inscribe a sphere into a prism, it 
is necessary and sufficient that a circle could be inscribed into the 
perpendicular section of the prism and that the altitude of the prism 
should equal the diameter of that circle. 

46. Prove that for a sphere, touching all the edges of the tetrahe- 
dron, to exist, it is necessary and sufficient that the sums of the lengths 
of the skew edges of the tetrahedron should be equal. 

47. A sphere of radius r is inscribed into a right dihedral angle. 
A straight line touching the sphere at a point K cuts the faces of the 
angle at points A and B such that |AK{|/| KB| = 3/2. Each of the 
points A and B is at the distance 3r from the edge of the dihedral an- 
gle. Find the length of the segment AB. 

48. The edge of the cube ABCDA,B,C,D, is a long. Points E and 
F are taken on the diagonals AC and B,D, of the faces of the cube re- 
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spectively such that the sphere inscribed into the cube divides the 
segment /F into three parts the ratio of whose Iengths is 3:7: 2, 
reckoning from the point £. Find the length of the segment FEF. 

49. Each edge of the regular quadrangular pyramid is a in length. 
A plane, touching the sphere inscribed into the pyramid, is drawn 
through the midpoints of the lateral“edges belonging to one of the lat- 
cral faces. Find the area of the resulting section. : 

50. In the regular pyramid SABCD the side of the base ABCD is 


a in length, and the altitude of the pyramid is equal to a2. The 
sphere inscribed into the pyramid touches the face SAD ata point K. 
Find the area of the section of the pyramid drawn through the edge 
AB and the point K. 

54. In the tetrahedron ABCD the Jength of cach of the edges AB 
and CD is 4 cm and the length of each of the other edges is 3 cm. A 
sphere is inscribed into that tetrahedron. Determine the volume of the 
tctrahedrcn whose vertices are the points of tangency of the sphere 
and the faces of the tetrahedron ABCD. 

52. The edge of the regular tetrahedron ABCD is along. The sphere 
inscribed into the trihedral angle with the vertex A touches the 
plane drawn through the midpoints of the edges AB, AD, and BC. 
Find the radius of the sphere. 

53. In the right parallelepiped ABCDA,B,C,D, |AB\| = 4a, 
|BC| = |BB,| =a. The sphere inscribed into the trihedral angle 
BAB,C (with vertex B) touches the diagonal AC,. Determine the radi- 
us of the sphere (find all solutions). 

54. In the regular pyramid SABCD the side of the base is 8 cm in 
length and the lateral edge is 9 cm long. The sphere touches the plane 
of the base of the pyramid at a point A and a line SB. Find the radius 
of the sphere (find all solutions). 

55. The sphere of radius r touches all the edges of the triangular 
pyramid, the centre of the sphere lying on the altitude of the pyra- 
mid. Prove that the pyramid is regular and find its altitude if the 
ue of the sphere is at the distance r 3 from the vertex of the pyr- 
amid. 

56. Each plane angle of a trihedral angle with vertex S is 60°. 
Points A, B, and C are taken on the edges of the trihedral angles respec- 
tively such that | SA| = 2a and |SB|=|SC|= a. Find the 
radius of the sphere touching the edges of the angle and the plane 
ABC (find all solutions). 

57. The base of the parallelepiped ABCDA,B,C,D, is a rectangle 
ABCD whose side AD is four times as long as the altitude of the paral- 
lelepiped. A sphere with centre at O touches the edges BC, A,B, and 
DD, at points B, Aj, and D, respectively. Find the angle A,OB. 

58. The skew edges of the tetrahedron are equal in length. Prove 
that the centres of the spheres inscribed into the tetrahedron and cir- 
cumscribed about it coincide. Is the converse statement true? 

59. The sphere touches all the edges of the triangular prism. De- 
termine the ratio between the volumes of the sphere and the 
prism. 

60. A ace is inscribed into each trihedral angle of the tetrahe- 
dron. All the four spheres have the same radius and meet at the same 
point. Find the radius of the spheres if the radii of the spheres circum- 
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scribed about the tetrahedron and inscribed into it are # and r 
Tespectively. 

61. A sphere is inscribed into a cube with the edge a long. For an 
arbitrarily taken point of the sphere find the sums of the squares of 
the distances from that point to: (a) the vertices, (b) the faces, (c) the 
edges of the cube. Prove that the sums do not depend on the choice of 
the point. 

62. A plane @ and three pairwise perpendicular radii are drawn 
through the centre of the sphere. Find the sum of the squares of the 
distances from the ends of the radii to the plane a if the radius of the 
sphere is RR. 

63. Three circles of radius r/2 are located on the sphere of radius r 
so that each of them has a point in common with each of the other 
two circles. Find the radius of the circle lying on that sphere and 
having one point in common with each of the given three circles. 

64. The angle between the adjacent lateral faces of the regular 
triangular pyramid is equal to 3x/4. A sphere with centre at the vertex 
of the pyramid touches the base of the pyramid. What part of the 
sphere is in the interior of the pyramid? 

65. The edge of the regular tetrahedron ABCD is a long. A sphere 
touches the edges AB, AC, and AD at points B, C, aud D respectively. 
Find the area of the part of the sphere lying in the interior of the tet- 
rahedron. 

66. Prove that if the solid ®, not lying entirely on the line J, is 
symmetric about any plane passing through the line J, then the solid 
® is a solid of revolution and the line 7 is the axis of revolution. 

67. Find the volume of the solid resulting from the rotation of a 
dhe hexagon about the axis containing its side if the length of that 
side is a. 

68. The perimeter of the isosceles triangle is equal to P. How long 
should its sides be for the volume of the solid resulting from the rota- 
tion of the triangle about the base to be the greatest? 

69. Two spheres with centres at O, and O, are intersected by a 
plane perpendicular to the segment 0,0, and passing through its 
midpoint. The plane divides the first sphere into parts the ratio of 
whose areas is m/1 and the second sphere into parts the ratio of whose 
areas is n/1 (m >1,n> 1). Find the ratio of the radii of the 
spheres. 

70. The volume of the ball is V. A cylinder is inscribed into the 
sphere bounding the ball. What is the greatest possible volume of 
the cylinder? 

71. The volume of the ball is V. Find the greatest volume of the 
cone inscribed into the sphere bounding the ball. 

72. The area of the sphere is S. A cone is circumscribed about the 
sphere. What is the least area of the surface of the cone? 

73. A sphere is constructed on the altitvde of the cone which 
serves as a diameter. The area of the part of the sphere lying in the 
interior of the cone is equal to the area of the surface of the part of the 
cone lying inside the sphere. Determine the angle in the axial section 
of the cone. 

74. Prove that to be possible to inscribe a sphere into a truncated 
cone (the sphere touching both bases and every generating line of the 
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cone), it is necessary and sufficient that the length of the generating 
line should be equal to the sum of the radii of the bases. 

75. A sphere of area S, is inscribed into a truncated cone with the 
lateral surface of area S,. Find the angle between the generating line 
und the plane of the base of the cone. 

76. A sphere is inscribed into a cone. The plane passing through 
the vertex of the cone divides its lateral surface into parts the ratio of 
whose areas is 1/2. The sphere is divided by the plane into parts the 
ratio of whose areas is 1/5. Find the apex angle of the cone. 

77. A cone is circumscribed about a sphere, the apex angle of the 
cone being equal to 60°. Find the ratio of the volumes of the parts of 
the cone lying in the exterior of the sphere. 

78. All the plane angles at the vertex S in the pyramid SABC 
are right angles, |AC| = |BC|, | ABT = 2R, and the angle be- 
(ween the edge SC and the plane ABC is 45°. A sphere is constructed 
on the edge AB as a diameter. Find the radius of the sphere inscribed 
into the trihedral angle CSAB (the vertex C) and touching the given 
sphere (find all solutions). 

79. Three spheres lie on the plane, each of which touching the other 
(wo spheres. The distances between the points of tangency of the 
spheres and the plane are a, b, and c respectively. Find the radii of 
the spheres. 

80. Two spheres, of radius r each, touch each other. The line mak- 
ing an angle a with the line of centres touches the spheres at points A 
and B respectively. Find the distances from the points A and B to 
the line of centres of the spheres and the length of the segment AB. 

81. Two spheres of equal radii touch each other. A straight line 
cuts the spheres consecutively at points A, B, C, and D (BC being the 
segment lying in the exterior of the spheres) such that |AB| = 
|CD| =: a and |BC| = na. Find the distance from that line to 
the line of centres of the spheres. 

82. Two spheres of equal radii are inscribed into a right dihedral 
angle, the spheres touching each other. A straight line cuts the faces 
of the angle at point A and B, makes an angle of 30° with each face 
ind touches each sphere. In what ratio do the points of tangency di- 
vide the segment AB? 

83. Three spheres of equal radii r touch the plane a and each sphere 
touches the other two. The straight line a, parallel to the plane a, 
touches each sphere. Find the distance between a and a. 

84. Each of the four given spheres of radius r touches the other 
three. Find the radius of the spheres touching all the given four spheres. 

85. The spheres S, and S, of radius 2r and the spheres S, and S, 
of radius r are positioned so that each sphere touches the other three. 
The spheres S, and S, touch each other at a point A and the spheres 
S, and S, at a point B. In what ratio do the spheres S, and S, divide 
the segment AB? 

86. Two cones have a vertex in common and the generating line of 
the first cone is the altitude of the other cone. The apex angle of the 


first cone is equal to arceos 5 , the apex angle of the other cone is equal 


lo 27/3. Determine the angle between the generating lines along which 
the lateral surfaces of the cones intersect. 
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87. The apex angle of the cone is equal to 1/3. Three spheres of 
radius r are located in the interior of the cone. Each sphere touches 
the other two spheres, the base of the cone and its lateral surface. 
Find the radius of the base of the cone. 

88. Four identical balls are located in the interior of the cylinder 
so that each ball touches the other three balls and the lateral surface 
of the cylinder. Two balls touch the lower base and the other two 
touch the upper base of the cylinder. Find the volume of the 
cylinder if the volume of the ball is V. 

89. Two cones with equal apex angles have a vertex in common and 
touch each other (that is, their lateral surfaces have a common gener- 
ating line). Each face of the dihedral angle, 2a in magnitude, touches 
the lateral surface of each of the cones. Find the apex angle of the 
cones. 

90. Three cones with equal apex angles have a vertex in common 
and each cone touches the other two. All three cones touch the same 
plane. Determine the apex angle of the cones. 


Appendix 


Samples of Problems Given 
at the Entrance Examinations in Mathematies 
in Various Institutes of the USSR 


Af. The difference V | 40 f2—57 |—V 40 V 2+57 is an integer. 
lind it. 
ey Find all solutions of the equation 


a 
\ cos (r+ a?) dx =Ssina, 
0 


which belong to the interval [2; 3]. 

3. In the scalene triangle ABC the altitudes AP and CQ are dropped 
from the vertices A and C to the sides BC and AB. The area of the 
(riangle ABC is known to be equal to 18, the area of the triangle BPQ 
to 2, and the length of the segment PQ to 2y 2. Calculate the radius 
of the circle circumscribed about the triangle ABC. © 

4. Find all the values of the parameter a for which the system of 
inequalities 
1—a 


1+-a’ 
—2 


22+ 2zry — Ty? > 
32? 4+-10ry —5y2 < 


has a solution. 

5. The volume of the tetrahedron ABCD is equal to 5. A plane is 
drawn through the midpoints of the edges AD and BC which cuts the 
edge CD at a point M. This results in the ratio between the lengths of 
the segments DM and MC being equal to 2/3. Calculate the area of 
the section of the tetrahedron formed by the indicated plane if the 
distance between that plane and the vertex A is equal to 1. 

6, Solve the inequality 


x * % 
(c—1) Yx*?—2z—2>0. 
Jf Find the points of minimum of the function 
z—3 
2 e 
8. Find the equation of the straight line passing through the point 
with the coordinates (1/2; 2), touching the graph of the function y = 


= D6 ee 
V 3cos oy +sin > 
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T2 
2 
distinct points. 

9. The collection A consists of different natural numbers. There are 
more than seven numbers in A. The least common multiple of all the 
numbers in A is 210. The greatest common divisor of any two num- 
bers in A exceed unity. The product of all numbers in A can be di- 
vided by 1920 and is not a square of any integer. Find the numbers 
which constitute the collection A. 

10. The base of the pyramid ABCEG is a convex quadrangle ABCE 
which is divided by the diagonal BE into two equivalent triangles. 
The length of the edge AB is equal to 1 and the length of the edges BC 
and CE are equal. The sum of the lengths of the edges AH and EH is 
equal to 2. The volume of the pyramid is equal to 1/6. Find the ra- 
dius of the ball having the greatest volume among all the balls con- 
tained in the pyramid ABCEF. 


2—— and cutting the graph of the function y = 4 — 2? at two 


* * 


13: Solve the equation sin? x = 3/4. 
12.-Find the area of the closed figure bounded by the curves 


y = 0, y = 20 — 62 — 2z2?. 
13. Find the negative terms of the sequence 


— Ahsy 148 
= Pnie 4Pn 


where A {,,4 is the number of arrangements, and P,., and P,, are the 
numbers of permutations. 

14. Given an isosceles trapezoid into which a circle is inscribed 
and about which a circle is circumscribed. The ratio between the 
altitude of the trapezoid and the radius of the circumscribed circle is 


equal to 2/3. Find the angles of the trapezoid. 

15. The length of the edge of the cube ABCDA,B,C,D, ((AA)) || 
(BB;) || (CC,) || (DD,)) is equal to 1. Point EZ is taken on the edge AA, 
such that the segment AE is 1/3 long. A point F is taken on the edge 
BC such that the segment BF is 1/4 long. A plane @ is drawn through 
the centre of the cube and the points Z and F. Find the distance from 
the vertex B, to the plane a. 


In (W271) Bi By ance) 


16/ Solve the inequality 
2|z24+141|]>24+4. 
17. In the triangle ABC the side AB is 3 m long, the altitude CD 


dropped to the side AB is 73 m long. The foot D of the altitude CD 
lies on the side AB and the length of the segment AD is equal to that 
of the side BC. Find the length of the side AC. 


APPENDIX 333 


18. Find the intervals of increase and decrease and the points of 
maximum and minimum of the function y = .c/In cz. 

19. A lorry and a racing car left simultaneously point A for point 
(". Travelling with constant speed, the lorry reached point C having 
covered the distance equal to 360 km. The racing car took the circle 
line and first visited point B located 120 km from point A, travelling 
with the speed twice that of the lorry. Having left point B, it increased 
its speed by 40 km per hour and covered the way from point B to 
point C equal to 1000 km. It reached point C 1 h 15 min Jater than did 
the lorry. If the racing car covered the whole way from point A to 
point C with the same speed that he had when it travelled from point 
RB to point C, it would reach point C one hour later than the lorry did. 
lind the speed of the lorry. 

20. Solve the equation 


2 sin (s+ ) = V1+ 8 sin 2z cos? 22, 


* x * 


2r—1 


one an indicate the 


2{. Find the extrema of the function y= 


intervals of increase and decrease. 

22. Calculate the volume of the solid generated by the rotation 
about the z-axis of the figure bounded by the curves y = 23, y = 1, 
and z= 3. 

23. Solve the equation 

ee ee ee 
4-+cos*z ' 1+sin?z 11° 


24, Solve the inequality 
z—4 
logs or +5 <i. 
256 Solve the equation 
\ 5itlogs x4 5!08.05%~ 1 2 


— 


5° 


o> 


* * * 


26. Four different postage-stamps are needed to pay for dispatch- 
ing four books, the total sum being 2 rubles and 80 kopecks. Deter- 
mine the cost of each stamp bought by the sender if those costs con- 
stitute an arithmetic progression and the most expensive stamp is 2.5 
Limes as dear as the cheapest one. 

27. The vectors a and b are mutually perpendicular and the vector 
« makes an angle of 60° with each of them. Knowing that |a |= 3, 
|b] = 5, and | c| = 8, calculate the scalar product (3a — 2b) X 
(b + 3e). 

28. Solve the equation 

7T.Qxth — 5xtd — Bxtd —. 5x+3_ 
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29. Solve the equation 


= 6sinz + 8cosz. 
cos 2 


ig. Calculate the area of the figure bounded by the curves 
= —z*-+ 624 —1, y= 0, r= 1, z= 3. 


x * & 


34/ Find the sum of all three-digit natural numbers which, being 
divided by 3, give the remainder equal to 2. 

32. The base of the pyramid SABC is an isosceles triangle ABC, 
|AB| = |AC| =a, ZABC =. The line (AS) makes an angle a 
with the plane of the base of the pyramid, and the plane of the lateral 
face (BCS) makes an angle B with the same plane, and SAC = 
ZSAB. Find the volume of the pyramid KSLC if the points K 
and S are known to belong to the edges [AS] and [BS] respectively, 
and the area of the triangle KSL is related to that of the triangle 
ABS as 4/25, 

33. Solve the system of equations 


ae (x + y) + logs (x — y) = 2, 
Qu° = 512e+!, 

34. Find the critical points of the function 

A 
3 
whose coordinates satisfy the inequality z? — 10 < —19.5z. 


y=2 sin? -+sin —= : 


* & & 


35. Solve the equation 7!°&* — 9g — 7/087, 
36. Solve the equation 2 + cos 4z = 3 sin? z. 
37. Solve the inequality 


z2— 52-4 
a 
38. At what value of z are the vectors a = (2; —3; 4) and b = 


(—3; 2; z) perpendicular? 
39. Calculate the integral 


<i. 
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41, lind the greatest and the least value of the function 
f (z) = 2-38% — 32%.4 4- 2.3% 


on the interval [—4, 4]. 
42, Find the area of the figure bounded by the graphs of the func- 
lions 


y= 2*— 4, y= 4 — 2’, 


43. The radius of the sphere inscribed into a cone is R. Find the 
volume of the cone if the centre of the sphere circumscribed about the 
cone coincides with the centre of the inscribed sphere. 

44. A furniture factory manufactures tables and chairs. The manu- 
facture of one table requires 5 running metres of boards and one metre 
of veneer, and the manufacture of one chair requires one inetre of 
boards and 2 metres of veneer. How many tables and chairs were manu- 
factured if it is known that the boards ‘and the venecr were used in an 
amount of 900 running metres each? 


kk 


45. Solve the equation 3x — Y 18x + 1+1= 0. 
46. Solve the inequality 


2 
—-3<-= : 
Vz i a 


47. Solve the cquation 


ents = cot z+3. 
48. Vind 


_ tan? z—3 tanz 
hh 


1 wt. 
x 5 cos (2+ 7 
49. Find the angle between the plane passing through the points 
A(0; 0; 0), B(1; 1; 1), and C(3; 2; 1) and the plane passing through 
the points A(0; 0; 0), B(1; 4; 4). and D (3; 1; 2). 


* k * 


30. Solve the equation 


14 14 
logs (14 + cos) 4+- logs (4 — cos) = —3. 


51. Find the image of the point A (2; 7) resulting from the rota- 
tion of the coordinate plane about the point Af (2; 3) through the 
angle —/2. Find the image of one more point (choose it yourself). 
‘ind the image of the point C(—4; 8) resulting from this rotation. 

52. Check which of the following numbers is greater: C$, or C3, + 
(1, and find all the values of n for which C§ < C? + CA. 
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53. Find the greatest and the least value of the function 
f (2) = e?*-1 + Qel* 4 Tx -- 3 


on the interval [0.14; 14]. 


54. We shall call the number a a good one if the inequality 
227+ 22+ 3 
moti ~" 


is satisfied for any z. 
(a) Prove that the number 4 is a good one. 
(b) Find all good numbers. 


*x * * 


55. Solve the equation 
sint x — cos! r = cos z. 
56. Solve the equation 
xt+5 x+17 
32°- 7 —0.25-128*-3 . 


57. Calculate the area of the figure bounded by the graphs of the 
functions 


y=4—x2*, y = 2? — 2z. 


58. In an isosceles trapezoid the smaller base and the nonparallel 
side are equal to a. Find the larger base b such that the area of the 
trapezoid should be the maximal one. 

59. Given three nonzero vectors a, b, and ¢, every two of which are 
noncollinear. Find their sum if the vectors a + b and ec and b-} e 
and a are pairwise collinear. 


* & & 


60. Calculate the area of the figure bounded by the curves 
y= 5/r, y= 6 — cz. 


61. Squares are constructed on the bases AB and CD of the trape- 
zoid ABCD (in the exterior of it). Prove that the straight line con- 
necting the centres of the squares passes through the point of inter- 
section of the diagonals of the trapezoid. 

' 62. Solve the inequality 


log. (3 — 2z) > 1. 
63. Solve the equation 
2cosz = Y2-+ sin 2z. 


64. The altitude of a regular quadrangular pyramid makes an 
angle of 30° with the lateral face. A plane perpendicular to the oppo- 
site face is drawn through the side of the base of the pyramid. Find 
the ratio between the volumes of the polyhedra resulting from the in- 
tersection of the pyramid by the plane. 


* & & 


APPENDIX 337 


65. Solve the inequality 0.1*+! < 0.8 + 2-10*. 
66. Solve the system of equations 


log, zy +3 10847 _0, 


logay 
log, loge z-logyy=0. 


67. The circle constructed on the base AD of the trapezoid ABCD 
serving as a diameter passes through the midpoints of the lateral sides 
AB and CD of the trapezoid and touches the base BC. Find the angles 
of the trapezoid. 

68. Solve the equation 


3 sin 3z = cos 4z — sin 9x — cos 10z. 


69. Two trains left point A for point B simultaneously. They first 
travelled with uniform accelerations (the accelerations of the trains 
are different and the initial specds are zero). After reaching certain 
speeds, the trains continued travelling with uniform speed. The ratio 
of the uniform speeds of the trains is 2. Having covered a quarter of 
the way from A to B the trains came alongside each other and at that 
moment the speed of one of them was 1.5 that of the other. Find the 
ratio between the intervals of time required for the trains to travel 
from A to B. 

70. Find the greatest possible angle between the plane of the lat- 
eral face and the lateral edge not belonging to it of a regular quadran- 
yvular pyramid. 


x * *€ 


71. Having simplified the equation 


Se) 


find its limit as z— 4/8. 
72. Solve the system of equations 


(3y? 4- 1) logst = 1, 
{ Cale 


73. The sum of the infinitely decreasing geometric progression is 
equal to the greatest value of the function f (z) = 3z3 — z — 76 on 
the interval [0; 3]; the first term of the progression is equal to the 
square of its common ratio. Find the common ratio of the progression. 

74. Find all the values of z which satisfy the equation 


ae 
2 
and lic on the interval [—zx/2; 2]. 


75. A plane is drawn through the vertex C, of the cube 
ABCDA,B,C,D, which cuts the edges [BC] and [cD} and makes an 


Bud 


sin4 
6 


+-sin4 ($+) = sin 
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angle « with the face ABCD. As a result, an isosceles triangle is ob- 
tained in the section. Find the area of the section if the edge of the 
cube is a in length (consider all possible cases). 


* & & 


76. For what a and b (a, b€R) do the grape of the functions 
f(z) = 224 — atx? ++ b—1 and g(x) = 2ar5—1 have only two 


points in common? 
77. How many six-digit numbers contain exactly four different 


digits? 

78. Solve the equation (a € k) 

1 + 2 (sin? 2x — 2a cos 2z + a) tan? zx — cos 47 = 0, 

79. The angle between the adjacent lateral faces of a regular 
quadrangular pyramid is equal to @ and the side of the base is ain 
length. Find the radius of the sphere touching the lateral faces of the 
pyramid and that of the sphere circumscribed about the pyramid. 

80. Find the vector a = (x; y; z) making equal angles with the 
vectors b = (y; —2z; 3z) and ¢ = (2z; 3z; —y) if is perpendicular to 
the vector d = (4; —1;2),|a| = 2/73 and the angle between the 
vector a and the y-axis is obtuse. 


kkk 


81. Simplify the expression 


(1-45 \: (vyau—yan— Soars) ))?_ 


14+ ab 1+ Yab 
82. Solve the equation 
w— 22 . on+2zr 137 
Cos —5 + sin Sn tan——. 


83. Solve the inequality 27/2? > (x — 1)? + 2. 
84. Prove the equality 
CRE +2CRHE + CRE = CRH. 


85. Divide the number 12 into two summands so that the sum of 
the cubes of those summands should be the least. 


* kk * 


86. A father wanted to divide 180 apples between his five chil- 
dren. Half of the apples he gave to his sons who divided them equally. 
The other half was given to the daughters who also divided them 
equally. It turned out that each daughter got 15 apples more than 
each son. How many sons and how many daughters did the father have? 

87. Solve the equation sin? 2x -++ sin? z = 1. 

88. Solve the equation 


3x15 4. 3(X-10)/10 — 84, 
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$9. Find the greatest and the least value of the function / (z) = 
$c2 — 9x? + 2 on the interval [—1; 1]. 

90. Given p arithmetic progressions each of which contains n 
terms. Their initial terms are equal to 1, 2, 3, ..., p respectively 
and the common ratios are equal to 1, 3, 5, ..., 2p —1. Find the 
sum of the terms of all the progressions. 


kK 


91. Two sportsmen start simultaneously from diametrically oppo- 
sile points A and B and run towards each other at constant speeds 
along a track of circular shape. They first met ¢ seconds later, a metres 
from B, and for the second time they met at a distance of 2a metres 
from A (a > 0). Find the speeds of the sportsmen if the distance means 
the shortest way along the track. 

92. Solve the equation 


cos 6z -+- tan? z + cos 6z-tan*? z = 1. 


93. The circles O, and O, have external tangency at a point A, the 
segment AB being the diameter of O,. The lengths of the segments in- 
tercepted by the circles on some straight line passing through the 
joint B are equal to 2 cm, 3 cm, and 4 cm, reckoning from the point B. 
Wind the radii of the circles. 

94. Determine the values of the parameter a at which the equation 
loge, (az + 1) = 1/2 has a unique solution. 

95. The base of the triangular prism is an isosceles right triangle 
ABC, whose legs AB and AC are a in length. The lateral edges AA’, 
RB’, and CC’ make an angle of 60° with the plane of the base, and the 
diagonal BC’ of the lateral face CBB’C’ is perpendicular to the edge 
AC. Find the volume of the prism if the length of the diagonal BC’ 


is equal to a Y6. 


96. Solve the equation 


2 sin? (<=—+] = 2 sin? z— tan z. 
97. Solve the inequality | 3 —3|+ 9*¥ —3> 0. | 
98. A rectangular parallelepiped whose base is a square’ with side 

is inscribed into a regular quadrangular pyramid with altitude H 

and the side of the base a, so that the Tower base of the parallelepiped 

lies on the base of the pyramid and the vertices of its upper base lie 
on the lateral edges of the pyramid. At what b is the volume of the 

Inscribed parallelepiped the greatest? Find the volume for that value 

of b. 

99. Some poles lie on the road at a distance of 10 m from one 
another. Beginning with one end-pole, a worker carried all the poles, 
one-by-one, to the other end-pole, for which purpose he had to cover 
the total distance of 1.44 km. How many poles were there on the road? 


*k * & 
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100. A cylinder is inscribed into a regular quadrangular pyrainid 
whose Jateral faces are at the angle @ to the plane of the base (one base 
of the cylinder lies in the plane of the base of the pyramid and the cir- 
cumference of its second base has one point in common with every lat- 
eral face of the pyramid). The radius of the base of the cylinder and 
its altitude are equal to r. Calculate the volume of the pyramid. At 
what angle @ is the volume of the pyramid the least? 

101. Calculate the area of the figure bounded by the graphs of the 


functions 
4— 7? 
y= OFT and y= 7— |z|. 


102. Solve the inequality 


V log? z+ logi/e z?*— 3 > V 5 (log, xz? —. 3). 
103. How many four-digit numbers are there whose decimal nota- 
tion contains not more than two different digits? 


x *k * 
104. Given the cube ABCDA,B,C,D,. Prove that the distance be- 
tween the planes, one of which passes through the vertices A, B,, and 


D, and the other eirouRe the vertices B, C,, and D, is equal to 1/3 of 
e. 


the diagonal of the cu : 
105. Find the modulus of the difference between the extreme 


values of the function 
y = 2° + 322 — 32+ 1. 
106. For what values of a is the inequality 
2+a)2+(8+a)z+i—a@ 5 


zet+2+2 ii 
satisfied for all real z? 
407. Find the domain of definition of the function 


|/ cos L— + 


~ W6+-352—622 * 


* i * 


y 


108. Find the altitude of the triangular pyramid of the greatest 
volume inscribed into a ball of radius R. 

109. How many different six-digit numbers can be compiled from 
the digits 1, 2, 3, 4, 5, 6, 7 so that the numbers do not repeat and the 
terminal digits are even? 

110. Solve the inequality 


log 2, (tc + 1) <1. 
111. Solve the equation 


cos? (+ cos :—) = 1, 


Solutions to Problems of Section I 


CHAPTER 1 


1. Since cos6z = cos 5zcosz — sin 5zsin xz, we _ have 
sin 5z sin z = 0 and, therefore, sin 5x = 0, z = nk/5, or sinz = 0, 
«== nl, where k, 1 € Z. All solutions of the second equation belong to 
the set of solutions of the first (k = 5l). 

Answer: {nk/5 | k € Z}. 

2. Using the formulas 2 sin? 2x = 1 —cos4z, sin?4r=1 — 


: : 3 
cos? 4z, we arrive at an equation § cos? 4z -+- cos 4z — 7 ae 0, 


which is a quadratic equation with respect to cos 4z. Solving this 


equation, we find that cos 4x = —3/2, cos 4x = 1/2. The first equation 
has no solutions and the second equation has the _ solutions 


2 It tk - 
rota ty RE? 


rt nk ) 
Answer: {+ 7 Pe ee keT}, 


3. Let. us transform the equation: 


sin br — sin z = sin 2x, 2 sin 2x cos 3z = sin 2r. 


Hence it follows that sin 2x=0, z=nk/2, or cos 3r1=1/2, 


; i a e+, where k€Z. 


nik IU 2k 
Answer: {> + sta |re z} i 


4, Since cos 3x = cos (2x + zx) = cos 2z cos z — sin 2z sin z, 
we have 3 cos z cos 2z-+ sin z sin 2z = 0, cos zx (3 cos 2z + 2 sin? x)= 


and, consequently, cosz = 0, z= > + xk, k € Z, or 3 cos 2x-++ 
2sin?z= 0, cos 2x = —1/2, z= + + ak, k € Z. 


Answer: {ata +$+ak|kezh, 
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o. Let us transform the equation: 


o - 
—2sinzcosx=0, 


cos 
(1-++ cos z) sin 


Zz 
cos x 
— 92 sin? r)— 
ae (1-+-cos x—2 sin? xz) —0. 
Hence we have cos x= 0, 1 -+ cos z — 2 sin? xz = 0, provided that 
sin x = 0. (1) 


All the solutions z = = + xk, k € 7, of the first equation satisfy 


equation (1). Using the formula sin? x = 1 — cos? z, we reduce the 
second equation to the form (4 + cos z) (2 cos z — 1) = 0. If cosz = 
—1, then sinz=0 and condition (1) is not satisfied. Now if 


cosx = 1/2, ie. x = + ~ + 20k, k € 7, then condition (1) is satis- 
fied. 
7 m 
Answer: {F+nk, + 3 +2nk|kE€ z\ ; 
6. Under the condition 
cos z + 0 (1) 
the given equation is equivalent to the equation 
(V2 — 1)-2 sin z cos z+ cosz — sinz = 1, 

If we designate cos x — sinx = t, then 2 sin x cos x = 1 — ¢9 and, 
consequently, (f2 —1) 4 -—-@) +4—1=0, 4 —t) (V2 —1) x 


(1 + t) —1) = 0, (1 — #) (t — ¥2) = 0, whence we have ¢ = 14 or 
t= 2. By introducing an auxiliary angle, we reduce the equation 


cos x — sinz = 1 to the form cos (2+ as , whence we find 
4 V2 
thal x = 4. +b 2nk, k € If we take the upper sign, then z= 


2nk and condition (1) is satisfied and, consequently, z = 2nk is 
the solution of the original equation. If we take the lower sign,then z = 


> L.2nk and cos rx=O, that is, these values of z are extraneous. 
Solving the equation cos z — sinz = 2 by analogy, we find that 

= 7 + 2uk, k€7Z. These values satisfy equation (1) and are con- 
sequently solutions of the original equation. 


Ansver: {2nk, — + +2nk | ke ae 
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7. We transform the equation: 


sin x cos 22 Cos 4x 
cose | Sinde- sindz’ 
Sin 27 sin z-+coS 2zcos z cos 4x 
— cosaSin2az  Sin2xcosoz ’ 
COS z cos 4z 


coszsin2x Sin2zxcos2z° 


Cancelling the left-hand side by cos x and multiplying both sides of 
the resulting equation by sin 27 cos 2z, we arrive at an equation 


cos 2x — cos 4z = 0. 


Out of all its solutions, only those will serve as solutions of the origi- 
nal equation for which 
cos zx # 0, sin 2z # 0, cos 2z + 0, 


or, which is the same, 
sin 42 = 0. (1) 


We reduce the resulting equation to the form 2 sin z sin 3z = 0. If 
sin z = 0, then sin 4z = 0 as well, that is, condition (1) is not satis- 
fied and such values of x cannot serve as solutions of the original equa- 


tion. If sin 3z = 0, then z = = , K€ Z. Only three cases, k = 3, 


k-: 31+ 4, and k = 31 —1 are possible for any integral k, where 
Lev. If k = 3l, thenz = nl and sin 4x = 0; now if k = 31+ 1, 


then z = + al and sin 4x = sin ( + S + 4nt) = V3 40, 


‘This means that only the values z = + = +- ml are solutions of the 
original equation. 
Answer: {+ +H [iE \ : 
& We write the equation in the form 
Vi-+sinz = —cosz 


and square its both sides: 
4 + sin xz = cos’ z. (1) 


All those and only those solutions of equation (1) will serve as solu- 
tions of the original equation for which 


cosz< 0. (2) 
Let us transform equation (41): 1 + sin z = (1 + sin z) (1 — sin 2), 
or (4 + sin z) sin z = 0, whence it follows that sinz = —1, zx = 


e = 420k, k€7: sinz=0,2= al, 1€7Z. All the values z = 


JU 


5 + 2k satisfy condition (2) and are, consequently solutions of 
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the original equation. If z = xl, then cos nl = (—1)! and it can be 
seen that condition (2) is satisfied only for odd 1 = 2m-+ 1, m€ Z. 


Hence, out of the values of z being considered, only zx = x (2m + 1), 
m€ 7, are solutions of the original equation. 
Anaier: {— S + 2nk, m (2k-+1) [RE 7\ 


9. Since 
cos r — 2 sin 2x — cos 3z = (cos x — cos 3z) — 2 sin 22 
= 2 sin zsin 2x — 2 sin 2x = 2 sin 2z (sin x — 1), 
and 
1 — 2sin zx — cos 2x = (1 — cos 2z) — 2 sin z 
= 2 sin? x — 2 sin zx = 2 sin x (sin x — 1), 
we have 
| sin 2z (sin x — 1) | = sin z (sin z — 1). 
Then, taking into account that |sinz —1 |= —(sin x — 1) 
(because sin z — 1 < 0), we get 
—2|sin zx ||cosz| (sinz — 1) = sin z (sin z — 1), 


and hence, sinz — 1 = 0, z= + ank, k€ 7, or 


2|sin z|-| cos z | =-—sinz. 
Let us solve the last equation. If sin z > 0, then | sin x | = sin z, 
and this means that 
2sin 7 |cosz |= —sin gz, 
sinz=0, r= nk, k€%, or 2|cos7r|=— —1. 


We see that the equation has no solutions. If sin x < 0, then 
| sin x | == —sin x and, therefore. 


2sin zx |cosz|= sinz. 
Since sin z + 0 (sin x < 0), we have | cos z | = 1/2, whence we have 
cos a --- 1/2, 2 4-n/3 -|- 2k, or cos x —- = ae eee fe = 4 2k, k € Z. 


From the values of x obtained, we must choose only those for which 
sin z < 0. In the first case we have sin ( + ++ 2ak ) = + 3/2 and 


this means that we must take only the values corresponding to the low- 


er sign, i.e. cr = — = + 2nk. In the second case we must also take 
the values corresponding to the lower sign, i.e. z = — pene, 


Answer: {+ 2ak. ef nk, =F annie zh, 
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10. The function arccos y is the inverse of the function y = cos z 
for which the interval [0, =] serves as the domain of definition. This 
means that for any z € [0; x] we have 

arccos (cos z) = z 
nnd for any y € [—1; 1] we have 

cos (arccos y) = y. 
If we designate arccosa = a then we have cosa = a. Since a € 
[0; x], it follows that 1 — a € [0; x] as well. Bearing in mind that 
cos (1 —- a) = —cosa = —a, we get 

urccos (—a) = arccos (cos (7 — a)) = Nn — a= NX — arccos a, 
that is, arcecos a + arccos (—a) = a, and that is what we had to 
prove. 

11. Since 


Nv 2 : 
| (12 — 8t + 13) dt = (+ 13 — 8. + 13t)/" - = — 422 +. 132, 


0 
3 

we have = — 4x7 +4+- 132 = ¢ sin — . Hence, taking into account that 
+ #:0 (for z = 0 the right-hand side of the equation is not defined), 
we get an equation | 

x? a 

2 A eae 

3 4x + 13 = sin 7? (1) 
which is equivalent to the original equation. In the left-hand side we 
isolate a perfect square: 


x? 1 . 1 9 
2 
Now we see that > — 4r+ 13 >1 for all r. At the same time, 


sin (a/z) < 1, and this means that equation (1) is possible if and only if 


cia 

sim (a/z)—1. 
Ilence it follows that z = 6, sin (a/6) = 1. The last equation holds 
only in the case when = = + 2nk, ie. a=3 (1+4k) n, wherek € 


.". Thus, the original equation has a solution only for a = 3 (1 + 
Ak) mn, k € 7,° and this solution is z = 6. 
Answer: a = 3 (4 + 4k) m1, KE Z; x = 6. 
12. From the second equation we obtain 
sin z— sin (+ — 2y =0Q, 
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and, consequently, sin ($+9-4) = 0, whence we have r= 


 —2y + 2nk, k€ Z, or cos (+ —y+ ) =0Q, whence we have z= 


+ 2y + 2nk, k€Z. 


Substituting the values n= — Dy + ak into the first equa- 
tion and taking into consideration that tan (+—2y -+- 2nk ) = 


cot 2y, we obtain 
cot 2y = tan’ y. 
Expressing cot 2y in terms of tan y, we get 
tan? y— 14 
2 tan y 
This equation, quadratic with respect to tan? y, has no solutions. 
Substituting, by analogy, z = ++ 2y + 2nk into the first equa- 
tion we get 
—cot 2y = tan? y, 2 tant y + tan? y — 1 = 0, 
whence it follows that tan? y = —1 or tan? y = 1/2. It is evident that 
only the second equation has solutions, and y = +-arctan (1/]/ 2) + 


ml, LEZ. Hence r= > + 2 arctan = +2n([+k), 1, kE Z. 


=tan?y, 2 tan’ y— tan? y+1=0. 


Note that whatever the value of J, the sum / -|- k can be equal to any 
integral m because of the arbitrariness of k. In other words, each value 


y = +: arctan agate is associated with all the values z = > =k 


1 


2 arctan — + 2mm, m€ Z. 
V2 
Answer: § = + 2 arctan : + 2mm; + arctan 2 -{- tb | 
Ss re { D) V2 m, Tv ¢ 5 JT im, 
lez}. 


13. Adding up the equations of the system term-by-term, we get 
2 (cos z cos y ++ sin z sin y) + cos 2z + cos 2y = 0, 
whence we obtain 2 cos (x — y) + 2cos (x + y) cos (x — y) = 0, 
cos (x — y) (1 + cos (x + y)) = 0. 
Together with any equation from the original system, say, with the 
first, this equation forms the system 
ee 0, 1) 
cos (x — y) (4 + cos (zx + y)) = 0, 
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which is equivalent to the original system. It follows from the second 
equation of system (1) that 


cos (r—y)=0, z= -+y+ak, 
or 
cos (x + y) = —1, r= n —y-+ 2nk, where K€ Z. 


Substituting 2 == +y-+ xk into the first equation of system (1) 
we get . 
(—1)k2 cos y sin y + cos 2y—]/ 2=0, cos 2y + (—1)A sin 2y = Y 2. 


(Introducing an auxiliary angle, we get cos ( 2y—(—1)» |} = 4, 


whence we obtain y = (—1)h = + al, l€ Z, and, hence, 


2= > +(—1) ath (k+l), k, LEZ. 


Substituting z = n — y+ 2nk into the first equation of system (1), 
we get 2 sin? y + cos 2y — 7/2 = 0, 
1—cos2y+cos24y— f2=0, 1—-YV2=0, 
which is impossible. 


Answer: { (+ +(—-1)" etm (kt); (Ay nt)| k, Le 7} 


14. After the substitution z -{- = =s, yt = = t, the system 


acquires the form 
{ tan s = sin 2t, 
sin 2s = tan f¢. 


(1) 


Multiplying the equations of the system term-by-term, we get 
tan s sin 2s = tan ¢ sin 2t, 2 sin? s = 2 sin? t, 
1 — cos 2s = 1 — cos 2, cos 2t — cos 2s = 0, 
sin (s — ¢t) sin (s -+ t) = 0, 
whence we have sin (s — t) = 0, s => t-+ nk, k€Z, or sin (s + ?) = 
0,s= —t-+ al, 1€Z. The substitution s=z-+ nk into system 
(1) leads to one equation tan ¢ = sin 2t, which has the solutions 


{= nm, t =7+4., where m € Z. By the formula s = t+xk we 


find, respectively, s=x (m + k), s=F+a( $+] ,m,k€ Z. The 


set of solutions s = x (m+ k), k € Z, corresponding to t = mm, can 
he written as s = mn, n € 7, for the same reasons as in Example 12. 

Substituting s = —t-+ al into system (1) we find, by analogy, 
that ¢ = mm and, hence, s = (1 — m) a, l, m€ Z. For any m, the 
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difference 1 — m may be any integer because of the arbitrariness of / 
and, therefore, the set of values of s, corresponding to t = mm, can be 
written in the form s = mn, n € 7. It is evident that this set of values 
of s and ¢ belongs to the set obtained earlier. Now we find 
paso a: yo 2a, m, n€Z; 
4 4 (2) 
r= (S++), ella m, k€Z. 


Answer: The solution of the system is given by formulas (2). 
15. The given inequality can be easily reduced to the quadratic 
inequality 


2sin?z+ sinz —1>0 
with respect to sin z. Solving it, we obtain 
sin x < —1 or sin z > 1/2. 
The first inequality can be reduced to the equation sin r= —1 
with solutions z= —>-+2nk, k€Z. The set of Solutions of the 


second inequality is the union of the intervals ~ + 2nkar< ae + 


6 
2nk, ke Z. 
Answer: z= —— + 2k, 5 4 oak <2 <2 42k, kev. 


16. Expressing tan 2r in terms of tan z, we transform the in- 
equality as follows: 


4Atanz 


—__—__—.— 3 ta <0, 
4—tan’?z sanz s 
tan z 
—_____- an? x) <0. 
festante n?22z)< 
Since 1+ 3 tan? z>0, we have’ 
tan z 


——__—. <_ (). 
iat 


This inequality is, evidently, equivalent to the original one. Solving 
it with respect to tan z, we obtain —1 < tanz <0 and 1 < tanz. 


From this we find —>+ in<ixr <n, = + in<2<— + an, 
n€ Z, respectively. 
Answer: —F+an <zr<nan, + an <r< tan, nce Z. 


17. Let us draw the graphs of the functions sin z and | cos z | 
(Fig. 204) and use the figure to make the reasoning more visual. On 
the interval [1; 2n], sin xz < 0 and | cosz| > 0, with | cosz| = 0 
only for z = 3/2, and in that case sin z = —1. This means that all 
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numbers belonging to the interval [1; 22] satisfy the given inequality. 
On the cacerval [n/2; mn], | cos z | = —cos z, and the equation sin zx = 

cos z has one solution zx = 3n/4. Since sin z decreases monotoni- 
cally on that interval and |cos z| monotonically increases, all the 
numbers belonging to the interval [3x/4; x] satisfy the inequality 
sinz << |cosz]|. On the interval (2x; 5x/2], | cosz| = cosz and 
the equation sin z = cos z has one solution 97/4. Here the function 


sin x increases and cos z decreases and, therefore, all numbers belong- 
ing to the interval (21; 97/4] satisfy the inequality sin x < | cos z |. 
‘hus, on the interval [/2; 51/2], which is 2x in length, all solutions 
of the original inequality form the interval (31/4; 97/4). Since 2x is 
the common period of the functions sin z and |cos z|, the set of all 


solutions of the given inequality is the union of the intervals ( pa 


Zune; a4 2a] » nEZ, 


Answer: SE + ann <r2< oF 4 ann, n€7Z7. 


CHAPTER 2 


1. Passing to the base 2, we obtain, after obvious transformations, 
an equation 


92x __ 3, 9x+ Vx__4.92 Ve_, 


which is a homogeneous equation of degree 2 with respect to 2* and 


Vix, Dividing it by 2? V= and designating t = 2*- Vx we obtain 
a quadratic equation ¢® — 3t — 4 = 0, which possesses the roots —1 and 
4. The equation 2*~ Vx _ _4 has no solutions. The equation 2*~ Vx 
4 can be reduced to the equation z — Y z = 2, which is quadratic 
with respect to |/ z. Its roots are 2 and —1, but since fz > 0, it fol- 
lows that Wz = 2, whence we have z = 4. 

Answer: 4. 
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2. Taking the logarithms to the base 5 (both sides of the equation 
being positive), we obtain an equation 


logs (8z)- log, z = logs 16+ 4 logs; Zz, 


which is equivalent to the original one. We reduce it to the form 


log? z + ( 3log, 2—= 


tion quadratic with respect to log, z, we find that log, z = 4/3, 
xz = 54/3; log, c = —3 log, 2, x = 1/8. 
Answer: 54/3, 41/8. 
3. Taking antilogarithms, we get an equation 
1+ cos zx = 2sin’ z, 


transforming it we find that 1+ cos z = 2 (i + cos z) (1 —cos2), 
(4 + cos z) (2cosz —1)= 0. Consequently, cosx= —1, r= 


mu (2n + 1), nE Z; cosr=—1/2,2 = + 3 + 2nmn,n€ 7. The values 


log, x — 4 log, 2 = 0 and, solving this equa- 


=n(1-+ 2n) andz= — + + 2nn do not satisfy the condition 


sin z > 0. But, as is easy to verify, the values z = = +2nn are so- 
lutions of the original equation. 


Answer: = +2nn, where n€Z. 


4. We pass to the base 3: 

z+5. 

z+3’ 

Taking into account that log, (x + 1)? = 2 log, | z+ 1 |, we get an 
equation 


1—— logs (2 +1)? =logs 


5 
1— logs | z+1 | =logs =r, 
which yields 


3 _ sts 
j2t1| 2+3° (1) 


The left-hand side of the euauen being positive, we can perform the 
inverse transformations and get equation (1), which is equivalent to 
the original equation. Then we solve equation (1). We have 3 (z + 3) = 
[2+i|-(¢<+5) and, ifr+1>0, we have z?+ 32 —-4=0, 
whence it follows that x= 1, x = —4, the condition r+ 1> 0 
being satisfied only by the value «= 1; if 7+ 1< 0, then 2? + 
9z + 14 = 0, whence zx = —2, x = —7, both these values satis- 
fying the condition z+ 1 < 0. 

Answer: 1, —2, —7. 

5. Passing to the base 10, we obtain 


2 4 
log (0.5-++cos? xz) log sin 22’ 
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whence 
log sin? 2x = log (0.5 + cos? z), sin? 2z = 0.5 + cos? z, 
1 — cos? 2x = 1-++ 0.5 cos 22, cos 2z (cos 2z + 0.5) = 0. 


(a) cos 2z = 0, 22 = =a + an, and in this case we have sin 2z = 


( 41)", that is, the right-hand side of the original equation is not 
defined. 


(b) cos 2x= — 0.5, Dees ff 2mn, r= +t stan. The values 


aan do not satisfy the condition sin 2x > 0 whereas the 


values r= an are solutions of the original equation, which fact 
enn be easily verified. 

Answer: = +a, n€Z. 

(. Passing to the base 2, we obtain 


1 1 1 
log, Sin ai log, cos =" fog, sinz-log,cosSz 


whence log, cos z -++ log, sin z + 1 = 0, log, sin 2x = 0, sin 22 = 1, 


i; -+ an. We can make sure by verification that only the values 
i; -{- 27mm can serve as solutions of the original equation (it is easy 
\o wea that it is sufficient to verify the conditions 0 < sin z < 1, 
(- cos zr < 1). 


Answer: + +2nn, n€Z. 


7. seceding t= 2x—i1, we have zr = ¢-+ 1 and log; (t + 1 a 
uv) 14/2. If we also introduce the designation b = 1-+ a, the 


original equation will assume the form 
log; (¢ + 6b) = 1/2. (1) 
‘Valing antilogarithms to the base t, we get 
tto= Vt. (2) 


I-very solution of (4) is evidently a solution of (2). Conversely, if ¢ 
In wn nolution of (2) and 


t>0, t#41, (3) 


‘hon, taking: logarithms in (2) to the base ¢, we find that (1) is a true 
cepurndity, 
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Solving (2) as an equation quadratic with respect to Yt, we find 
t 


(1°) Vt=s (4+ y1—4b) and 


(2°) Vi=s (4A— Y1—4b). 


It is clear that (2) possesses solutions only if 1—4b>0, ie. O< 
4/4. Under this condition 4-+ } 1 — 4b >1 and, therefore, for- 


mula (1°) defines the solution t; = > (1 — 2b+ //4—4b) of equa- 


tion (2). The first condition of (3) is evidently satisfied for the solu- 
tion. In addition, it is clear from (1°) that the equation V t, = 4 (and, 
hence t, = 1) is possible only for b = 0. Thus, if b < 1/4 and b + 0, 
then (1°) gives the solution t, of equation (1). Let us consider formu- 
la (2°). The condition 7 ¢ > 0 (and, hence, ¢ > 0 from (3)) is satis- 
Ged if and only if 1 — Y1— 4b > 0, whence it follows that 6 > 0. 
In this case, 1 —y1—4b<1, and yt< 1/2 and ¢< 1/4< 4, 
that is, the second condition of (3) is also satisfied. This means that 
formula (2°) gives the solution b= (1 — 2b —y 1 —4b) of equa- 


tion (4) if 0< b < 1/4. As a result we find that equation (4) has one 
solution t, for b < 0, and for 0 < b < 1/4 its solutions are ¢, and ég, 
with ¢, = t, only at b = 1/4. This means that (41), and the original 
equation together with it, have a unique solution only for b <0 or 
b = 1/4 or, which is the same, for a << —1 or a = —3/4. 

Answer: a< —i1, a = —3/4. 

8. In the first equation we pass to the base y: 


1 
logy z-- log, = = 2.0% 


After obvious transformations we arrive at an equation log; xz — 
2.5 log, z-+ 1 = 0, whence log, z = 2, log, z = 0.5 and, hence, 
z= y?, x = y y. In the first case, we find from the second equation 
of the system that y* = 27, y = 3, and then x = 9. In the second 
case y)-§ = 27, y= 9, and x = 3 

Answer: (3; 9), (9; 3). 

9. If we designate u = 2*+¥, v = 3*-V, we have 


u2 = 27 + v3, u* — y? = 27, 
oe ere Agi tea 


(u — v) (u + v) = 27, 
(u — v) (u? + uv + v*) = 21 (u + v). 


SOLUTIONS TO PROBLEMS OF SECTION I 353 


‘Tuking into account that u + v > 0, we express u — v =: 27 (u -4- v)-! 
lrom the first equation of the last system, substitute it into the second 
aoe and transform it as follows: 27 (u2 + uv + v*) = 21 (u + v)%, 

-- 5uv + 2v? = 0. Solving this equation as a quadratic equation 
adh respect to u, we find that u =2v, u = v/2. Substitution into the 
equation u2 — v® = 27 yields 4v? — v= 27, v= 3 (since v> 0), 


und then, u = 6; 5 — v*= 27, a v2 = 27. The equation has no 
solutions. Thus we have 2*+*” = 6, 3*-¥ = 3, whence it follows that 


{ 


1 | y= log.6, 2--y = 1, and z= > log, 12 = log, 12. y= 


log, 3 = log, 3 


Answer: (log, 12; log, 3). 
10. Taking logarithms to the base 10, we get a system 


log Selog z := log 3-log y 
{ log 3-(log 3 4- log z) = log 5-(log 5 + log y), 


which is equivalent to the original system. We find log y -= vee log x 
lrom the first equation, substitute the result into the second equation 


and transform it as follows: log 3-(log 3 +- log x) = log 5- (log o+ 


ue ; log x} , (log? 3 — log? 5) (log 3 +- log z) = 0, whence we have 


bag: 
lay 3 -- log z = O since log? 3 — log?5+0. Hence, z = 1/3, and 
then log y = ae 5, y = 1/5, 

Answer: (4/3, 1/5). 

11. As was noted earlier, if the base and the exponent contain a 
variable, then only those values of the variable are considered every- 
where here for which the base is positive. In the present case, we 
should) consider only the values z>0, y>0. Taking this into 
account and taking logarithms to the base 10, we get a system 


y log x = z log y, 
{ xz log x = 9y log y, 
which is equivalent to the original system. We find log y = 4 logz in 
the first equation and substitute the result into the second equation: 
1 log x =9y- = log x, (x? — 9y?) log x = 0. Hence we have 


(1) ing: x = 1, and then logy = 0, y = 
(2) xz? — 9y? = 0, x = 3y (since zr > 0 and y> a and this means 


that log y = = log 3y, y8 = 3y, y2? = 3, y=/ 3, and then z=3 3, 
Answer: (1; 1) (3 V3; v3). 
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12. We transform the system as follows: 


r2 + y2 z+) 
log, TU = log, oot, 


zy+i _ x 
88 FE yee 8 By? 


z2-+-y?  x+3y 
xz 2° 2 { x? —3ry+2y2=0, (4) 
ry+1 _ = z*—azy+2y— 2z=—0. 
dy2d-y--24-2  Qy’ 


Every solution of the original system is also a solution of system (1), 
the converse may not always be true. All solutions of system (1) musi 
be verified by substitution into the original system. We write the 
second equation of system (1) in the form (y — zx) (x —- 2) = VU. If 
xz == 2, then we find from the first equation of system (4) that y? — 
3y +2= 0, whence we have y= 2, y=1. This means that 
(2; 2), (2; 1) are solutions of system (1). If y = z, then the first equa- 
tion of system (1) is a true equality: x? - - 3x? -|- 2z2 == 0. This means 
that any pair of numbers of the form (c; c) is also a solution of system 
(1). The solution (2; 2) obtained before is contained in this set. 

Let us verify which of the solutions (2; 1), (c; c), where c€ R, of 
system (1) satisfy the original system. We can easily verify by means 
of substitution that (2; 1) is a solution of that system. It follows from 
the first equation of the original system that z > 0 and, therefore, 
we should consider only the pairs (c; c), where c > 0. After the substi- 
tution, we obtain 


log. (2c?) — logs c= logs (Ac) =— 1, 


c?-+ 4 
loge dc2@ +2 —t, 


and now it is easy to see that these equalities are true for c > 0. This 
means that all pairs of the form (c; c), where ¢c > 0, are also solutions 
of the original system. 

Answer: (2; 1), (c} c), where ¢ > 0. 

13. Multiplying the first equation of the system by 2-*+¥.32y 
term-by-term, we obtain 37¥ — 2-.3*+y — 2-*x-y = 0, whence we have 
2-x-y = 327 __ 2.3x+¥, Substitution into the second equation of the 
system yields 324 — 4 .3*+v + 3.32 = 0, or, after the multiplication by 
3-2x, 3g@s-x) — 4.3y-x + 3 = 0. Solving this equation, quadratic 
with respect to 3¥-*, we find that 3¥-* = 3, 3¥-* = 1. Hence we have 
y—xz=1,y—z=0. If y—z= 1, then it follows from the first 
equation of the original system that 6-2” = 1/6, y = 1/2, and then 
we have tr = y — 1 = —1/2. Now if y —z = 0, then we have, by 
analogy, 6-2¥ = —1, and in this case there are no solutions. 

Answer: (—41/2; 41/2). 

14. We designate t=3* and then the inequality has the form 

7 212—7t+3 


2 —- ° e - 
a9 = a Transforming it, we get (3) (f= 1) <0. Fac 
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toring the numerator as a quadratic trinomial and @—-2 as the dif- 
2 (t—3) (t—0.5) = 
(+ 2) @— V2) (t— 
(, whence taking into account that t>0 and, hence, t+ Y2> 
(t— 3) (t—O.5) 
(t— V2) (t—1) 
it, say, by the method of intervals, we find that 1/2<i<1, 
f2<t<3. Hence it follows that 1/2<3* <1, V2< 3% <3 and, 


ference between the squares, we have 


\/2>0, we arrive at an inequality <0. Solving 


1 
correspondingly, —logg2<q 20, => logs 2<r<t. 
4 - 
Answer: [—logs2; 0)U (= logs 2; | 


15. We pass to the base 3: logs (z + 2) > and, intro- 


=o 
logs (-4-2) . 
ducing the designation ¢ = logs ( + 2), we reduce the inequality to 


the form Gear) > 0. Solving this inequality, we find that —2< 


t< 0, 2<t. From this we get 


—2 < logs (x + 2) <0, 1/99<z4+2<1, 17/9 <2r< —1; 
2< logs (tx -+ 2) 9<cz4+2,7<2. 


Answer; (—17/9; —41) U (7; -+00).. 
16. We.pass to the base 2 and designate log, s = ¢ and get, as a 
result, the inequality 


8 (12-1 2t) ; 
3(@+4)(@+3) ~~” 


‘Transforming it, we obtain 


9 
T+ 4ut +45 (t+) (¢-+ 5) i 
(¢-+-1) (¢+-3) "  (t+1) (t+3) ; 


By the method of intervals we find that t< —5, —3<t< —9/7, 
—1 <1. From this we find, respectively, that log, z< —5,0<2r< 
2-5; —3 < log, z < —9/7, 23 <2 < 2-9/7; —1 < log, z, 0.5< 2. 

Answer: (0; 27-5) YU (2-3; 2-9/7) U (0.5; -oo). 

17. lf <> 1, then 62 — 1 > 2z, z > 1/4. This means that all 
the values x > 1 are solutions of the original equation. If O< z <1, 
then 0 < 6x — 1 < 2z. The left-hand inequality 0 < 6x — 1 has so- 
lutions z > 1/6 and the right-hand inequality has solutions z < 1/4. 
This means that for 0 < z <1 the original inequality has solutions 
(/6<—r< 1/4. 

Answer: (41/6; 1/4) U (4; +00). 


se 
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18. Since z > 0, we have log, 2? == 2 log, 2. We pass lo the base 
a and transform the inequality as follows: 


1--2 loga (x-+a) 
loga (x -+4) 


Suppose a>i1. Then r+ a>a>1, log, (rx+ a) >1>0, 
14 — 2 log,, (x + a) < 0 and, therefore, inequality (1) can be reduced 
to the inequality log, z > 0, whence we have zx > 1. This means 
that for a > 1 the set of solutions 
of the original equation is the inter- 
val [1; -}:00). 

Assume thal 0 < a < 1. If r>1, 
then loggxz <0, logs (x + a) < 
0, and 1—2log, (c+ a)>0, 
and, hence, inequality (4) is not 
true. The number z = 1 is a so- 
lution of equation (1). If 0<2z< 1, 
then log, 2 > 0 and equation (4) 
can be reduced to the inequality 

1-- 2 log, (c-b a) 
luga (z+) 
Solving it for logg(z-+ a), we 


lind that loga (z + a) > 1/2, 
logg (zx + a) < 0. From this we 


have, correspondingly, z-+ a< ya, 
ZNlypa—a zrt+a>i, «t> 


loga =z: <0. (1) 


<(), 


— &. 
Thus, forO<a<i1 inequality 
(4) has solutions 0< 2 < )’a—a, 
4—a<zr<l. 
Fig. 205 Answer: If a>1, then z > 1; 
if0<a<1,thnO<zr< YWa— 
a, i—a<zat. 
19. Setting z > 1, we transform the inequality: 


6 (x—1) 2 (x—2) 
2+ logs I< on 9 logs I< “Or—1 (1) 
In the case 0<¢2<11 we have 
6 (x— 1) 2 (r— 2) 
2+ logst > 7 logs z > ny (2) 


To make it more illustrative, we depict the graphs of the functions 
logs z and 2 (x — 2)/(2x — 1) (Fig. 205). Suppose z > 1 (inequality 
(4). If 4< 2< 2, then log,r>O0 but 2 (# — 2)/(2z —1) <0, 
and this means that there are no solutions here. If z > 3, then logs z > 


t. and 2(¢=2) _ 22-1~3 3 


= —____— = {1—_ ———_ < 1 and, therefore, there 
are no solutions here either. Suppose 2< x < 3. Here logs z > 


2z—1 2z—1 2z—i1 
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lov, 2, and the function 2 (x — 2)/(2r — 1) increases monotonically 

(since 3/2x—1 decreases monotonically and, hence, i-gty in- 

creases) and this means that 2 (x — 2)/(2x —1) << 2-(3 — 2)/(2-3 —1) = 

2/5. Let us compare the numbers log, 2 and 2/5. We have —— — 

log, 37/5 = logs 915 < log, 32!’ = log, 2. Hence it follows that 
logs x > log; 2 > 2/5 > 2 (« — 2)/(2x — 1) 


for 2< xz < 3. Thus it follows that for 2 < x < 3 as well and, hence, 
for all z > 4, inequality (4) has no solutions. 

Suppose O<2<1 (inequality (2). If O0O<2< 1/2, then 
lozggz <0 and 2(z— 2)/2Qr—1i)>0, ie. loggx < 2 (x — 2)/ 
(2x — 1), and all these values of xz do not serve as solutions to inequal- 
ity (2). For 1/2<2<1 the function 2 (c — 2)/(2z —1) = 1 — 
3/(2xz — 1) increases monotonically and, hence, aie > < 2(1—2)/ 
(2-4 — 1) = —2. At the same time we have here log, z > log, (1/2) = 

logs 2 >> —1. Therefore, logs z > 2 (x — 2)/(2x — 1), that is, 
all values 1/2 < x < 1 are solutions of inequality (2). 
Answer: (4/2; 1). 


CHAPTER 3 


1. From the five-element set of all the workers we isolate three- 
clement subsets consisting of the workers who leave for vacations. In 
case (a) we must consider ordered subsets (the first worker gets the 
first place in the sanatorium, the second worker, the second place, 
the third worker, the third place) and, therefore, their number is 
equal to A? = 5-4-3 = 60. In case (b) the order in which the workers 
are chosen is of no importance since all the places in the sanatorium 
are of equal value and, consequently, the number of ways of choosing 
is equal to C3 = C2 = = = 10. 

2. Let us first consider case (a). Suppose the white balls lie side- 
by-side, then we can arrange black balls so that we have one black 
ball for six places: 4 places between five white balls and 2 places in 
front and behind the white balls. But we can arrange four balls in 
six places by C3 ways because there are as many four-element subsets 
in a six-element set. Consequently, in case (a) the number of ways is 


Ps 
equal to C4 2: Gat? == 15. In case (b) we can obtain 5!-4! choices 


from each arrangement of the balls considered in case (a) since the 
white balls can be permutated in 5! ways and the black balls in 4! 
ways. Therefore, in case (b) the number of ways is equal to C4-5!-4] = 
43 200. 

3. Connecting every pair of vertices of the polygon, we get either a 
diagonal or a side of the polygon. The number of different pairs of 
vertices of an n-gon is equal to C2 (this is the number of two-element 


subsets in an n-element set). Since there are n sides in an n-gon, the 
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number of diagonals is 


Chon at) a) 


4. There may be triangles of two kinds. In the triangles of the 
first kind one vertex lies on the first line and two vertices lie on the 
second line. We can use 10 ways of choosing the vertex on the first 
line and C2, ways of choosing the two vertices on the second line. 
There are, evidently, 10-C2, triangles of the first kind. In the triangles 
of the second kind one vertex lies on the second line and two other 
vertices lie on the first line. The number of such triangles can be cal- 
culated by analogy. It is equal to 20-C2,. Thus, the desired number 
of all triangles is 

20-49 10-9 


10- C39 + 20- Cty = 10—5— +20 —— = 100 (19-+ 9) = 2800. 


5. First solution. A set consisting of 17 elements contains C%. 
five-element subsets. Therefore, we can choose chapters for the first 
writer in C$, ways. Similarly, we can choose 4 chapters from the re- 
maining 12 in C}, ways. Five chapters for the third writer can be chosen 
in C8 ways, and after that 3 chapters remain for the fourth writer. 
coneedeny the number of ways of distributing the chapters is 
equal to 


C5,C4,C8 = 171531360. 


Second solution. Let us enumerate, for the sake of convenience, the 
chapters in Arabic numerals and the writers in Roman numerals. Then 
we can use the following method to distribute the chapters: 


I I] Ill [V 


2,4,8,11,14 1,5, 7, 13 9, 10, 15, 16, 417 3, 6, 12 


Any permutation of the numbers in the second row will lead to a 
new distribution, provided that it does not involve a permutation of 
the numbers in the columns. Since there are 17! ways of permutations 
of the numbers in the second row and any permutation of numbers in 
a column (there are 5!, 4!, 51, 3! of them respectively) does not give 
new ways, it follows that the desired number of ways of distributing 
the chapters is 

17] 
(5 !)?-41-31 

6. Let us calculate the maximum number of crocodiles with differ- 
ent sets of teeth. It is evident that their number is equal to the num- 
ber of all subsets of a 68-element sct, that is, 268. Since 1617 = 288, it 
follows that 16!7 crocodiles may have different sets of teeth. It is clear 
that if there are more than 16!” crocodiles, then there can always be 
found at least two with the same collection of teeth. 


= 171531360. 
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7. Let us consider a 10-element set of places on which the digits 
of the given number are written. We take its any subset and put the 
number 1 on the places belonging to that subset. The other places will 
lw filled by the number 2. We have thus written the number. Havin 
isolated another subset and carried out the same operations, we shal 
yet some other number. It is clear that we can write as many numbers 
us there are subsets in the 10-element set, i.e. 2!9 = 1024. 

8. Let us consider the set of places on which we put dots and dashes 
when writing a letter containing & signs. This set consists of k ele- 
ments. Let us now consider its any subset, fill it by dots and put 
dashes on the other places. We have written the letter. There will 
«evidently be as many different letters whose notation requires & signs 
us there are subsets in the k-element set, namely, 2%. Since, in accor- 
dance with the hypothesis, we cannot use more than four signs to 
write the letter, we can write 


4 
DS) 2h = 2+ 2242342! = 30 letters. 
k=1 


9. The first place in a car registration number can be occupied by 
any one of the 30 letters. Consequently, the first letter can be chosen 
in 30 ways. The second place can also be occupied by any one of the 
30 letters and, therefore, the first two letters can be chosen in 30? 
ways. It is clear now that three letters can be chosen in 30° ways. 
I\casoning by analogy, we find that four letters can be chosen in 404 
ways. Thus, we can compose numbers for 303-104 = 27-10? cars. 

10. This problem can be solved with the aid of the formulas for 
the number of associations and the number of permutations. We can 
obtain the result quicker and with less difficulty, however, if we rea- 
son as follows. We designate the number of partitionings into pairs in 
the case of 2n elements by A,,, and select some element. With the use 
of that element we can form a pair in 2n — 1 ways. Every time 2n — 2 
elements will remain after the formation of one pair, which can be par- 
(itioned into pairs in R,,-. ways. Therefore, R., = (2n — 1) Roan-o.- 
Using this recurrence formula, we obtain 


Ry, = (2n —1) Rong = (2n — 1) (Qn — 3) Rong =. 
...2=(2n —1) (Qn — 3)... 3+Re = (2n — 1) (2n — 3)... 3-4. 


Thus, the number of partitions is equal to the product of all odd natu- 
ral numbers not exceeding 2n — 1. 


11. The fifth term of the expansion is its middle term. In the pres- 
ent case, the formula for the general term of the expansion yields 


Ty, = CSq (2-1/5) (23 /9)8 = CSqx2/3 = 25227/°. 
12. We form a system of inequalities: 
(7. fo he 
Using the formula for the general term of the expansion, we get 
C8 (22)43® > C4 (2r)538, 
C$ (22)43® > C§ (2z)838, 
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After cancelling, we obtain 
324 > 225 3 — 2x > 0, 
xa> x - z(z—1)>0. 
Solving the system we get 
z€ (—oo, 0) U (4; 3/2). 
13. Let us write the general term of the expansion: 
T p= Ch (7/3) (V3) = chaO-F/20h/3 p= 0, 1, 2, «22, 9. 


The numbers 7; are integral if the exponents (9 — k)/2 and k/3 are 
integers. From the fact that k/3 is an integer it follows that k can as- 
sume the values 0; 3; 6; 9. For these values of k the exponent (9 — k)/2 
will be an integer only for k = 3 and k = 9. Consequently, only the 
third and the ninth term of the expansion are integers, and 


Ts = C3382 = 4536, T, = C225 = 8. 


14. Setting n = 10, a=1, and 6b = 3z + 223 in Newton's formu- 
la, we obtain 


10 
(14+ 32-+223)10— S' Ch, (824+ 225k. 
k=0 


It is easy to see that only for k = 2 and k = 4 we get summands con- 
taining z*. Replacing by dots the summands which obviously contain 
x not in the fourth degree, we obtain 


(1 + 3x -!- 223)! = C2, (82 + 225)? + C4, (32 -+ 275)* 4+ «i. 
== C,24224 -+ 2.2. + C4, (B2x)4 -F 2.2. = (12C2, + 34C),) e* +... 
Thus, the required coefficient is equal to 12C?2, + 34C}, = 17 550. 
15. The sum of the coefficients of any polynomial 
P, (2) = an2z™ + apyz™1 + ... + ar + ay 
is equal to the value of the polynomial for z = 1. Indeed, 
P, (1) = an + On +... +a, + ay. 


‘For z = 1 the given polynomial turns into unity and, therefore, the 
sum of all its coefficients is equal to unity. 
16. Let us use Newton’s formula to write the expansions for 


(4 -|- x)?" and (4 — x)?": 
(4 $-2)2®9 = C5, 4-Cg,2-1-€3 224. CBee, 
(1—z)*"=C? —Ch 24+ Ch ott... 4 C2"xm, 
We set z = 1 in these identities and have 
Cont Cont Cant +--+ CRn=2™", 
cf —C1 + C2 +... + C8" =0. 
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Adding up these equalities term-by-term, we obtain 
0 2 4 2 Ps 
Cont Cont Cont hes Con = 2?" - 


17. There are a total of C5, ways to take 5 tickets out of 10. Con- 
lbp the number of outcomes in cases (a) and (b) is the same and 
equals C5. 

In case (a) the favourable outcome consists in the fact that one 
ticket is taken out of two winning tickets (there are two ways of doing 
this) and four tickets are chosen out of eight failing tickets (this can 
be done in C4 ways). The number of favourable outcomes is 2-C4 and 
the probability in case (a) is equal to the ratio 2C3/C5, = 5/9. 

In case (b) the favourable outcome consists in the fact that there 
ure two winning tickets among the chosen five (there is one way of 
choosing them) and three failing tickets (they can be chosen in C3 
ways). Consequently, the number of favourable outcomes is equal to 
(} and the probability in case (b) is equal to the ratio C3/C§, = 2/9. 

18. Every person can leave the lift cabin in seven ways (at every 
floor beginning with the first). Therefore, 75 outcomes are possible 
here. A favourable outcome consists in the fact that all five people 
leave the lift cabin at different floors. Consequently, the first person 
can do it in seven ways, the second person in six ways, the third person 
in five ways, the fourth person in four ways and the fifth person can do 
it only in three ways. Thus, the number of favourable outcomes is 
equal to A§ = 7-6-5-4-3 and the desired probability is equal to 
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75 7 = 9104 ~ 0.15. 


CHAPTER 4 


1. (a) One of the antiderivatives of the function z5 is the function 


1 ‘ 2 ; ; ; 
R x®, Consequently, by virtue of the theorem in4.1 any antiderivative 
has the form F (zr) = zt C, where C is an arbitrary constant. 


(1) One of the antiderivatives of the function sin (3z + 1) is the 


function —- ~ cos (3z -++- 1) and, consequently, any antiderivative has 


the form F(z) = — 5 00s (37 - 4) + C. 


(c) It was proved in 4.1 that one of the antiderivatives of the func- 
lion 1/z is the function In| z |. It is easy to see that the function 


: In | 52 + 6 | is one of the antiderivatives of the function 1/(5z-+ 6). 
Consequently, any antiderivative of the given function has the form 


F (2)=— In | 5e+6|-+C. 
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(d) We can verify by differentiation that the function = tan(2x-+1) 


is an antiderivative of the function 3/cos? (2z-+ 1). We can analogous- 
ly verify that the antiderivative of the function cos 6z is the func- 


tion 7 sin 6z. Consequently, any antiderivative of the given function 
has the form 


F (2) => tan (22-4 +4 sin 62-+C. 


2. Suppose F(z) is an antiderivative of the given function. Then 
F'(z) =z for «>0O and F’(z)=—szx for x< 0. Consequently, 


F (2) = 5a + C, for z>0 and F(z)= —F PHC, for z<0, where 


C, and C, are arbitrary constants. By the hypothesis, the function 
F (x) has a derivative at each point and is, therefore, continuous 
throughout the real axis. It follows from the continuity of the func- 
tion F (z) at the point z= 0 that C, = C,. Thus, the assumption 
that the function f(z) = |2z]|, zx€R, possesses the antiderivative 
F (z) signifies that F(z) has the form 


x2 
> +C, z>0, 


where C is an arbitrary constant. It is easy to verify that every func- 
tion of this kind is really an antiderivative of the given function | z |. 

3. The desired antiderivative of the function f(z) = z? has the 
form 


F (x) = + x3 + Cc. 
where C is some constant. To determine C, let us make use of the con- 
dition that the graph of the desired antiderivative passes through the 
point (2; 3), i.e. F(2) = 3. Hence we get C = 1/3. Consequently, 
F(z) = (2? + 1)/3. 
4. The desired antiderivative has the form 
F j { DIX LC 
(x) = nlzl+ars rly, 


where C is some constant. From the condition F(1)=3 we obtain 
3 


C=3-37, and, consequently, the desired antiderivative is 
F ] Jax 8 
i a lt sin 51 3— 33° 


5. (a) The indefinite integral taken of the sum of the functions is 
equal to the sum of the indefinite integrals of those functions and, 
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therefore, 
\ (t8 + 3e5t) dt = \ @dt+ 3 { e5t dt, 


where, in addition, the constant factor 3 is taken outside the sign of 
integral. The antiderivative of ¢° is the function ¢4/4 and the antide- 
rivative of et is the function e54/5. Consequently, 


| @HsetyaH st +e +e, 


where C is an arbitrary constant. 
(b) By analogy with the above case, 


~l/3 1/5 
or ae \ 2-9/3 de 4 \ 2-9/5 de 


zr 
3,-5.4 46, 


(c) Using the relation 
sin 2z cos 4x = (sin 6z — sin 2z)/2, 
we obtain 


\ sin 2x2 cos ba de = \ sin 6 de— > \ sin z dz 


= u cos 22+ 7-cos 22-4 C. 


>a 
O | ("+ agentes) # 
=foret | Sretcat | mes 


3x 1 
=Gre Fer (22-4 4) +2Y (4z—1)'+ C. 


6. (a) We set u = z and v’ =: cos zx. Then, u’ = 1 and v = sin z, 
and we find, by the formula for integration by parts, that 


| ecos 2 dz = zsine— | sins dz = xsinz + cosz+C, 
(b) We set u=Inz and v’ = z. Then, u’ = 41/z, v = 29/2 and 


eee gee) eine ts 
\elnzdr=ps Inz 5 | Hae=z stlne [2 +C, 

7. Let us assume that the function f (x) possesses an antiderivative 
F(z) on R. Then, F’(z) = 1 for z>0 and F'(r) = —1 for z< 0. 
Consequently, F () =2z+C, forz>0 and F(z) = —z + C, for 
x < 0. It follows from the continuity of the function F(z) at z = 0 
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that F(0) = C, = C,. Therefore, the function F(z) has the form 
F(z) = |z|-+C, where C is some constant. For z = 0 this func- 
tion has no derivative and because of this fact cannot serve as an an- 
tiderivative on R of any function. And this contradicts the assump- 
tion. Consequently, our assumption is wrong and, therefore, the func- 
tion f(z) = sign x does not possess an antiderivative on R. 

8. (a) Since the function z‘/4 is an antiderivative of 23, we find by 
the Newton-Leibniz formula, that 

1 


1 
\ x3 ar =+ x! 
0 


(b) The function —cosz is an antiderivative of sin z and, there- 
fore, 


n/3 oa Z 
m3 4, V2 y2—1 
sin x dz= —CcoS z aaa op ao 
—m/4 
(c) We have 
9 


{ (2 vi— 5) sem (otto va) a8. 


(d) The antiderivative of the function 1/ 2z+3 is the function 
VY 2z+3. Therefore, 


3 
1 een | = 
———— dr = YW 2r +3] =3—Y'5. 
ive var] v 


(e) We pass to a new variable of integration by setting 32° + 4 = 
y. Then, (323 + 4)!/3 = y'/3, y’ = 922 and, consequently, (325 + 
4)1/3 72 dr= y'/° — dy. We find the new limits of integration: A= 


3-4°5+4=7, B= 3-23+ 4= 28. By the formula for a change 
of variables, we obtain 


2 28 
1 1 3s 2 [28 
93.4 4\1/3 9 p, .. | 4 ,i/8 oe Eee ea 
{ (309-44) wide | Ty dy — 9 ry : 
1 7 
— 1 pooya/3_ 1 ahs 
= 75 (28) 74/3, 
(f) We set u = z and v’ = sin z. Then, u’ = 1 and v = — cosz. 
By the formula for integration by parts we obtain 
wt/2 
_  |R/2 ; 1/2 
\ resin zdz= —xzcosr ’ + { cos xz dx=sinz ‘ =1. 
0 0. 
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(g) We set u = Inz and v’ = 1/z? and then wv’ = 1/z, v == —41/z. 
yy the formula for integration by parts, we obtain 
la e 
Inz | e 1 1 1 |e 2 
\ rT dz = —— Ing i+) gee-a-s ie aaa 
1 


(h) The function | z | is equal to z for z > 0 and to —z for z < 0. 
‘Therefore, the integrand f(z) is equal to z(t — 2) = xz? — 2z for 
t > 0 and to —z? + 2z for z < 0. Partitioning the integral into two 
integrals, we get 


; 0) 


_ 2 
T= —z? x?— 22) d: 
| ferae \ (—z fanart Jt x) dx 


a9 


a 


sm ee ee ae =205 
0 3] 


9. (a) Assume that the function /(t) is an antiderivative of the 
finction f(t) = #2 sint. By the Newton-Leibniz formula we get 
(D(z) = F(z) — F(0). It follows from the definition of the antide- 
rivative that F’(z) = 2? sin z. Therefore, P’(7) = (f(r) — F (0))’ = 
I’ (zx) = z* sin z. 

(b) Assume that the function F (¢) is an antiderivative of the func- 
tion f (t) = 2¢ cos (sin t). Then @ (x) = F (3z*) — F (2z). Applying 
now the rule of differentiation of a composite function, we get 


(' (xz) = (F (322) — F (22))’ = 23% cos (sin (322)) -6z 
— 2°* cos (sin (2z)) -2. 


Fig. 206 


10. We designate the length of the side of the square as a and choose 
the system of coordinates as is shown in Fig. 206. In this system of 
coordinates, the equation of the parabola has the form y = kz?, where 
k is defined by the condition that the parabola passes through the point 
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(a/2; a). Thus, k = 4/a. The parabola divides the square into two 
parts: ABOCD and BOC. We calculate the area of the curvilinear 
trapezoid ABOCD: 


a 4 3 /2 2 
xz? ja a 
7 — —_—— 72 So = —— 
5S ABOCD= \ 72 =F ee 
-—af/2 


2 
Hence it follows that Sgoc = a? — wat a*, Consequently, the 


parabola divides the area of the 
square in the ratio 1/2. 
41. We construct the graph of 
the functions y = | 22 —1| and 
={z|-+5 and see that we 
should find the area of the figure 
ABCDEF (Fig. 207). From the 
system of equations 


y=|2—1| 
y=|z|+5 


we find the coordinates of the points 
D and F at oe the given es 
: intersect, namely, D (3; 8) an 
Big. 208 F (—3; 8). It can be seen in the 
figure that |z?—41|<|2z|+5 
for any z € (—3; 3) and the given figure is symmetric about the z-axis. 
Consequently, S = 2Sgcpr and by formula (2) in 4.3 we have 


3 


Sacor= | (Jz |+5—| 284 |) dz. 
0 


It is easy to see that 


3 3 ; 
[ie l+5ar= | 2ae+ | 5ar= 54 5= 5. 
0 i 

Furthermore, 


3 4 
| (2*—4 Dar= \ (1—2%) det ( (281) de 
Q 


U 1 
x3 \ |i x 
=(2—+)|,+(4-=) 
Consequently, S=2:- ( om ) ae 


12. The curve 2y = x? + x — 6 is a parabola with vertex at the 
point A(—1/2: —25/8) (Fig. 208), and the curve 2y = —z?-+ 3z-+ 6 


i) 
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is a parabola with vertex at the point C (3/2; 33/8). It is required to 
find the area S of the figure ABCD, where B and D are the points of 
intersection of the parabolas. Solving the system 


2y = 227+ 27 — 6 
{ 2y = —z* + 32+ 6, 
we find that the coordinates of the point D are the numbers z = —2, 


y  --2and the coordinates of’ the point B are the numbers z = 3, 
y = 3. Using formula (3) in 4.3, we obtain 


3 


y \ (= (—22-}-32-+ 6) (:?-++-2—6) | dz 
29 


3 
: z3 pe Hy Seg 3 5 
== ) (—2?+ 2-4-6) dzr= ( an eas > + 6a} =e 
13. Since 
a 0 a 
| feyae={ s(ayazt | fever, 
pis -a 0 
we must prove that 
0 a 
\ { (x) dz= \ f (x) dz. 
Ju 0 
‘or that purpose we make change of variable x = —z and then change 
the places of the limits of integration: 
0 0 a 
\ (ede es j #(—t) dt= \ f(—t) dt. 
-a a 0 


The function ¢ being even, we have { (—?t)=/(t) and 


f(—t)dt= { (t) dt. 
0 0 


Consequently, 
0 a 


\ f(t) dz= \ f(jdt= f (x) dz. 
0 0 


-4 
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14. We note first of all that 
a+T T at+T 
| f@de= J peyart | s(eyae. 4) 
0 T 


a 


In the second integral on the right-hand side we make a change of 
variables x = t-++ T. Then 


a+T a 
\ ferae= | erat, 
T 0 

and since f(t + 7) = f(t), we have 


a+T a 
(Qj \ f(t) dt. 2) 
T 0 


In the last integral we again designate the variable of integration as z 
and find, from (1) and (2), that 


a-+T T a 


T 
(x) dz= | f(eyart | f(x) a2— \ ite) ar, 
a Q () 


Fig. 209 Fig. 210 


15. Assume that A and B are the points of intersection of the hyper- 
bola x (y + 2) = 4 and the straight lines y = 0 and x = 1, and C is 
the point of intersection of those lines. Then A (2; 0), B (1; 2), and 
C (4; 0) (Fig. 209). It is required to calculate the volume V of the sol- 
id generated by the rotation of the figure ABC about the y-axis. The 
desired volume is equal to the difference V, — V, between the volume 
of the solid generated by the rotation of the curvilinear trapezoid 
OABD about the y-axis and that of the cylinder with radius 1 and 
altitude 2. The volume V, can be calculated by the formula for the 
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volume of a solid of revolution: 


Vi= a) 16n—— | =4 
=n) (spy) t= —t02 Fy | =o 
0 


The volume V, of the cylinder is equal to 2x. Consequently, V = V, — 
V5 == 20, 

16. The volume V of the given solid (Fig. 210) is equal to the diller- 
ence V, — V, of the volume of the body, generated by the rotation 
of the curvilinear trapezoid, bounded by the graph of the function 
y - Sinz, x €([0; 2/2], and the segments of the curves y = 0 and 
+ -= 7/2, and those of the cone with the radius of the base 1 and the 
altitude 1/2. The volume V, can be calculated using integrals 


1/2 /2 
V,=21 \ sin? z dr=n | SS AF ate 
0 0 


1 4, 
are (z-+ sin 2 } : 


‘he volume V, of the cone is equal to n2/6. Consequently, the sought- 


: mt? m2 m2 
for volume is equal to —-———=-—— 


heel 
OQ = X-1 XH vA a & 
Fig, 214 


17. Let us partition the interval [0; 2] of the z-axis into n equal 
parts (Fig. 244). In accordance with Newton’s law, the part of the bar 
[z;-4; z;] of mass 5Az; attracts the particle ? with the force approxi- 
mately equal to 


where k is the proportionality factor (gravitational constant). Then 
the force F with which the homogeneous bar attracts the particle P 
is approximately equal to the sum 


nr 
- > km§ Az; 
(a—x;) * 
i=1 


Passing to the limit as n—> oo, we obtain 


l 
dz 
0) 
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Consequently, 
km65 |! km6 km km6l 


a—zx |o a a—l + a(a—l)' 


F=— 


18. Let us choose a system of coordinates as shown in Fig. 212. 
We divide the interval [0; 2] of the z-axis into n equal parts. The 
kinetic energy /; of the circular ring contained between the circles of 


= 
R ——— OL 
AY 2 


Fig. 242 


the radii r = z,_, and r = z; is approximately equal to m;v‘,/2, where 
m; is the mass of the ring and v; = z;. Since 

m; = phn (rj — xi_,) = phn (2; + 2:41) Azj, 
m; is approximately equal to 2phnz; Az; and the kinetic energy E; 
is approximately equal to phnw*z? Az;. Then the kinetic energy E£ of 
the whole body is approximately equal to the sum 


n 
> nphw2zzAz;. 
i=1 
Passing to the limit as n — oo, we obtain 
° 1 
E= ( phox dz =—- nphw?h4, 
0 


CHAPTER 5 


1. Let the diagonals of the trapezoid ABCD meet at a point O 
(Fig. 243). The triangles ABD and ACD havea common base AD and 
equal altitude drawn to that base, and, therefore, their areas are equal. 
The areas of the triangles ABO and CDO are less than the areas of 
the triangles ABD and ACD by the value of the area of the triangle 
ADO and consequently, they are equal. 

2. Suppose PM || AC and MQ|| AB (Fig. 214). We designate 


r 
b=|BC|, c=|BM|/|MC| and then i aaa 
1 
1+z 


and 


b. 


[Mc| — 
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It is easy to see that the triangles PBM and QMC arc similar to the 
triangle ABC. Therefore, if S is the area of the triangle ABC, then 


7? SF 2 uu 4 ' 
Spou=(Tee) § and Some —qpap S. 


4) 


Ky the hypothesis, S—Spaau—Some~ ag 8; whence we get 
1 f 2 eee or 
a i-+z (4+2)2 ~ 18? 


5a? — 262 +5 = 0. 


Solving the equation, we find that x = 5 and z = 1/5. In both cases 
the point M divides the side BC into segments whose lengths are re- 
lated as 5/4, 


B 


Fig. 243 Fig. 244 


3. Suppose Sy, Sy, S2, and S3 are the areas of the triangles ABC, 
PEC, AMF, and DBN respectively (Fig. 215). It is easy to see that 


So=SaumetSasntSpsacetAfror—(S1+52.+S3), 
: 4 
and since Samc =SABN =Sppe = So, Srpe=S, we obtain 


Sy, +tS.+S3=S. (1) 


Let us find S,;. We draw MK|| BP and then AAMN& AABP, 
From the similarity of the triangles it follows that |AK]-= 


1 : y 
zy IAP, and since |AP| = |ACI, we have |AK | =< | AC]. 


re 2 2 7 
rhen we have SAMK ="¢ Same = 97 So and Skuc= 57 So- 
The triangles PEC and KMC are also similar and, therefore, 


S,=(| PC |/| KC |)? Sxagc. Taking into account that | PC | — | AC| 


and |KC| =+4 |AC|, we get S,=57 So. 


24* 
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By analogy we establish that Sy=Ss=q So, and, therefore, it 


follows from (4) that S = = Se i.e. Sg = 78. 


4. Upon rotation through the angle @ every line rotates through the 
same angle and,consequently, 7AB’A’ = a (Fig. 216). Then it follows 


from the condition A’B’ | AC that ZA = 5—4. Furthermore, since 


|ICB’| = |CB|,’ the triangle CBB’ is isosceles and ~BB’'C = /B. 
On the other hand, the angles ABC and A’B’C are congruent, that is, 


Fig. 216 


ZA'B'C= Z B. The angles AB’A’, A’B’C, and CB’B form a straight 
angle and, therefore, a+ 2 2B = x, whence we find that 7 B=5— 


> . The angle C can be found from the condition that the sum of 


the angles of a triangle is equal to 1, and we obtain Z 62 om 


5. We draw straight lines through the vertices A, B, and C of the 
triangle parallel to its opposite sides (Fig. 217). These lines meet and 
bound the triangle A’B’C’. In the quadrangles AC’BC and ABA'B 
the dd Hae sides are pairwise parallel and, consequently, they are 
parallelograms and |C’B| = |AC|, |BA’| = |AC|. Thus, the point 
B is the midpoint of the side A’C’. By analogy we establish that 
the points A and C are the midpoints of the sides C’B’ and A’B’. 

If BK is the altitude of the triangle ABC, then the line BK is the 
midline of the side A‘C’ of the triangle A’B’C’. Similarly, if AM | BC 
and CN | AB, then thelines AM and CN are the midlines of the sides 
C’B’ and A’‘B’ respectively. The midlines of the sides of a triangle 
meet at one point and, consequently, three straight lines which con- 
tain the altitudes of the triangle also meet at one point. 

6. Assume that the extensions of the altitudes drawn from the ver- 
tices A, B, and C cut the circle at the points A’, B’, and C’ (Fig. 248) 
and suppose that 


C’BA': A'CB’ : B'AC'=p:qir. (1) 
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We designate the angles into which the altitudes divide the vertex 
angles by A, and Ay, B, and By, and C, and C, respectively. Consid- 
ering the inscribed angles subtended by the arcs C’BA’, A’CB’ and 
B'AC' we obtain, from (1), 


(2C0,1+2ZA,):(24,4+2B,): (2 By+-2C,)=p:gqir. (2) 


Suppose O is the point of intersection of the altitudes of the triangle 
ABC. It follows from the similitude of the right triangles AOK and 


Fig. 247 Fig. 218 


BOM that 2A;= ZB,. We establish by analogy that 7C, = ZA, and 
_B, = ZC,. Taking this into account, we obtain, from (2), 


220,:24A,;:2Z2B,;=p:gq:r, 
whence it follows that 
£Ay= ZB, and *Z CG=t2 By. 


Now, from the condition ZA+ZB + 2C = 2(2A,4-2B,+2¢,) = 
N Ne easily find 2B,, 2C,, 2A, and calculate the angles of the tri- 
unpre: 
p+q_ x qt+r_a p+q_ 4 
P+qa+r 2° ptqtr 2? “ pt+tatr 2° 
7. Suppose O, and O, are the centres of the major and the minor 
circle respectively, D is the point of intersection of the chord AB 


and the minor circle (Fig. 219). If O.M AB, then |AM| = > |AD, 


and if O,N | AB, then |AN| => |AB|. From the similitude of the 


right triangles O,AM and O,AN_ we obtain |A‘.| |A0O,| = 
|.4A7|/|AN|, whence we have |AD|/|AB| = r/R. By the secant- 
tangent theorem we have 


[BC|? = |AB| |BD| = |AB| (|AB| — |AD)) 


or a2? = [ABP (1—-+). We find |AB| = a,/R(R—7) . 
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8. Suppose P, Q, and WN are the points of tangency of the circle and 
the sides of the triangle (Fig. 220). We designate a = |BC| and 
3x = |BM|. It follows from the secant-tangent theorem that 


|BP| = |BN| = |QM| = y 2z. 


But since \CP| = |CQ|, we have |BC| = |CM| =a. The point M 
is the midpoint of the side AC and, consequently, |AC| = 2a and 
|AM| = a. 

Furthermore, |AN| = |AQ| = |AM| + |MQ| =a+y 22 and, 
therefore, |AB| = a + 27/ 2z. 


Fig. 220 


__ Using the expression for the median in terms of the lengths of the 
sides of the triangle (see Problem 5 in 5.2), we can write 


2 
2|BM |2=|BC|?+ japp—lA 


or 182? = a? + (a + 27 2z)? — 2a%. This yields a quadratic equation 
522 — 2 2ax = 0. Thus we have z = : Ve gand |AB| = Fa. Thus 
we have |BC|: |AC|:|AB| = 5:10: 43. 

_ 9. Suppose O is the point of intersection of the altitudes of the 
triangle ABC (Fig. ais The right triangles BAM and BON contain 
equal acute angles at the vertex B and, consequently, BON =ZA. 
The angle BAC is subtended by the arc BC and the same arc subtends 
the angle BQC and, therefore, < BOC =ZA, the triangle BOQ is isos- 
celes and |BO| = |BQ|. We designate z= |BO|. The triangles 
QOP and BOC are similar (7CQP = ZCBP and ZQPB =ZQCB), 
IGO| |QP|_ 6 : _ 6 : 
BO| RG] 5” whence it follows that | QO | = 5: In an isos 
celes triangle an altitude is also a median and, therefore, |NO| = 


3 _ |NO| 3 _ 4 ; 

=e and cos A = Ol 5° Then, sin A = 5 and the radius R 

of the circle circumscribed about the triangle ABC can be found by 
: : a 9) 

formula (4) in 5.2, i.e. R = 3sma oe" 
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10. Assume that DF | AB (Fig. 222). Then the triangle AFE is 
‘ight angled and #A is its median. Consequently, |FA| = |A A, 
nel nince . HA K -= 60°, the triangle AF K is regular. Hence it follows 
that “A || BC and [FB] = |KC|, i.e. FBCK is an isosceles trape- 
sold about which we can circumscribe a circle. 

Vurthermore, by the hypothesis, the opposite angles BFD and 
Hcy) in the quadrangle FBCD are right angles. This means that we can 


Fig. 224 Fig. 222 


circumscribe a circle about the quadrangle FBCD too and BD is the 
diameter of that circle. 

‘The two indicated circles pass through the points /, B, and C and, 
(therefore, coincide. Hence it follows that the angle BKD rests on the 


& 
8 
G. 
A Bs A 73 C 


Fig. 223 Fig. 224 


diameter and is, therefore, a right angle: 2 BKD = 90° and 2 KDB = 
_ KCB = 60°. Then, 2 KBD = 30°. 

41. Assume that the median AD and the bisector CE meet at a 
point O (Fig. 223). The bisector CO of the triangle ACD is also its 
altitude and, therefore (see 5.1), the triangle ACD is isosceles: |AC| = 
(CD|. Then the condition that the point D is the midpoint of the 
segment BC implies that |BC| = 2|AC| and = cosACB = 
1 : 1 
y |AC|/BC| = rar 
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Thus we have 2 ACB = arccos (1/4). 

12. Suppose AD is the bisector of the angle BAC (Fig. 224). We 
designate zx = |AD|. It is evident that the area of the triangle ABC 
is equal to the sum of the areas of the triangles ABD and ADC and, 
therefore, using formula (2) in 5.2, we can write 


1 1 2 O 1 - 
wecomcucoy = —_—_ —_ == b ence 
5 be sin o 5 cx sin 5 5 z sin 5 
From this, taking into account that sin a = 2 sin (a@/2) cos (a@/2) and 


sin (a@/2) = 0, we get 2be cos (a/2) = z(b +c), whence it follows 


2be a 
that z pag 


Fig. 225 Fig. 226 


13. Suppose O is the centre of the circle circumscribed about the 
triangle ABC (Fig. 225). The inscribed angle ABC rests on the arc AC 
which also subtends the central angle AOC and, consequently, 2 AOC =- 
2. In the circle circumscribed about the triangle AOC the arc AC 
subtends the inscribed angles AOC and A MC and, therefore, 2 AMC = 
ZAOC = 2q, and since the vertex angles A in the triangles ABC 
and ACM are equal, we have ACM = ZABC = 9. 

Applying the sine law to the triangles AMC and ABC, we get 


|AM | |AC | |AC| | AB | 
——eoo- SS eee ——- and ie a SS ea 
sin @ sin 2@ sin @ sin 2@ ° 
|AM | = sin @ re 4 
whence we have TAB, ~\ snap) ~ Feostq: 


14. Assume that P in the triangle ABC is the midpoint of the side 
AB and Q is the midpoint of the side AC (Fig. 226). We set a = | BC|, 


b= |AC|, c= |AB|, and then |AM| = 56, |IMCc| = 2 b, 
[AN| = J, and |NB| = ze It follows from the right triangles 
AMP and AQN that 
_ |AP| 2 ¢ — |AQ| 3b 
cos A= (AM 3} and cosA-- ANI ae 
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V2 


Hence we get c= 3 —b and cosA=——, Thus. 2A =n/4. 
2y2 2 


~ 


By the cosine law, we find from the triangle ABC that 


a= y b?-+-c?— 2be cos 7 Cees 


2Y2- 
Using now the sine law, we get 


: b., : cl. 
sin B=—~sin A= and sin C = —- sin A= 


ee oe 
V5 V 10 © 
Thus, ZA = 7/4, ZB = arcsin (2/75), and ZC = arcsin (3/ y 10). 


8 
B 
A Cc 
A M 
N ‘ 
i i C 
Fig. 227 Fig. 228 


15. Assume that in the triangle ABC the lengths of the sides adja- 
cent to the vertex B are different (otherwise the triangle ABC would 
lw isosceles and the bisector of the angle B would be the median and 
the altitude) and suppose that BK is a bisector of that triangle 
(ig. 227). Let us circumscribe a circle about the triangle ABC and 
extend the line BX till it meets the circle at a point K’. The point K’ 
ix, evidently, the midpoint of the arc AC and, therefore, if we draw a 
ntraight line through the point K’ at right angles to the chord AC 
(that is, parallel to the altitude BN of the triangle ABC), it will bisect 
the chord AB. Hence it follows that the point K lies between the point 
M, which is the midpoint of the side AB, and the point N, which is 
the foot of the altitude, that is, the bisector lies between the median 
wnd the altitude. 


—> — 
16. Let us apply vector algebra. Assume that CB =a, CA = b, 
; ==> 1 { 
HN on, and AM = m (Fig. 228). Then n= b — aand m=5a — 
bh J.et us now find the scalar product of the vectors m and n: 


mons: a-b—— (Ja |?4|b |). (1) 
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— 
If AB=e, then c=a—b and |e|?=|a|?+ |b |? — 2a-b, 
whence, using the condition of the problem | a [? -+ |b |? = 5| ce |?, 


we find that a-b = = ( a |? + | b |?). Substituting this into (1), we 


— —> 
get m-n = 0. Therefore, the vectors AM and BN and, consequently, 
the medians AM and BN are perpendicular. 


Fig. 229 Fig. 230 


17. Let O, and O, be the centres of the circles (Fig. 229), O,M 1 BC 
and O,N | BC. Then, if |AB| = z, we have 


|BM| = |MA| = |AN| = |NC| = 2/2 


a : 
\OM|=J/ 5—= and \0N1=H/ 2-2, 


We draw O,K || CB and thenO,K | O,M and |O,K|?=|0,0,|?— 
|O,K|?, i.e. 


and 


Solving this equation, we find that z= 6/)/5. Thus we have 
|AB| = 6/5 cm. 
18. Let us designate |MC| = y (Fig. 230). Then, from the condi- 
tion |CP|/|PM| = 9/16 we find |CP| = = 
theorem we have |CN|? == |CP| |MC|, whence we find |CN| = < y. 


y. By the secant-tangent 


Suppose QO is the centre of the circle. Then, OM | AB and ON | DC, 
and it follows from the condition AB || CD that the points M, O, and 


N lie on the same straight line. We find from the right triangle CMN 
that |MN| = Ay. We designate |MB| = zx and then have | DN|= 
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|\AB) = x and |BC| = |DC| = roy. We draw BF || MN 


und see that |BF| = |MN| = Sy, and |CF| = Sy—t. By the 


Pythagorean theorem we have 
3 2 3 2,74 \2 
(= +2) =(+y-2) +(=7) 5 


whence we find that z = = y. 


Ay /2 
3V 5% 
and by the secant-tangent theorem we have |MB|? = |BN|-|BQ|, 


Furthermore, from the right triangle MBN we get |BN|= 


ae 
whence |BQ| = a VY yy. Then we find 


IBOWNQN| = IBQI/(IBN| — |BQ|) = 1/9. 


Fig. 232 


19. Let the line BM cut the second circle at a point K (Fig. 234). 
The angle ANB rests on the diameter and is equal to 90°, and there- 
lore the diameter QP is perpendicular to the chord KM and bisects it: 
|KN| = |NM|. Furthermore, the chord CD _ is perpendicular to 


the diameter AB and, therefore, CnB = DnB and ZCNB = ZDNB. 
Suppose the line DN cuts the second circle at a point F. Then 
_KNF= ~DNB=ZCNB. In addition, being symmetric about the 
diameter PQ, the second circle passes into itself, and since KN | PQ 
and |KN| = |NM|, the point Af is projected onto the point K. 
The angles MNC and KNF are congruent and, therefore, the point C 
is projected onto the point F. Hence it follows that |FN| = |NC|. 
By the property of intersecting chords (see 5.3) we have |KM| |NM|= 


|*N| |ND|, whence we get |MN| = y |NC| |ND| = yab. 
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20. Suppose BF || AM (Fig. 232); cutting the sides of the angle 
MCA, the lines BF and AM intercept proportional segments: 
[MB| _ |AF| 
[MC| — |AC| ° 


Assume that AD is the bisector of the; riangle ABC. Then “< BAD = 
> LBAC, but Z MAB =~ (180°— ZBAC) and, therefore, Z MAD = 


ZL MAB +ZBAD = 90°, that is, the bisectors of the exterior and 
interior angles at the same vertex of the triangle are perpendicular. 
In accordance with the construction, BF |! AM and then BF | AD. 
Thus, in the triangle ABF the bisector AO is an altitude and, conse- 
quently, the triangle ABF is isosceles: |AF| = |AB|. Bearing this 


MB B 
in mind, we get, from (). rep =—aeT 


(4) 


The case when the line BC is cut by the extension of the bisector 
AM can be treated analogously. 


K A Ge 
Fig. 233 Fig. 234 


21. Only two cases are possible here: either the point M lies with- 
in the segment BC or outside it. In the first case (Fig. 233) we draw 
BK || AM and then |KA|/|AC| = |BM\/|MC\. 

-By the hypothesis, |BM|/|MC| = |AB|/|AC| and, consequent- 
ly, |KA|/|AC| = |AB|/|AC|, whence it follows that | KA | = |AB]. 
In the isosceles triangle KAB the base angles are‘ equal, but 
Z.BKA =Z_MAC and Z_KBA= Z.BAM and, therefore, 7 BAM = 
Z_MAC, that is, AM is a bisector of the triangle ABC. 

The reasoning in the second case is quite analogous (see Fig. 232). 

22. Let us consider the parallelogram ABCD (Fig. 234). The cen- 
tres 0, and Og, of the circles circumscribed about the triangles DAB 
and DBC lie on the midline of the segment BP on different sides of 
BD and at the same distance from BD. Similarly, the centres O, and 
O, of the circles circumscribed about the triangles DAC and ABC lie 
on the midline of the segment AC on different sides of AC and at the 
same distance from AC. Hence it follows that in the quadrangle 
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,0,0,04 the diagonals 0,03 and 0,0, mect at a point O (at the point 
af intersection of the diagonals BD and AC of the parallelogram 
ee and are divided in half. Consequently, 0,0,030, is a paral- 
clogram. 

Let us introduce the designations |BD| = 2d,, |AC| = 2d,, 
|(O,Og| == 2u,, and |O,0, | = 2u,. Since 0,0, 1 BD and 0,0, 1 AC, 
the angle between the diagonals BD and AC of the parallelogram ABCD 
inequal to the angle between the diagonals 0,0, and O,0, of the paral- 
lelogram O,0,030,4 and, therefore, 


SA BCD/S 91030304 = djdo/U,Uy. 


let M be the midpoint of the side AD. Then the points M, 0,, and O, 
lw on the same straight line and, as can be easily seen, ZADO = 
. O,O,O (being the angles with perpendicular respective sides). As 
we have established above, 20,00, = ZDOA and, therefore, the 
(riangles O,0,0 and’ DAO are similar and |00,|/|OO,| = |OD|/ 
[OA|, ie. uy/ug = d,/dy. Hence it follows that 


Sascn!50,0,0304 = (dy/u,)*. 


Note that O, is the centre of the circle circumscribed about the trian- 
ule NAB and, therefore, the inscribed angle DAB and the central angle 
11,8 are subtended by the same arc and 7 DO,B =2Z_ DAB = 2a, 
Murthermore, 0,01 DB and |DO|=J|OB| and, consequently, 
,OO,B = a@ and d,/u, = tana. Thus, Sagcp 'S.9,0.0304 = tan? a. 


CHAPTER 6 
{. Note that neither of the points M belonging to the line AB or 
to the line BC can be contained in the desired set. Indeed, if M € 


(!/t), then the triangle 447B does not exist; if M € (BC), then the 
liinngle BMC does not exist. 


AY BB M Cf 


(2) 


Fig, 235 
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Suppose M belongs to the desired set. This means that the areas of 
the triangles AMB and BMC are equal (Fig. 235). And since the tri- 
angles have the side BM in common, their altitudes AA’ and CC’ are 
equal, i.e. |AA’| = |CC’|. Hence it follows that the point M be- 
longs to the line which passes through the point B and is equidistant 
from the points A and C. There are, evidently, two lines of this kind: 
one of them is parallel to the segment AC (Fig. 235a) and the other 
passes through the midpoint K of the segment AC (Fig. 2355) since in 
that case the equality |AA’| = |CC’| yields the equality of the 
areas of the triangles ABK and KBC from which it follows that 
|A K| = |KC|. As was noted earlier, the point B at which the lines 
meet does not belong to the desired set. It is clear from the argument 
that if the point M does not belong to the indicated lines, then the 
areas of the triangles AMB and BMC are not equal. 

Thus, the desired set is formed by two lines intersecting at the 
vertex B (the point of intersection exclusive): the line parallel to the 
side AC and the line ean through the midpoint of the side AC. 

2. Let us designate as Q the area of the triangle ABC and assume, 
for definiteness, that s > Q. Note that the desired set cannot contain 
points lying on the lines AB and AC since in those cases either the 
triangle AMB, or the triangle AMC, does not exist. 

Suppose the point M belongs to the desired set. Let us first consid- 
er the case when M is in the interior of the angle EAF (Fig. 236). 
By the hypothesis, we have sa4nyzp + Samc = S. Taking into consider- 
ation the obvious equality 


SAMB+SAMC=SABCTSBMC: 


we obtain sguc = s — Q. Consequently, the desired set contains those 
points M for which the area of the triangle BMC is constant and equal 


E 
L 
C M 
A B K €E 
Fig. 236 


to s — Q. It is clear that the area of the triangle BMC is constant if 
the point M lies on the line KZ parallel to the side BC of the given 
triangle. It is equal to s — Q if the distance between the side BC and 


the line AZ is equal to 2 Since M lies in the interior of the angle 
EAF, the desired set contains all the points from the interval KL. 
If the point M is in the interior of the angle EAF but does not belong 


to the interval AZ, then, evidently, spayc 7s — Q. 
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Now we pass to the case when the point M lies in the interior of 
the angle “A (Fig. 237). Let us lay off, on the ray AE’, a segment 
4H’ congruent to the segment AB and pay attention to the fact that 
"\\rn - Saarp’. The last equality makes it possible to replace the 


triangle ABC by the triangle AB’C and thus arrive at the case already 
considered. Consequently, the interval K’Z also belongs to the desired 
net, 

Let us now consider the two remaining cases (Fig. 238): the point 
AM lies in the interior of the angle E’AF’ or in the interior of the angle 


Fig. 238 


K’’ Ah, We get two more intervals, K’/,’ and 1.’ K, with [K’L’] || [KZ] 
wad (LOK) LR’). 

‘hus, the desired set of points is the boundary of the parallelogram 
A'i_KL', ils vertices exclusive (Fig. 238). 

If s~2Q, our earlier reasoning requires slight changes. In that 
cane, we again get the boundary of the parallelogram, its vertices 
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exclusive, as the desired set of points, but now one side of the parallel- 
ogram is in the interior (s <Q) or on the boundary (s = Q) of the 
triangle ABC. 


Fig. 239 Fig. 240 


3. It is evident that the point C belongs to the required set. Sup- 
pose M is an arbitrary point ef the required set not coinciding with 
the point C (Fig. 239). Let us consider the angles MAB and MBA. 
These angles are subtended by the congruent arcs CM in the congruent 
circles and are, therefore, congruent. Consequently, 7 MAB = 2 MBA, 
that is, the triangle AMB is isosceles, with | MA | = | MB |. Thus, 
if the point M belongs to the required set and does not coincide with 
the point C, then it is equidistant from the given puiits A and B, 
that is, lies on the line perpendicular to the segment AB and passing 
through its midpoint. 

Assume that the point / belongs to the line perpendicular to the 
segment AB and passing through its midpoint D. If M does not coin- 
cide with D, then M is the point of intersection of two congruent cir- 
cles. In fact, let us draw one circle through the points A, C, and M 
and another circle through the points B, C, and M. These circles satis- 
fy all the conditions of the problem: the first circle passes through the 
points A and C, the other through the points B and C; the circles 
intersect and are congruent since, by the sine law, the radius of the 


[CM | 
2sinM AC 


The radii are equal because of the equality of the 


first circle is equal to ‘and the radius of the second circle is 


[CM | 
2sinM BC" 
angles 7 MAC = Z MBC, 

Thus, the required set consists of the point C and all the points of 
the line perpendicular to the segment AB and passing through its mid- 
point, the midpoint of the segment AB exclusive. 

It is easy to see that in the case when the point C is the midpoint 
of the segment AB, the required set is the line perpendicular to the 
segment AB and passing through its midpoint. 


equal to: 
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4. Let the point M belong to the required sct, that is, be the point 
of tangency of some circle, passing through the points A and B, and 
the straight line passing through the point C (Fig. 240). The square of 
au tangent is known to be cqual to the product of the secant by its 
external part. Consequently, |CM?| = |AC| |BC|, that is, the 
point M lies on the circle of radius R = VY |AC| |BC| with centre 
at the point C. 

It is clear that the point M cannot lie on the given line. Suppose 
how ae M isa point of the indicated circle (Fig. 240) not lying on the 
yiven fine. 

Let us draw, through M, a line perpendicular to the segment CM, 
Suppose O is the point of intersection of that line and the perpendicu- 
lur to the segment AB of the line passing through its middle. Let us 
consider the circle with centre at O passing through the point M@. The 
line CM is, evidently, a tangent to that circle. It remains to show 
that the circle passes through the points A and B. Applying the Py- 
thayorean theorem three times, we obtain 


|OB|2 = |OD|? + |BD\? = |OC|? — |DC|? + |BD|? 
= |OM|? + |CM|? — |DC|? + |BDI?, 


und transform the right-hand side of the equations obtained, using the 
formula for the difference between the squares of two numbers: 


JOB)? = |OM|? + |CM|? — (|DC| — |BD}) (IBD| + |DC})' 
= |OM|? 4+- |CM|? — |BC| JAC}. 
since |CM|? = |BC| |AC|, it follows that |OB| = |OM|. 


Thus, the required set is a circle of radius Y |AC| |BC| with 
centre at C, without two points lying on the given line. 


Fig. 244 


5. Suppose the distance between the given points A and B is equal 
to 2a. We choose a system of coordinates as shown in Fig. 241. As- 
suine that the point M (2; y) belongs to the required set. Then 


|| AM |2| AM ]?—|BM|?2| =s. 
Ity the Pythagorean theorem we find that 
|AM|? = (cx + a)? + y*, |BM[? = (x — a)? + y?. 
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Thus, the required set includes the points whose coordinates z and y 
satisfy the equation 
[\(z -+ a)® -- y? — (x — a)? — y® | = 5. 

Simplifying this equation, we get | 4za | = s. Consequently, the point 
M (zx; y) belongs either to the line z = s/4a or to the line z = —s/4a. 
The transformations carried out being equivalent, the converse asser- 
tion is also true: every point belonging to the lines z = s/4a and z = 
—s/4a belongs to the required set. Figure 244 shows the positions of 
the lines for the case s = 6a’. 

G. Let us designate the first two points as A and B and the third 
point as C. We choose a system of coordinates such that the points A 


Fig. 242 


and B have the coordinates (—a; 0) and (a; 0) (Fig. 242). The coordi- 
nates of the point C in that system will be designated as ¢ and d re- 
spectively. Let the point M (z; y) belong to the required set. Then 
|MA|2 + |MB|2 =|MC |? (4) 
or 
(e+ a) + y + (2 — a)? + y= (@ — oP + YY — A). 
Simplifying this equation, we get 
x? + y? + 2er + 2dy = c* + d? — 2a?, 
(z +c)? + (y + dj? = 2c? + 2d? — 2a?. (2) 
Thus, the cuordinates of the point M must satisfy equation (2). 
The converse assertion is also true: if the coordinates of the point M 
gatisfy equation (2), then condition (1) is fulfilled for the point M, 
that is, the point M belongs to the required set. 
Let us consider equation (2). If c? + d? > a?, then (2) is en equa- 
tion of a circle of radius 


R = V 22+ 2a?-- 2a? 
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with centre at the point O, (—c; --d). If ¢? -|- d? -= a*, then equation 
(2) is satislied only by the coordinates of the point O. (--c; --d). 
If c2 -} d? < a®, then equation (2) is not satisfied by the coordinates 
of any point of the plane. 

Thus we obtain the final result. If the point C is located farther 
from the midpoint of the segment AB than the points A and B, then 
the required set is a circle of radius R = Y 2c? + 2d? — 2a? with 
centre at the point symmetric with respect to the point C about the 
midpoint of the segment AB. If the point C is at the same distance 
from the midpoint of the segment AB as the points A and B, then the 
required set is a point symmetric with respect to the point C about the 
midpoint of the segment AB. If the point C lies nearer to the midpoint 
of the segment 4B than the points A and B, then the required set is 


1X 
p 


Fig. 243 


7. Assume that the point M belongs to the required set, that is, 
is the foot of the perpendicular drawn through the given point A to 
some plane a passing through the given line J (Fig. 243). 

Let us drop a perpendicular MP from the point M to the line J 
and connect the point A with the point P. By the theorem on three 
perpendiculars, [AP] {| 1, and, consequently, the point M belongs to 
the plane B such that B 1 / and A € B. Furthermore, since the angle 
AMP in the triangle AMP is a right angle, the point M belongs to 
the circle s with diameter AP lying in the plane 8. 

Let us prove the converse assertion. Let M be an arbitrary point 
of the circle s. We draw a plane a through the point M and the line 
!. That plane is perpendicular to the plane B which contains the circle 
s (because B_1/). Furthermore, since AP is a diameter, [AM] 1 |MP] 
and, consequently, [AM] 1 a, that is, the point M is the foot of the 
perpendicular drawn through the point A to the plane passing through 
the given line J. 

The proof carried out does not hold for two points of the circle s: 
the point A and the point P which is its projection onto the line 1. 

Notwithstanding this fact, both points belong to the required set. 
Indeed, the point A is the foot of the perpendicular drawn through it 
to the plane passing through the line / and the point A. The point P 
is the foot of the perpendicular drawn through the point A to the 
plane passing through the line J yt right angles to the segment AP. 


a7 
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Thus, the required set is a circle which lies in the plane drawn 
through the given point A at right angles to the line 2 and whose dia- 
meter is the segment AP, where P is the projection of the point A 
onto the line J. 

8. Suppose the point M belongs to the required set, that is, is the 
point of intersection of the medians of a certain triangle ABC 
(Fig. 244). We draw the medians CK and SK of the triangles ABC 
and ASB. Assume that O is the point of intersection of the medians 

of the triangle ASB. We connect 


S the point M with the point O. Since 
|CM| ISO] _» 
[MK|  |OK| ~ 


we have [OM] || [SC], that is, the 
point M belongs to the line which 
is parallel to the third edge of the 
trihedral angle and passes through 
the point O. 

It is clear that the points of 
that line which lie in the exterior 
of that trihedral angle do not 

Fig. 244 belong to the required set. The 

point O belongs to the set since it 

is the point of intersection of the medians of the triangle ASB 
(C coincides with S). 

Let us prove that all points of the ray ON belong to the required 
set. Suppose M is an arbitrary point of that ray. We draw a plane 
AMB. It cuts the third edge at some point C. _ 

Let us consider the plane SMC. Since [OM] || [SC], the plane 
SMC cuts the segment AB at its midpoint K. Consequently, the 
lines CM and SO meet at the point K, with 


AMC] _ |SOl JASOl 
(KM| |OK|’ |OK| 


but 2 


and, consequently, M is the point of intersection of the medians of the 
triangle ABC. Thus, the required set is the ray ON whose direction 
is similar to that of the third edge of the trihedral angle and which 
begins at O, the point of intersection of the medians of the triangle 
ASB (S being the vertex of the trihedral angle). 

9. Suppose the point M belongs to the required set, that is, is the 
point of tangency of some sphere, passing through the end points A 
and B of the given segment, and the given plane (Fig. 245). Let us 
extend the segment AB till its intersection with the plane wu at the 
point O and connect the point O with the point M@. We draw a plane 
through the rays OB and OM. It will cut the sphere along the circle 
touching the ray OM at the point M. By the secant-tangent theorem, 
the tangent and the secant being drawn from the same pvint to the 
circle, we find 


|OM|=Y |OB| |OA|, (1) 
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that is, the point M lies on the circle of radius R = Y|OB| |OA| 
with centre at the point O. 

Let us prove the converse assertion. Assume that the point M 
lies on the circle obtained. Then equation (4) holds true. 

Let us draw an auxiliary circle through three points A, B, and 
\f and designate its centre as S,. By virtue of condition (1), the seg- 
ment OM is a tangent to that circle, and, consequently, [OM] | [MS,]. 


Fig. 245 


Let us now draw a perpendicular through the point M to the given 
plane and a perpendicular through the point S, to the plane of the 
auxiliary circle. These two perpendiculars lie in the plane perpendic- 
ular to the segment OM and passing through the point M. It is easy 
to see that they cannot be parallel. We designate by S their point of 
intersection, and connect the point S with the points A and B. The 
projections of the segments SA, SB, and SM onto the plane of the 
auxiliary circle are the radii §,4, S,B, and S,M respectively. Hence 
we infer that !SA| = |SB| = |SM|. Consequently, the sphere 
with centre at S and with the radius |SM| touches the given plane at 
the point Af and passes through the end points of the segment AB, 
that is, the point M belongs to the required set. 

Thus we have found the set. It is a circle lying in the given plane 
with centre at O (the point of intersection of the extension of the given 


segment with the plane) and radius R = YI/OB\JOA|. 

10. Let us draw, through the given line 1,, a plane a, parallel to 
the line Z, and, through the line /,, a plane @, parallel to the line /, 
(l‘ig. 246), We shall prove that the required set is the set of all points 
of the planes a, and a, which do not belong to the lines J, and J,. If 
the point M, belongs to the plane a, but does not lie in the line lo, 
and a line passes through it and cuts the line /,, then that line lies 
in the plane a, and, therefore, cannot cut the line J, which lies in the 
plane a@,. We can prove, by analogy, that every point of the plane a,, 
which does not lie in the line Z,, belongs to the required set. We shall 
also prove that no other points of spa:e possess the required property, 
that is, we shall show that through any other point of space we can 
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draw a line cutting J, and J,. If the point M lies on the lines 1, and l,, 
then it is obvious. Suppose the point M does not lie either in the plane 
a, or in the plane a, (Fig. 247). We draw a plane @ through the point 
M and a line 1, and a plane f through the point ™ and the line J,. 


[>< 


W 
LK 


Fig. 246 Fig. 247 


The planes @ and B intersect along some line 1, which necessarily 
cuts both the line 7, and the line J,. Indeed, the line J lies in the same 
plane @ as the line J, and is not parallel to J,, since otherwise the point 
M would lie in the plane a,. Similarly, the line J lies in the same plane 
B as the line J, and is not parallel to /,, since otherwise the point M 
would lie in the plane a,. 

11. Let us apply the method of similitude. We remove the condi- 
tion that the point E lies on the side BC. We lay off an arbitrary seg- 


N 


Fig. 248 


ment AA on the side AB (Fig. 248) and an interval [CL] on the side 
BC so that |CL| = |AK|, and a straight line LP, parallel to the 
side AC, through the point L. Next, we draw a circle of radius | KA | 
from the point K as the centre. Suppose A is the point of intersection 
of the circle and the line LP and lies in the interior of the triangle. We 
connect the point AY with the point A and draw, through the point M, 
a line parallel to [BC]. Assume that N is the point of intersection of 
that line and the side AC. We get a quadrangle AKAMN whose three 
sides are equal |AA| = |AM| = |MA}. 
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Let us extend the segment AM till it meets the side BC at the 
point £ and draw a line, through the point £, parallel to the segment 
KM and intersecting the side AB at the point D. The quadrangle 
ADEC is similar to the quadrangle AKMN and, consequently, 
\AD| = |DE| = |EC}. 

The problem has one and only one solution. 

12. Suppose the channel is h wide. We draw a straight line, at right 
nngles to the channel, through the point A, and lay off on it a seg- 
ment AA, of length h as shown in Fig. 249. We connect the points A, 


Fig. 249 


and B. Assume that K is the point of intersection of the line A,B and 
the line J, (Fig. 249a). The bridge must be constructed at the point K 
since the way ALKB is the shortest. Indeed, for any other way 
AL,K,B we obtain 


IA Ly] + 1L,Kyl+ [K,B] = |ALy| + [LZK| + 12,3)! 
> |AL| + |LK| + |LB,| = JAL| + |LK| +} KBI. 


We can put the equality sign only if the points A and B are locat- 
ed on the banks of the channel: A € J,, B € 1, (Fig. 2496). In that spe- 
cial case the bridge can be constructed at any point belonging to the 
segment A,B. 

13. Let us construct a point B,, which is symmetric with respect 
to the point B about the line J (Fig 250). Through the points A and 
B, we draw a line p. Suppose C = I (| p. Let us prove that C is the 
desired point. We consider the arbitrary point C, € /, not coinciding 
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with C. Then we have 
[AC,| — |BC,| = J|AC,| — |B,C\| < |AB,| 
= {|AC| — |B,C| = |AC| — |BCI, 


that is, for any point C, (C, # C) of the line i the difference |AC,| — 
|BC,| is less than the difference !AC] — |BC}. 


Fig. 250 


14. Let us first construct a point M,, which is symmetric with re- 
spect to the point M about the side AO, and then a point V,, symmet- 
ric with respect to the point N about the side BO (Fig. 251). We draw 
a line M,N, and mark the points K and L of intersection of the line 
M,N, with the sides of the angle. It follows from the congruency of the 
triangles MPK and M,PK and the triangles NQL and N,QL that the 
ray of light must be directed from the point M to the point K. 


Fig. 204 


15. Let us lay off the segments AB and AC, of length p, from the 
vertex A along the sides of the angle (Fig. 252). Next we draw straight 
lines 7, and J, through the points B and C at right angles to the sides 
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of the angle. Assume that O = 1, () J,. We construct a circle with cen- 
tre at O of radius r= |OB| = |OC|. From the given point M we 
draw a tangent MT to that circle. The triangle ALA, where K and L 
are the points of intersection of the tangent with the sides of the angle, 
has a perimeter 2p, that is, is the desired one. Let us prove this: 


|AK| + |KL| + |AL| = |AK| + [KN + INL| + IAL 
= |AK| + |KB| + |LC| + |AL| = [AB] + |AC| = 2p. 


CHAPTER 7 
1. (a) We designate the midpoints of the edges of the tetrahedron 


as Sy, Sp, ..., Sg (Fig. 253) and the points of intersection of the me- 
dians of the faces as Af,, Mz, Ms, and M,. The segments DM, and 


D 
ay 
A mM OS 
Fig. 253 Fig. 254 


AM, lie in the plane ADS, and, evidently, intersect. We designate 
their point of intersection as O. Since [M,M,] || [DA] and !M,M,|/ 
|DA| = 1/3, it follows from the similarity of the triangles M,OM, 
and DOA that [DO\/|OM,| = |AO\/[OM,|= |DA |/|M,M,| = 
3/14. We can prove by analogy (considering the triangles BS,D 
and CS3D) that the segments BM, and CM,, as well, intersect the seg- 
ment DM, at the point which divides it in the ratio 3/4, reckoning 
from the vertex, that is, at the same point O. The segments BM, and 
(‘M, are divided by that point in the same ratio. 

(b) We shall prove that the point O is the midpoint of the segment 
‘,S.. Let us consider the triangle ADS, (Figs. 253, 254). We shall 
designate O' = [DM,] (| [S,S,] and prove that 0’ = O. The segment 
‘,S_ is a median in the triangle DS,A and, since [M,M,] || [AD], the 
segment S,S, cuts the segment M,M, at its midpoint K (Fig. 254). 
Taking into account that |KM,|/|S,D| = |M,M,|/|DA| == 4/3. 
we get, from the similarity of the triangles KM,O° and S,DO’ that 
|KO'|/|S,0’| = $41,0'|/|DO'| = 1/3. The last equality yields 


0’ = Q. In addition, we find that |O’S,| = z |KS,|, and since 
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[KS,| = 2 |S,S.], we have |O’S,| = 5 15,84. Thus, the point 


O (O = O’) is the midpoint of the segment S,S,. Considering the tri- 
angles (S,D and BS,D, we can prove, by analogy, that O is the mid- 
point of the segments S35, and S,S.g. 

2. The construction of the section is shown in Fig. 255: (4) S = 
(MN) (AC), and (2) Q = (SP) 0 [AB]. 

Designating |BQ| = za, we draw [QQ,] || [AC]. Then |QQ,| = 


|BQ,| = za and, since |BP|= $ a, we have |Q,P | =(= —z} a. 


It follows from the similarity of the triangles SPC and QPQ, that 
ISCW/OQ,| = |CP\/|Q,P|, whence we have {SC| = [5s a. 


We draw [MM,] || [AC]. Reasoning by analogy, we find that |SC| = 
a/3. This means that z/(4 — 5r) = 1/3, whence we get zx = 1/2, 
IBO| = a/2. 

Answer: a/2. 


Fig. 255 


3. We construct the point of intersection of the line AM and the 
plane SCD. Since (AB) || (CD), we have (AB) || (SCD) and this means 
that the planes SAB and SCD intersect along a straight line pa- 
rallel to (AB) (in Fig. 256, J || (AB)). We find that S; = (AM) Ql= 
(AM) (SCD), N = (S,P) [SC]. The section is a quadrangle 
AMNP. 


Suppose S, = (S,P) (CD). M and P being the midpoints of the 
segments SB and SD, we have |S,S| = |AB| and |S,.D| = 
|S,S|. And since |CD!| = |AB|, we have |S,D| = |CD|: and 
|S,C| = 2|CD|. Now, from the similarity of the triangles SNS, 
and CNS, we get |SN|/|NC| = |SS,|/[CS,| 1/2 

Answer: 1/2, reckoning from the vertex. 

4. Let us consider the plane NQP. It intersects the face BCC,B, 
along the segment CQ. The plane of the section cuts the plane NQP 
along the line parallel to the line NQ. We draw a straight line (PT) || 
(VQ) in the plane NQP (Fig. 257). The point T = (PT) f (CQ) be- 
longs to the plane of the section. Note that since CP| = |PN|, we 
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have [CT| = |TQ|. Then we _ perform the following constructions: 
‘, (MP) 1) (BC), S, = (S;T) NCC], Ss = (ST) N [Bi Cy], 5, = 
(8,7) 1 (BB,), Ss = (MP) 1 (AB), Se = (S455) 114181], and 
N, (S455) 1 [4A,]. The section is a hexagon MPS,S,S,S>. 

let us now find the area of the section. We can easily see that 
|S,C| = |S,A| = a/3. T being the midpoint of the segment CQ, 
we have |QS3| = |S,C| = a/3 and |S38,| = a/3. The triangles 
‘,5.C and S3S,B, being similar to the triangle S,S.C,, it follows 
that |S,C| = |S,B,) = @a/3. Thus we have |BS,| = |BS,| = 
|.S,| -= 4a/3 and, hence, the triangle S,S,S, is regular and its 
side is equal to 4 2 a/3 and its area is equal to 8 3 a2/9. Each of the 
triangles S,S,P, SgS_-S3, and S,MS, is similar to the triangle S,S,S, 
with a ratio 4/4. This means that the area of each of these triangles is 


rqual to 7 8 us Pee V* a?, And now we can find the area of the 
er eer 8} 3 9 v3 9 i3V3 2 
nection: 9 = 3 18 ig 

Answer: ous a?, 


Fig. 257 Fig. 258 


r 


» Let MNPQ be a section of the tetrahedron formed by a plane 
parallel to the lines AC and BD (in Fig. 258, [MN] || [QP] | [AC], 


a ee ed = 
LWO} WINP] || [BD]). Then (WN, MQ) = (AC, BD) = q, and this 
means that 2 QMN = gor Z QMN = nxn —Qq. In both cases, sinQMN = 
Hin p, Designating |AM|/|AB] =z, we get |MQ| = 27x 
(RO) - xb and, since |{MB| == (1 — 2x) |AB], it follows that 
[UN | ({ -- r) |AC| = (1 — 7) a. Then we find the area of the 
wetions S =- | MOl[ATN| sin p = «(1 — z) ab sin @g, where 0 < 
1. The function z (1 — z) (being a quadratic trinomia]l —z? -{- 
1) has the greatest value for z = 1/2 and it is equal to 1/4. This 
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means that the section passing through the midpoints of the edges AB, 
BC, CD, and AD has the greatest area and that area is equal to 


a ab sin a. 
Answer: - ab sina, 
Az 
g Ar DQ 
N 
q i 
A p 
M 
Fig, 259 Fig. 260 


6. Necessity. Suppose a || y, then the rays [A,A,), [MN), and 

[MP) (Fig. 259) lie on the straight lines parallel to the plane y. This 
-_ ll > —? 

means that the vectors A,A., 4{N, and MP are complanar. Since the 


—> — 

vectors MN and MP are not collinear (the »oints Af, N, and P do not 
——> 

lie on the same line), the vector A,A, can be represented in terms of 
——> — — 
these vectors: 4,4, = aMN + BMP. 

—— — — 
Sufficiency. Assume 4,4, = aMN + BMP. We lay off the vec- 


— — —> —> 
tor MQ =aMN + BMP from the point M. If B = 0, then MQ = 
— 


— —_—> 
aMN and the point Q lies on the line MN. Since A,;A, = MQ, 
the directions of these vectors coincide and this means that the rays 
[4,4.) and [MQ), defining these directions, lie on the parallel lines, 
i.e. a || (MN). Hence it follows that a || y. Similarly, if a = 0, then 
a || (ATP), i.e. a I] y. If a 4 0 and B # 0, then, in accordance with 
the parallelogram rule, the point Q belongs to the plane y. Hence, 

=a 


——> 

(MQ) < y as well. From the fact that A;A, = MQ we get, as before, 
a || (4Q), i.e. a | y. 

. We suppose that Q€ [AD] and designate |AQ|/|AD} = z. 

(Fig. 260). The lines DAf and AN being parallel to the plane drawn 

—> — — 
through the line PQ, the vectors DM, AN, and PQ are complanar. 
—> -_—> 
And since the vectors D7 and AW are, evidently, not collinear, the 


— 
vector PQ can be represented in terms of these vectors, that is, there 
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are numbers a and B such that 
— —> =— 
PO = aDM + BAN. (1) 


—> —> —> 

Let us represent the vectors PQ, DM, and AN in terms of the non- 
—-> —> —> — — — 

compranar vectors AB, as ange AD. ve have DM = DA + AM = 


> > —-> —> 
AD + 5 AB, AN = = (AD ? 40), and PQ = PB + BA + 
— 4 am —> — —> — — 
A =5 CB — AB + xAD = + (AB —AC)— AB +2AD = 
i- 1{- —_ 
3 AB— 5 AC + «xAD. Substituting these resolutions into (1), we 
; 4 —_ {- —_ B B —_ 
obtain —3 AB — g AC + tAD = = AB +S AC+(5—2) aD, 
whence we find thata = —1,B = —1, andz = “4/2. Hence, |AQ| = 
| AD|/2, and |AQ\/|QD| = 4/1. 
Answer: 1/1 
Cy 
A, 
C 
A 
B 
Fig. 262 


— — — 
8. The vectors AP and Ae ake collinear ae wa vector AC, 


(ig. 261) and, _ Aeretore, AP = = 2ACy, and AQ = yACy Hence it 


—S 

follows that AE P = —AA,+ ZAC and BO = _AB + hac. 
— 

Since (AiP) 3 i (AC,), we have A,P- AC = = 0, whence it follows that 


AA, AC, Pe 


pe —at.F- Since AC, = AB + AD = AA, we have |AC,|? = 
1 


a? + 02+ ¢2 and AA, -AC C, = c2. This means that x = c®/(a? + 
bh? + ¢2), Similarly, we find that y = a/(a? + 0b? -|- c?). Further- 
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> > -> — 
more, PQ = AQ — AP = (y — +) AC, and this means that |PQij = 
ly —2|+JAC,| = | c? — a2 |/V a? + W -+ 2. 
Answer: | c? — a? /V a + 62+ c?. 


—> — 
9, Since (MN) 1 (AB), it follows that N-BA = 0. We represent 


—> —> — — 

MN in terms of the noncomplanar vectors BA, BC, and BB, 

(Fig. 262). If we designate |MB,|/|AB,| = 7, and |BN|/|BC,| = 
—_> — 


— — — —> -—> 
y, we have MN = MB, + 8,B + BN=<xAB, — BB, + yBC,= 
—> — — — —> —_ —> 
x(BB, — BA) — BB, + y (BB, + BC) = —zBA + yBC + 
—> —_ — 


(c+ y—1)BB,. Taking into account that |BA| = |BC| = 
—_ _—_ —_> i ae eens Cay eee 
|BB,| =a, BA-BC = a2/2, and BA-BB, = BC-BB,=0, we 


—> —> — 
obtain, from the fact that MN-BA = 0 and |MN|? = a?/3, the 
following system: 


J — 2a? a? —(), 
{ xa? -+ ya? + (x ++ y— 1)? a? zya? = 47/3. 


It follows from the first equation that y = 27 and, therefore, from 
the second equation we get 36x? — 18x + 2 = 0, whence we have 
x, = 1/3 and z, = 1/6. Correspondingly, we find that y, = 2/3 and 
y, = 1/3. Hence it is easy to find that either |4AM|/|MB,| = 

Answer: |AM|/|MB,| = |BN|/|NC,| = 2/4, or |AMI/|MB,| = 
5/1, |BNI/|NC,| = 1/2. 


CHAPTER 8 


1. Assume y 1 a, yl B, a np=c, yp fla-= a, pNP = db. It is 
required to prove that y 1 c. 

Let us take a point M on the line c and draw through it a perpendic- 
ular c, toain the plane a and a perpendicular c, to b in the plane B. 
Then, c, | y and c, | , and, since only one perpendicular to y can be 
drawn through one point M, we have c, = cy. Sincec, C a, andc, c B, 
we have c, = c, == @ (}B = c. This means that cl y and that is 
what we had to prove. 

2. We shall prove thut (a) yields (b). Suppose that |SA,| 
[SAo| =... = |SAn| =! (Fig. 263), SO is the altitude 
the pyramid, and|SO| = H. Wehavesin SA,O = sinSA,OO=... 
... = sin SA,O = H/l, whence we find that 2SA,O = ZSA,0O=... 

.. = ZSA),O, that is, the lateral edges are at the same angle to the 
plane of the base. 

Let us now prove that (b) yields (c). Suppose 4 SA,O =ZSA,0 = 
Oe er ie ZSA,O a q. Then, JOA, | = [OA »| == «62 = |OA,,| = 


2, Il 
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11 cot@ and this means that a circle with centre at 0 and radius 

i Hf cot is circumscribed about the base of the pyramid. 
linally, we shall prove that (c) yields (a). We assume that O is 

the centre of the circle circumscribed about the base and then |OA,| = 


[(OA,| = ... = |OA,| = R is the radius of the circle. Since 
So is the altitude of the pyramid, we have |SA,| = |SA,| = ... 
. = |SA,| = VR? + H?, that is, the lateral edges are of the 


rite length. Thus we have proved that (a) leads to (), (b) to (c), 
and (c) to (a). Hence it follows that any two of these three assertions 
are equivalent. 


A, 


Ap y, 
Fig. 263 Fig. 264 


3. A plane which passes through the midpoint of a line segment 
and is perpendicular to it is the set of all points equidistant from the 
cud points of that segment. 

Suppose QO is the centre of the circle circumscribed about the face 
ABC of the tetrahedron (Fig. 264) and 7 is a straight line passing 
(through the point O at right angles to the plane ABC. Every point of 
the line 2 is equidistant from the points A, B, and C. Indeed, |OA| == 
[OR] = jOC], and if S€l, S40, then we find, from the right 
triangles SOA, SOB; and SOC, that |[SA| == |SB| = |SC|. 
Axsume that the plane @ passes through the midpoint of the edge AD 
uni is seruendicular to it. Weshall prove that @ and / intersect. Assume 
that a || 2. From the fact that (AD)1 @ and l || a, it follows that 
(11) | Ll. Since, in addition, 2 | (AB), we have 1 | (ABD). We have 
found that two distinct planes ABC and ABD are drawn through the 
point A at right angles to the line J. But that is impossible and, con- 


sequently, the statement that Z {| @ is incorrect, i.e. 24+ @. Suppose 
S <fa. Then, |SD| = |SA] since S €aand|SB| = |SC| = 
[YA] because §€2. This means that the point S$ is equidistant 
lrom all the points A, B, C, and D and, therefore, belongs to every 
plane passing through the midpoint of the edge of the tetrahedron at 
right angles to that edge. 

4. A perpendicular drawn in the plane ASC to the edge SC through 
(he midpoint M of that edge lies in the plane of the section. We 
designate the point of intersection of that perpendicular and AC as K 
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and find| KC |. From the triangle SOC (Fig. 265a, 6) we have 
cos p = |OC|/|CS| = a/\/ 21. Consequently, (a) cos p = 1/73 and 
(b) cos p = 1/y 5. Now, from the triangle KMC we find: (a) |KC| == 


\MC\/eos p= 2 a V2 = > AC] and (b) \KC|= 2 aVi= 


2 |AC|. Proceeding from the point K we have found, we construct 


the section. The plane a of the section and the line BD are perpendic- 
ular to the edge SC and, therefore, they are parallel. This means that 


Fig. 265 


the line of intersection of the planes a and ABCD is also parallel to 
(BD). We draw (EF) || (BD) and then (EM) and (FM). As a result we 
obtain the required sections: (a) a pentagon MNPQR and (b) a quadr- 
angle MNPQ. 

Let us now find the areas of the sections. 


(a) We have |MK| = |MC|-tan » -¥3 a, |EF| =2 |AC|= 


3 
: : 
V2 a, Spry = |EF|-|MA| = SV 6 a0 It is easy to see that 
\CE| = <. IBC], and |BE| == ICE|. Hence |EP| =F \EF\. 


We draw [MM] || [SB], and then we have |E£B| = |BM,|, and 


this means that |EN| => |EM|. From the fact that |EP| = 


5S \EF| and [EN| =4 |EM| we find that Sepy=—_SerM- 
It follows from the symmetry of all the figures about the plane SAC 


that Spor = Sepy=— Serm- Consequently, the area of the 
V6 
4 


section is equal to Spray — Sepy — Spor=+ S ppm = a?, 
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(b) By analogy we find that KM =f > a, |EF\|= 


Hf 9) V5 


Po a, Seru = i a®, In A PSM we have Z PSM = 21 — 29, 


re 
lan PSM = ~ tan 29 = 4/3,|PM| = |MS|-tan PSM=LY/ 3 a. 
Hence, |[PM| = 4 |KM|. We draw [MM,] || [SB]. Then we have 


\EC|=2 IBC|, |EM,| = 2 |BCI, |BM,| =$ |BC] and, consequently, 
[| MN/|ME| = |M,B\/|M,E| = 1/4. From the fact that |MP| = 
') 

* |. K, |\MN| = + |ME}, it follows that Sven pP = B SMEK; i.e. 


4 9V5 
MNPQ=—& S\yErF= oh a*, 


Answer: (a) ——a?,  (b) SVD a2, 


5. The diagonal A,C of the cube is perpendicular to the plane 
RDC, (Fig. 266) and, therefore, the plane of the section is parallel to 


hy 


B 
Fig. 267 


the line A,C. Proceeding from this fact, we construct the section as 
lollows: in the plane A,DCB,, through the point O of its intersection 
with the diagonal AD,, we draw a straight line, parallel to A,C, till 
i meets the edge CD ata point K and, asa result, we obtain a section, 
which is a triangle AD,K. Since |DO| = |OA,|, we have |DA| = 
| 4C|. We designate the length of the edge of the cube as a. The 


volume of the pyramid D,ADK is equal to a -|AD|-|DA| X 


IVD\| = a. Hence it folluws that the ratio between the vol- 


ay of the parts of the cube into which it is divided by the section 
in 1/11. 


ae 
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Answer: 1/11. 

6. We designate |SB| = a (Fig. 267). Next we find the length h 
of the perpendicular dropped from the point B to the plane SCD, 
that is, the distance from that point to the plane SCD. Since (AB) || 
(SCD), the distance from the midpoint M of the edge AB to the plane 
SCD is also h. Let N be the midpoint of the edge CD. Then (SMN) | 
(SCD) and if[MP] | (SN), then[MP] 1 (SCD) and, hence, |MP| = 
h. Let us find |MP| as an altitude of the triangle SMN. Since 
ZSBO = n/4, we have |SO| = |OB| = a// 2 and this means that 
{MO| = a/2, |MN| =a,  |SN| = VY |SO|? + |ON/? = a V3/2. 
Now we can find k= |MP| = |SO|-|MN|/|SN| = VY 2/3a. 
Hence it follows that if @ is the angle between (SB) and (SCD), then 
sing = h/a= 2/3. __ 

Answer: arcsin Y 2/3. 

7. If My, € a, then p = O and azyg + byy + czy + d = O and this 


means that the formula is true in this case. Suppose M, ¢ a, 
M, (213 913 2) is the foot of the perpendicular dropped from the point 


—> -> 
M, to a. We designate ro = OMy = (2; Yo; 2) aud r; = OM, = 
(213 13 2), Where O is the origin. The equation az, + by, + cz, 4- 
d= 0 can be rewritten in the form n-r, + d = 0, where n = 


—~—> 
(a; b; c) isa vector perpendicular to the plane. The vectors M,M, = 
r; —fo and n are collinear and, therefore, r, — rg = An, whence we 
have r, =f + An. Then (rg -- An)-n + d= 0 and, hence, A= 


Sena Now we have 
| n |? 
ar ae Jn-trotd| | azy+byo+c2%9+4 | 
p= | MoM I=IA-I91=""Tay "yaaa 


a 
8. If M is the centre of the base ABC (Fig. 268), then OM = 
—=>  —>.—h—lUc 

= (OA + OB + OC) = (4; —1; 0). The point S has the coordi- 


> > > 

nates S(0; y, z) and, therefore, MS = OS —- OM = (—-4; y + 1; 2). 
— —_ : 

We find thatAB = (0; —3; 3) and AC = (—3; —3; 0). Since (MS) L 


—>— —> —> 

(ABC), we have MS-AB = 0 and MS-AC = 0. Writing these 

equalities in the coordinates, we get —3 (y + 1) + 3z=0 and 
12 —3 (y+ 1) = 0, whence we have y = 3, z= 4. 

Suppose P is the midpoint of the edge AC, and PQ is a perpendicu- 

lar to (SB) in the plane SBP. Since (AC) 1 (SBP), we have (AC) 1 (PQ) 

and this means that PQ is a common perpendicular to the lines AC 


— 
and SB, and | PQ | is the distance between these lines. We have OP = 
1-> -> -> —-> —> 
3 (OA + OC) = (7/2; —1/2; —1), BP = OP — OB = (—3/2; 3/2; 


SOLUTIONS TO PROBLEMS OF SECTION I A403 


—-> —-> —> —> 
—3), BS = OS — OB = (—5; 5; 2), and MS = (—4; 4; 4). Hence, 
IBP| = 27/2, [BS| = 54,  |MS| = Y48, and |PQ| = 
[BP] - |MS|/|BS| = 273. 

9. Let 1 be anedge of the dihe- 
dral angle shown in Fig. 269. We 
draw the planes (APM) 17 and 
(BQN) Lt and then we have 
Z APM = Z BQN = 2/3 In 
addition, we draw perpendiculars 
AA, and BB, to the planes of the 
faces y, and y, of the angle. The 
dihedral angle being acute, the 
points A, and B, lie on the sides 
PM and QN of the plane angles 
respectively. By the hypothesis, 
arcsin 0.7. If (AC) || l, then (AC) 1 
(BQN) and, hence, ZBCA = n/2. 
The angle BAC is acute and is 
equal to the angle between (AB) 
and 1. We designate AB = a. Fig. 268 

We find that | BB,| = 
a-sinBAB, = a/2, |QB,|= |BB,|X 


cot |BOB,| = ; : |AA,| = a-sin ABA, = 0.7a, |PA| = 


|AA,|/sin APA, = 70/5 /3. Since |[QCl=IPA|, we have 


Fig. 269 
[h,C| = |PA| — |QB,| = 9a/10 3. In the triangle AB,C we have 
|[AB,| = a-cos (n/6) = a 3/2, |AC| = wy {AB,|? -—— |B,C|? = 


2 3 
a 4. Consequently, cos BAC = |AC{/|AB| = 2 3/5. 


2a¢ 
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Answer: arccos (2 }/ 3/5). 

10. We construct a section ABMN (in Fig. 270, [MN] || [AB] | 
[CD]). We designate the volume of the pyramid SABCD as V and the 
volume of the pyramid SABMN as V,. The volume V, is equal to 
the sum ef the volumes V, and V; of the pyramids SBMN and SBAN. 
Let us compare the volumes of the pyramids SBMN and SBCD. We 
take the faces SMN and SCD as the bases of these pyramids, the point 


B being their common vertex. Since |SM| =F ISCl, we have 


Fig. 270 Fig. 274 


Ssmn = + Ssep and this means that V, = a Vsrcp.- It isevident 


that ape V, and, therefore, V, ema 


2 8 
Let us consider the pyramids SBAN and SBAD. We take the 
faces SAN and SAD as their bases, the point B being their common ver- 


lex. Since WN is the midpoint of the edge SD, we have Ss,n =SSsap 


and this means that Vs = + Vsnap=> V. Now we can find the vo- 


lume V, = V, 4- V3 = za V. The volume of the other cut-off part is 


equal to 2 V and the ratio of the volumes of the parts is 3/5. 


11. It is clear that the tetrahedron and the parallelepiped have a 
common vertex which we designate as D (Fig. 271). The edges of the 
arallelepiped issuing from that vertex lie on the edges of the tetra- 
edron. The face ABC of the tetrahedron can only contain the vertex 
of the parallelepiped not lying in the same face with the vertex D. 
There is only one vertex answering the requirement, we designate it 
as F,. Let us consider the sections of the tetrahedron formed by the 
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planes D,E,F,G, and DD,F,F. We introduce the designations 
Cr V/|CK |= y, |MF,|\/|MN| = 2, H is the altitude of the 
tetrahedron drawn from the vertex C, and his the altitude of the par- 
allelepiped dropped to the base DEFG. The altitude of the tetrahe- 
dron CD,MN drawn from the vertex C is equal to H — h. This tetrahe- 
dron is homothetic to the tetrahedron CDAB with centre at C and a ra- 
tio y. Therefore, Sp mMn= y?-Sparn, H—h=yH, iewh = (1 — 
y )ll. The triangles ME,F, and MD,N are similar, with a ratio z, 
and, therefore, Sip p, = z*+Ssip,n and the triangles NGF; and 


ND,M are similar, with a ratio of similitude 4 — x, and, therefore, 
\ NOP = (1 — 2)*Sypy- Hence it follows that Sp nrg, = 


Sp.MNn — Sme.p, — Snap, = 27-2) Spay = 22(t — 2) x 
eS DAB: We find the volume of the _ parallelepiped: 
Vn = Sp.pipig,h = 22 (1 — 2) y? (1 — y) Span. Since Spap xX 
/1 = 3V, we have Vp = 62x (4 — z) y? (1—y) V, where O< 2 < 1, 
(<< y <1. The function z (4 — z) has the greatest value for z = 1/2 
and it is equal to 1/4. It is easy to establish that the function y? (4 — y) 
assumes the greatest value on the interval (0; 1) for y = 2/3 and it is 
jess to 4/27. This means that « (4 — z) y? (4 — y) < (4/4)- (4/27) = 
27 fordO<2x1<1,0<y<1, the equality taking place at x = 


( 
1 
1/2, y = 2/3. Thus, the greatest value of the volume of the paral- 


lelepiped is equal to 6-5 v= Sv. The parallelepiped whose vertex 


/’, coincides with the point of intersection of the medians of the face 
ABC has the greatest volume. 
Answer: — V. 


9 


CHAPTER 9 


{. Suppose R is the radius of the circle and r is the radius of 
(he base of the cone. Then 2nr=Ra, whence r=Ra/2n. We find 


the altitude of the cone and its volume: /= ~fR?—r?-- 
. 1 nmR3 @? a2 

fa eee ese 7 gs Auteiesie: 

| i and V 3 ur H 5 i } 1 ie We desig 

nate a2/4n?=2, O<2<i1, and V,»=xnA3/3. Then, V=Vyx Vi—z. 

We find the derivative Vi = Vy 


and the critical point r= 


1—z 
2/3. It is easy to see that at that point the function V has the 
yreatest value. 

Answer: For a=2n Y 2/3. 

2. When we rotate the rectangular trapezoid AfNBC (Fig. 272), 
we obtain a truncated cone with the altitude H = |BD| = ay 3/2 and 
the radii of the bases 2 = |MC| = b -- (a/2) and r = |NB| = b. 
The volume of the cone is equal to 
nil a2 


Vagal (R24+-Rr+ Fae ( 302 So > ab +} . 
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By analogy we find the volume of the truncated cone, resulting 
from the rotation of the rectangular trapezoid MNBA: 


vend (146 (0-$)+(0-$)) = (wae f) 


The volume of the given solid of revolution is equal to the difference 
between the volumes of the cones: V = V,; — V, = nHab = ys ba?, 
V3n ha. 

3. It follows from the hypothesis that one of the lateral faces of 
the prism is inscribed into the base of the cone (Fig. 273). That face 


Answer: 


Fig. 272 Fig. 273 


is a rectangle with the sides of the lengths 1.6 dm and 1.2 dm. Conse- 
quently, the radius of the base of the cone is equal to R = 


Vie + 1.22 = 1dm. The right triangles CDK and SOK are 


similar and, therefore, |SO|/|CD| = |OK|/|DK|. Hence, taking 
into account that |CD| = 0.8/3dm, |OK|=1dm, and |DK|= 
|OK| —|OD| = 0.4 dm, we obtain |SO| = 2/3 dm. Now 
we can find the volume of the cone: Vo— R2.|SO| = 2n//3 dm’. 

4, We introduce a system of coordinates as shown in Fig. 274. 
The points B, C,, and M (the midpoint of the edge AD) and N (the 
centre of the face CC,D,D) have the coordinates B(a; a; 0), C,(0; a; a), 
N(0; a/2; a/2) and M(a/2; 0; 0). Substituting these coordinates into 
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the equation for the sphere 


(x — Zo)? + (y — Yo)? + (2 — 2)* = R? 
we obtain a system of equations 


(a — 2)? (a— yo)?-+ 28 =P, 
23+ (a— yo)?-+-(a— 29)? = RY, 


a . 
(+—20} + yp + 25 = R?, 


———e = 


with respect to 2, Yo, 2 (the coordinates of the centre of the sphere) 
and R (the radius of the sphere). Subtracting the second equation 


Fig. 274 


from the first, and the fourth equation from the second and the third, 
we obtain, after simplification, 


Zo =o, 


3 
a 
Zy=Yot 20 . 


Hence we find zg == z9 = 5a/4, and yp = a/4. Substituting these values 
into any equation of the original system, we find that R = ay/ 35/4. 

5. Suppose O is the centre of the sphere (Fig. 275). From the fact 
that {OC| = |JOA| =r and |AC|= y2r, it follows that 7 AOC = 
m/2. We draw a planeB | (CD) through the point B and suppose 


that V=B (CD). We also draw a straight line (AP) || (CD), P € a. 
Then (CD) | (PN) and this means that (PJ) || (AO) and, therefore, 
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, BOS 

[ON| = |AP|. Since ZAPB = n/2 and BAP = (AB, CD) = w/3, 
we have {AP| = |AB| cos (x/3) = r/2. This means that the plane 
B passes through the midpvint of one of the radii OC or OD. If we 
assume that the plane B passes through the midpoint M of the radius 
OC, then, from the fact that in the triangle OBC the altitude BM is 
also a median, it follows that |BC| = |OB| =r, and _ this contra- 
dicts the condition’ |BC| > |AC|. Hence, the plane f passes 
through the midpoint N of the radius OD and then |BD| = r. 

Answer: r. 

6. The sphere touches the bases of the cone at their centres and, 
consequently, the altitude of the cone is equal to 2. We designate 


Fig. 275 


the radii of the bases of the cone as r and r, (r > r,). Let us consider 
the section of the given solids formed by the plane passing through 
the axis PP, of the cone (Fig. 276). The section of the sphere is the 
major circle, the section of the cone is the isosceles trapezoid 
MM,N,N circumscribed about the circle. Assume that XK is the point 
of tangency. Then, by the property of tangents, we have |MK| = 
im =r, |M,K| = |M,P;| =7,.° But [MK] + |KM,| = a and, 
ence,‘ 


a=r+r, (1) 


‘In the right triangle 4M,Q we) have |M,O| = 2R, |MQ| = 
r—r, = Y |MM,|? — [M,0|? = Ya? — 4R?. Hence, we find, from 
(1), that 


— (a+ Y/a?—4R?), n=> (a— Ya?—4R?2), 
The volume of the conc is equal to rar (r? 4- rr, + r?)= = wR (a? — 


R2), 
7. It is easy to establish that the centre of the sphere touching the 
lateral faces of the pyramid lies on the ray SP (Fig. 277), where P 
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is the centre of the base ABCD. From the fact that the second sphere 
touches not only the lateral faces but also the sphere circumscribed 
about the pyramid, it follows that the centre of the second sphere 
lies on the diameter SQ of the circumscribed sphere and Q is the point 
of tangency of those spheres. Assume that O is the centre of the second 


Fig. 277 Fig. 278 


sphere, K is its point of tangency with the face SBC, and r is the radi- 
us of that sphere. We designate 70S K = a and have 


[OQ] = |OK| =r, | SO| = 2R — 1, |OK| = |SO| sina, 


that is, r= (2R —r) sina, whence r = 2R sin a/(4 + sin a). 

Let us find sin a. Assuming [BF] | (SC), we have ZBFD = 120°, 
ZPFB = 60° and “PBF = 30°. Supposing [SE] | [BC], M = 
(BF) (.\(SE), we find that [PM] 1 (SBC) since (BFD) 1 (SBC), 
(SPE) 1 (SBC), and (PM) = (BFD) f\(SPE). Thus’ we_ have 
[PM] | [BF], and from the righttriangle PMB we find that |PM| = 


4 1 : 
— |PB|. Taking into account that |PE| = —=|PB|, we obtain 
D & /2 


sin |PEM| =F. Hence it follows that 7PEM = 45° and this 


means that a = Z PSE = 45° as well. Then we easily find that r = 


2(f2—1)R. 

Answer: 2 (2 —1) R. 

8. Let us designate the centres of the given spheres as O, and 0,, 
the centre of the third sphere as O, and the radius of that sphere as R 
(Fig. 278). The point O belongs to the bisector of the given angle and 
to the plane passing through the midpoint P of the line segment 0,0, 
at right angles to it. Consequently, the point O belongs to the inter- 
section of the bisector and that plane, that is, to the ray QP. We have 
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‘ : R 
[O0| = Risina,  |PQ| = |0,0,| = r/sina, joP| = |=—— 
=~ , |O,P|] =r, and |00,)= R-+r. By the Pythagorean 


theorem, we get, from the right triangle O,OP, |OP?| = |0,0|? — 
10,PI", whence we find A? cos? a — 2r(1-+sin?a) R +r? = 0 
an 


_ 1+sin?a@ + V 3 sin? a--sin' a . 


R 2 
COs’ &@ 


(4) 


Answer: R is given by formula (1). 

9. Necessity. If the prism is inscribed into the sphere, then its 
every face and, in particular, the base, is inscribed into the circle, 
which is the section of the sphere formed by the plane of that face. 
Every lateral face of such a prism is a parallelogram, inscribed into 
the circle and, hence, the lateral faces are rectangles. It follows that 
the lateral edges of the prism are perpendicular to the planes of the 
bases, that is, the prism is right-angled. 

Sufficiency. Suppose AA, is a lateral edge of the prism, and P 
and P, are the centres of the circles circumscribed about the bases 

(Fig. 184 in Ch. 9). The parallel 
— > 


displacement of AA, maps one 
base of the prism onto the other, 
and under this mapping the point 
P, is the image of the point P. 


— — 
This means that PP, = AA, and, 
therefore, the line PP, is perpendic- 
ular to the base of the prism. 
Hence it follows that the midpoint 
O of the segment PP, is equidis- 
tant from all vertices of the prism, 
that is, the given prism is inscribed 
into the sphere with centre O 
and radius R = |OA|. 

10. Suppose the sphere with 
centre O touches the edge SB and SC 
of the pyramid (Fig. 279) at points 

Fic. 279 K, and K,, the extension of the 

8: edge SA beyond the vertex S ata 

point Q, and the plane ABC ata 

point 2. Assume [OL] L (SBC). Then, from the fact that [OK,]1 
[SB] and [OK] LSC], it follows that (LA,]L{[SB] and [(LK,] LSC}. 
The equalities |OK,| = |OK,| = R, where R is the radius of the 

sphere, yield |ZLA,| = |LK,|. From this equation and from the fact 
that the feet of the perpendiculars 1K, and /.K, to the lines SB and 
SC belong to the segments SB and SC, it follows that the point 7 
lies on the bisector SD of the angle BSC. The plane SAD and the line 
OL are perpendicular to the plane SBC and, hence, the point O lies in 
the plane ASD and the point P lies on the ray AD. It follows from 


SOLUTIONS TO PROBLEMS OF SECTION I 411 


the equation |OP| = |OQ| that AO is the bisector of the angle 

SAD. The triangle SAD is isosceles and, therefore, the bisector AO 

passes through the midpoint of the side SD and is perpendicular to it. 

‘Taking into account that (OL) | (SD), we find that the lines OL and 

AO coincide and this means that LZ is the midpoint of the side SD. 
Let us find |Z K,|. In the triangle SBD we have 


|BD|=a/Y3, |SD|\=V2/3a, |SL|=a/y 6, 
|SL|_ a 

ISB] 372° 

rom the triangle DAL we find sin DAL = 1/6, |AL| = V5/6a, 
and from the triangle AOP we find that |AO| = |OP|/sin DAL = 


V6R and then [LO] =//6R — 5/62. Now we find, from the 
triangle OL K, that 


gosta i ge 7 5 
V |OK,|?— |LK,|?=|LZO|, V/ m2 — yin Sa. 


|[LK,|=|BD| 


This equation has a unique solution R = 4a/(3 Y'5). 

Answer: 4a/(3 5). 

11. Assume that O, is the centre of the circle inscribed into the 
triangle ASB, D and K are the points of tangency of the circle and the 
sides AB and SA, and r is the ra- 
dius of the circle (Fig. 280). From 
the ‘similarity of the triangles 
SBD and SO,K we find that r= 


a/(2Y7). Let SP be the altitude 
of the pyramid. From the triangle 
SDP we find that |SP| = a/3. The 
radius R of the sphere touching the 
edges of the pyramid can be 
found by the same method as was 
used in Problem 9 of 9.3. Carrying 
out [the calculations, we get R = 


a/(2/ 3). The radius of: the circle 
inscribed into the base ABC of the Fig. 280 


pyramid is also equal to a/(2 3) 

and, therefore, the centre of the 

sphere coincides with the centre P of the base. In the exterior of the 
pyramid there are three spheric segments cut off by the lateral faces 
and a hemisphere cut off by the base. The area of the semi-sphere is 
equal to 2nR? = xa?/6. We find the area of the segment by the for- 
mula Ssegm = 2"Rh, where h = R —|PO,| is the altitude of the 


segment. We have |P0O,| = ¥R—r= - Sf ¥7—2 ee 


y 21 27 21 


a®. The area of the part of the sphere lying 


SG n (y7—2) 
| 6% 
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2 G ee 
outside of the pyramid is equal to Sat a*, 


- 37 
x (2 ¥7—3) 9» 
3 V7 
12. Suppose M and N are the points of intersection of the segment 
AB with the spheres S, and S, respectively (Fig. 281), |AM| = z, 
|MN| = y, |NB| =z, and |AB| = a. Suppose, in addition, that 
K is the point of tangency of the sphere S, and the face B, and L is the 
point of tangency of the sphere S, and the face a. By the property of 


Answer: 


tangents and secants to a sphere we have (a — z)-a = |BK|? and 
(a — z2)a = |AL|*?. We designate the radii of the spheres as r, and 
r, respectively and draw [O0,P] || [KB]. In the triangle 0,0,P we 
have |0,0,| =r, + 1's, lOoPP| =|lre—n1 I, and |O,P| = 
Y | 0,0, |?— |0,P|? = 2Yrr,. Hence| BK|=2/r,r, as well. 
From the symmetry atout the plane of the bisector it is clear that 
|AL| = |BK| = 2y rr... Thus we have (a —z)a= (a—z)a= 


2 
Arie, whence z=>—-2z2> oars and yr=a—-r—2= 
Jaina 
elite = 2: . Consequently, z:y:2= (a2 —4r,r,): (8ryr, — a’): 
(a? — 4Ar,r.). 


) 
Next we finda = |AB| from the triangle ABC, where [BC] L[EC]. 
We have |AE| =r, cotgand |CE| = |BF| =r, cot g, and from 
the triangle AEC we get 


|AC|? = r? cot? m + r2 cot? mp — 2r,r, cot? @ cos 2q. 


From the triangle BKC we find that [|[BC|? = |BK|? — |KC|? = 
Ar,ry — ( —- 7)? cot? ~. Hence a2 = |AB|? = |AC|? + |BC|? = 
4r,ry (1 -- cos? @). Substituting this expression into the relation 
ziy:2z= (a? — 4ryr,) : (8ryrT, — a?) : (22 — 4ryr,) and simplifying, 
we find that rz: y:z= 1: tan? : 1. 
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13. We designate the centres of the spheres as O,, Og, and Oj 
(Fig. 282a), the points of tangency of two spheres with the lower base 
of the cylinder as K, and K,, and the point of tangency of the third 
sphere with the upper base as Ks. We _ have |O,K,| = |O.Kel = 
{0,K,| = r, ]O,O.| = |0,03| = |O.03| = 2r. From the point 
(), we drop a perpendicular OsL to the plane of the lower base of the 


(2) (0) 


Fig. 282 


cylinder, and then we have |O,Z| = 2r. Suppose [0,M] 1 [03L], 
then |ML| = |0,M| =r, and we find, from the right triangle 
010M, that |0O,M| = Y3r.It is evident that |MO,| = y 3r as 
well. 

Let us consider the orthogonal projections of the spheres and the 
lateral surface of the cylinder onto the plane of its lower base. The 
projections of the spheres are circles of radius r and centres at K,, Ko, 
and L (Fig. 282b). We designate the circumferences of these circles as 
@,, @2, and @s3. The projection of the lateral surface of the cylinder is 
the circumference of its lower base, which we designate as w. The 
point of tangency of the lateral surface of the cylinder with the first 
sphere will be projected into a point belonging both to w and to o,, 
and it will be a single common point of the two circumferences. Hence, 
there is an internal tangency between the circumferences @ and @,. 
In just the same way @ touches the circumferences w, and @ 3. Thus, 
the centre O of the circumference w is at the distance R — r from each 
of the points K,, K,, and L, where A is the radius of w. This means 
that O is the centre of the circle circumscribed about the triangle 
K,LK,.¥rom the triangle K,LN ({LN] 1 [K,K,]) we find that |ZN| = 


y 2r, cos K,LN = y 2/3, |LO| = 5 |K,L\/cos K,LN =: 3r/2 2. 
Hence R = |LO| + r= (3 ¥2 + 4) r/4. 


Answers to Problems of Section I1 
and of the Appendix 


CHAPTER 1 * 


nm (4 + 2n)/8, m (A + 2n)/4. 2. (1 + 2n)/2, (—1)" + mn. 


A; 
3. m(1 + 2n)/8, (1 + 2n)/4. 4. mm (8m — 1)/16, m (Bn ++ 1)/24. 
5. w (4 + 4n)/6, 2nn. 6. mn/2, a (1 + 2n)/8. 

7. m (12n — 1)/42, m (12n — 5)/12. 

8 


. m(8n + 3)/4. 9. + arctan —=-+ man. 
¥ 2 


10. Wee recon! ae mn. 
2 4 
_4yner 1 0 
4. w(4-4+2n)/2. 12. (—1) fto: 
n on 
13. + jg tenn, + 7a tenn 


14, — + 2nn, (—1)" & +n. 15. + arccos (—1/2 V2) +2nn. 


16. (—1)"41 = nn. 17. + arccos (—1/4)+-2nn. 18. 1, 40/3. 


9, 4 Bm us Sco ares 3—2)4™ 
1% tetz. 20. F (t+2n), arcsin (2 Y2 2) 


21. mn, m(4n—-1)/4. 22. an, n(3n—1)/3. 23. Jp | < 1/3. 
24. arccos (3/5) +7 (2n+1) 25. n(2n+4)/2. 26. 3/4. 


ALA rm 21 qt 4 
27. qtenn, a + a bmn. 28. ae + arccos 2Vi 


30. w(1+2n)/2. 31. an, a (3n—1)/3. 


+ 2nn. 


* In these answers, for the sake of brevity, we have indicated only 
the values of the variable, the integral parameters are designated here 


as m,n,.. .For instance, the notation “4. ten) si ” should 


be understood as “4. { acre) mh ren) 


ne€ z\n. 


38. 


32, (14+2n), (— 1)" 


um 4 ¢_4yn aresj 
1. L gun, i +(-—1)” arcsin 


36. — Fan, (—1)"4 
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Hy wn 
D2 iyo 


33. (4 + 2n)/2, mL + Qn)/A. 
34, mu (4n + 1)/4, m (24n + 1)/42, m (24n + 5)/12. 


V 5—-2 
V2 


37. ++ 2an, + 4+ nn. 


-- stn. 
uy an 
12° 2° 


If Ja] >1, then z= +a, ce +S arceos—+-m1n; if 


|a|<1, then ra fan. 


39, —--b an, (—1)net 


42. 


44. 


46. 


48, 
90. 


66. 


74. 
m1 (24n 
76. 


sun 
4 y ad 


(—1)" = nn, —+--+2nn, nn. 43. 


40. m(i+4n)/4. Al. mn/4. 
un 
4 
tn/3. 45. m(1+2n)/12, m(1+2n)/2. 
un 0 
a2. 
2m (3n +1)/3. 49. 1(1+2n). 
u(1+6n)/6. 54. mn/3, a (1+ 2n)/7. 


£ (Eten «VE ts) —4) ne 10 


me 
7 aes 


ees ae 2Tun. 


+n, + os arccos = | mun, 


nm (1-+2n), m (6n + 1)/3. 47. ; 


{ = 
= 4, x (-743V5) 


mt (16n + 1)/8. 55. «(1 + 2n)/6. 56. 1 (1 + 4n)/4. 

. ttn, 0 (6n + 1)/9. 58. (1 + 2n)/4, m (3n + 1)/3. 

. an/2. 60. an, 1 (6n + 1)/6. 

| (1 + 2n)/2, = (6n + 1)/3. 62. = (Gn + 1)/3, 4nn. 

. w(1 -+ 2n)/2, m (1 -+ 4n)/18. 64. mn/2, 20 (3n + 1)/3. 
"(4 + 2n\/14, 1 (1 + 2n)/4. 


(a) arccos (1/y/3) + 2 (1 4- 4n)/2; (b) m (2n + 1) — arctan 3. 


ayn _—4yner 1 00 
. mn/2. 68. (—1) 7 +an, 69. (—1)"* TEA a 


. an, © (1 + 2n)/16. 71. a (1 + 2n)/7, nf#7Tm+ 3, me F. 
. 1 (6n + 1)/6. 73. 1 (4 + 2n)/5, n 4 5m + 2, mE Z. 


nm (4 + 2n)/2. 75. m (146n + 3 + 2)/8, 1 (8n — 3)/4, 
— 3+ 2)/12. 
2nn, (4 + 2n)/2, nm (6n — 1)/6. 77. | a | > 10. 


_ 78. If |a| > 1/2, then xz = (arctan (4a + 2 py 4a? — 1) -} mn)/2; 
if | a | < 1/2, then there are no solutions. 
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79. If a€ (F: 1), then r=2(1+2n)/2;_ if o¢(ait), 


| 
th —_ = —_ 
en z=n(1+2n)/2, c=+ 5 arccos da 


80.1f|a|> V5, then r=an/2; if |al< V5, then x=—sn/2 


+-in. 


4 f n+ es 
73 (aresin et(—1 } aresin tan). 


81. mn, = (8n — 3)/4. 82. 2nn, m (4n — 1)/2 
83. m1 (12n — 5)/6. 84. m (3n + 1)/6. 85. 1 (1 + 2n)/4. 


86. + 2nn, —arcsin UA ies eere 87, J|a| <i 


88. (a) hence (b) (Y6+4+ V3—1)/2 <a 


(V6+V3+1)/2, a=V 442 V2. 
89. nn/3. 90. 2 (6n + 1)/18. 


91. (4n—1)/2, ~ + arccos 


1 
=+2nn. 
2 77 


92,—F an, =+(—1)" arcsin ; : as 2in, —= + 2mn, 


93. 21n/3. 94. mn/2. 95. 0. 96. an. 97. n (4-4 2n)/2. 


a ree 3+) su 
98¢. (4+ +a; (LF m—2nn }, 
3 ee 3 _ 1 um 
99. (5 x—2n0; nz | : ( ( + —2n| 7; + = + an), 
100. 1f a=2nn, then Book + (n-+m), n=F +a (n—m); 


if a—(2n441)m, then z+ +m (n+-m+ 5) J ya eet 
mt (n— m+5) - if a= an, then there are no solutions. 


101, (0.5; +0.5), (44; 0), (0; +4). 


102. (arctan (2 + 0.8 5) + mm; arctan (2 = 0.8 5) + mn). 
103. (m (8m + 1)/2; 2 (2n + 1)), (2m (2m + 1); mm (8n + 1)/2), 


* If there are double signs in the notation of the solutions z, y 
-of the system, then, unless otherwise spccified, we must take, simul- 
a rr either only the upper signs or only the lower signs for both 
z and y 
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104. (—= + arccos ; team — > + arccos ( —s—s} + 


ann), 
105. (m (2m — 1)/4; (2m + 8n + 1)/4). 
106. ((— 1)" Shem; (1) EEA), 
107. (+ +n (m-+n)y +20 (m—n) } | the signs are 


taken arbitrarily. 
108. zis any number not equal to x (1 + 2m)/4, y = m (1 + 2n)/2. 


109. (> +2m); St+2n)), (= (1+-2m); 2an—2 (1-42 m)). 

110. (+: tam: + (17S +an), (= nn). 

114. ((—4)® aresin (7/8) + = (n + 2m); (—1)" aresin (1/4) -+ sn). 

112. (= + ++ Qn+m)), (+ xm; (—Ayme Ey 
su(2n—m) ) , (tam: x (2n—m)). 

113. ((—1)"  -bam; F+an), ((—1)27 arctan Y/2-|-nm; 
F+an). 

114. (— + am; (—41)menn aresin VO V2 |-nn), (xm; 
(--1)m Spann), (tam; (—1)m1 24-200), 

115. (mm; 2 (t-+-2n)/A), (mt (1-+2m)/4; an). 

116. (um; mn), ( xm: + Tm (m+2n+1)), 

197. (F $+ 2am; + F+2an), 
—(- 1)? B+ am; (—1)" 
119. (+a nn), (—+am; SB tn (2n--m)), 


118. (mm; arctan 2+ an), ( 


nla 
+ 

ES 

——— 


arctan 2-+ a (2m-+7); —arctan2+ an ) : 


120. (mm; 217), (+ Farecos — + 2m; +t ann), 
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121. ( 3 (2m-+n); ~-tan), (+2 em {-n); an), 
122. (nm; xn; a (2p—m—n)), (+ $+ (Qm—n—p); ++ 


a 
nny kp), 


123. (+m; mn (2n-+m); in @ptm)), 
(—E-+am; Z4x(2ntm); $+2@p-+m)), (—+ arctan x 


ase umeha, ae Sta ( 2») ; — 2 —aretanx 


A AL BA I 
124. ees a bam, —F 4 (2p—m—n)), (tam; 
ot 
Te TN, arn (2p—m-—n-4-4)] ; 
125. —pan<ec an. 126. 4 pann<2< 2 penn. 
127. 2arclan2+2nn << zr<2a(n-+1). 


128. ~ + 2nn cent -+-2tn. 


129, Bae +2nn, 2nn SZzr<on (2n--1). 
130. arctan V2- --INnsS rca, —arctan = un SKN, 


1 1 1 
431. “oo <n, n+ <2 = nts. 


; 2n qt iu 
132. 37 +2102 <2 — +2nn, sae -|-27n <f< ss Ton : 
1333. ann <2 <4 2an, St f2nn<2<S 42am, ++ 


On 
20n <2 Lane een Bienn<acn + 2nn, ~- -- 2un<lr< 


AE ann, I bonne < t -|- 2run. 


134. + maor< tan. 


135. =. ie dan <2 Onn, + +n <2< ann, 
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136. + teseccarctan3+an. 


m om = 1 1 { : 
e e parsers SS SS ae ‘e 4 ? —_—i : Ss ¢ 
137 G +2nn<s2< 3 a arcsin Tick 27un a resin x 


1 71 


22 


Pa Oe —-= 4-20. 


_ Ss 3 
138. 2nn <2 <arcsin (Y5— y 2)— + 2nn, > — arcsin X 


(f5—Y2)+2un<z< = +2an. 


ai* 


140. sin?(a@+B). 144. . a3, (b) 225/128. 145. (a-+b)-3. 
146. (a) 4/5; (b) —1/8; (c) 2/5; (d) —2/W5; (ce) 9/25. 148. 1. 


149. a=4,a>5. 150. oe 


6 ° 
154. n(4-2n)/2, arctan (1/2)+ an. 
152. G; ele ce ; +— + +2nn, nt >> 2; + = +200, n<0. 
153. +; a ; + — + +2n, n>l; facade 2n,n<—-t. 


154, —2n/3; —x/3; an 57/3. 156. 35. 
157. —15/2; —3/410; 3/2. 


=} 
ae ee (2xn—— | eS. fn =2nn— =, et a 


159. 12n—41. 160. — = +-2an; aretan >} 2a. 


{61. (— 4) aresin VEE gn, 162. Y2n, (V i+-8n—1)/2. 


163. 1/2. 164. —1. 165. —arctan (1/2), —arctan (41/3). 


nm 8 97% 7x3 
oe ee a 


167. (a) z is any number, y=2nn; (b) r=am, y=; 


166. a= 


(c) r= +2am, y= + ann; (d) z+ +5 +mm, y= 


+n (2n+m), the combination of signs is arbitrary. 
168. (0; + +2nn), (+: at ann), 


tan? 1-+2 


V@tani—) there are three solutions: z=0, 


170. For a= 
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z=+2n; for a= —1/2 there are four solutions: 


1 nm \2 
z= +t / 30% + 21 arecos 7 — ( arecos =) , the combination of 


signs being arbitrary. 


CHAPTER 2 


1.0.6. 2.4.5. 3. 2; logs0.4. 4.2. 5. 3. 
. b+4 2b—1 
6. (a) De ab : (b) 3 (2a 2b ab 3) (2a 2b—ab—3) se “she m (2n--1)/2. 

8. m(2n+1)/4. 9. m(2n+41)/4. 10.41/2. 14. —2—Y 10. 12. 2. 
13. --2— y/10. 


14. —41. 15.4. 16. (—1)" an, 17.7; 14. 18. 9; 4/9. 
19.3. 20. 3. 24. 6. 22. ++ 

23. (—1)” tan. 24. —5. 25, 5n/4. 26. m/4. 

27. (a) log. 14; (b) V6. 28. mn; (— 1)" + ann. 29, an. 
30. 5. 34. —0.5. 32. (— 1)" ean. (—1)" SE nn. 


33. + 2an. 34.3; 3/2. 35. V2. 36. 212. 37, 2-7/2. 


38. 0.25. 39. 9; 1/9. 40. —3; —8. 41. 45; 14. 
42. \f a-1,n~0, then z=—1, x= a-™)/("-1); jf a #1, n—-O0, 
then z=1; if a=1, then there are no solutions. 


44. V6; V2. 45. 20. 46. 3; Y2. 47. 2. 48. 4. 
49. 4/9. 50. 8. 54. 5/12. 52, tan. 53. 2nn. 54 2: —2. 


55. a = —7/4, a << —2. 56. Two solutions. 57. 2. 58. 9. 

59. (9; 7), (7; 9). 60. (40; 0,4). 64. (4; 4), (15 9). 62. (3; 2). 

63. (5; —1). 64. (3; logs 2). 65. (43 1), (1/73; 9/9). 

66. ((—4)" + an; +a 2s | 67. (1/2; 1/4), (4/8; 64). 


68. (V2; 1/Y 2), (2; 1). 69. (9; 27), (1/9; 4/3). 
70. (3; 2). 74. (4; 2). 72. (5,5; 2.5). 73. (46; 4). 


74. (V Ve+1, Sf ae 75. (23 3), (c; 1), where 


1<e<3. 
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76. (25; 13). 77. (40-1; 10-4), (40-4; 10-1). 

78. (1.5; 0.5), (0.5; 1.5). 79. (—0.5; —0.5). 

80. (0; 0), (4; 4), (2+ W7; 3), (2+ V7} 1). 

81. (0; 1; 2), (4; 0; 2), (0; 2; 1), (2; 0; 4), (2; 1; 0), (45 2; 0). 

82. (43; +2; +1). 

83. (9; 3; W3), (9; 1/3), 1/3; (4/9; 1/3; 73), (1/9; 3; 1/3). 

2 2 2 
84. | —=—_—;; —=; ——=—  . 85. (14; —1). 86. a> --1. 
( V 21 V35 y15 ; 

87, a=—1. 88. (a) logigg, 2 0.5 > 0; (b) logs 2> 2. 

89. (0; 0.5) Y (4; + oo). 

90. (— 00; —1) U (2; + 00). 941. (— co; —2) U (5/8; 4- 0). 

92. (—1; —0.5) U (4; 2). 93. (1; -+ 00). 94. (6/5; 4/3). 

95. (2 — y 2; 3/4] U (13/4; 2+ 2). 96. (—19/4; —3) U (4; 23/4). 

97. If >1,then[z]|> paor0<|2z[_<1/Yaif0<a<1, 
then O< |r| <yaor|z|>1/fa. 

98. (— 00; 0) U (4; + 00). 99. [0; 4]. 100. (— oo; —1). 

101. [0.5; 2]. 102. (0; 10] U [108; + 00). 

103. (0; logs 28 — 3) U (logs 4; + oo). 

104. (— oo; logs logs 2) Y (0; +- o). It is not true. 

105. (3; + 00). 106. [4 — W5; —1/3) U 4 + 5; + o~). 

107 sr +2nn <2 < 22 4 2mn, 108. (—2; 4). 

109. (4; 4 + V2]. 110. (4; 2) U [3; (5 + ¥7)/2). 

114. (— co; —2) UY (4; 2). 112. [logs 0.9; 2). 

113. (— 00; 0) U (2; + 0). 114. (0; 4///6] U (1; + 0). 

115. (—4; —0.5) Y (0; 1). 116. (4; 2V2) yr2- Y: 0.5). 

1417. If O<a<1, then ®@<xr<i1, a<z; if a>1, then 
1<2< a’, O<2r<a-3, 

118. (2; 3) U (V10; ++ 00). 119. [0.2; 5]. 120. [0; 4). 

- If O<a<i, then O<zr<a, a*®<2zz; if 1 <a, then 

a~* = r<a 

122. (—1; 0) U (4.5; 4). 123. (—0.5; —0.25] U (0; 0.5). 

124. (3; (5 + Y7)/2] U (4; 4.5]. 125. (4; 2) U [4; + 0). 

126. (1; V (/69—3)/2). 127. (43 V3) U(2; -Eoo). 

128. [7; + 00). 129. (4; 2] U [16; + 00) 

130. ances > (/3—1)+amn<t< 2 gee x 


2 2 2 2 


(// 3—1)+2nn. 
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131. WPO<a< 1, then g-tV2-a <az<at; if 1< a, then 
there are no solutions. 

132. Ifa <0, then i#<x<(i+t V1 —4a)/2; if a = 0, then 
there are no solutions; if0 << a < 1/4, thena <x < (1 — YW 1—4aV2, 
Q+YW1—4a/2<r<1; if 1/4<a<1, then a<cx <1; if 
1 < a, then there are no solutions. Hint. To make the solution more 
illustrative, construct the graphs of the functions z* and « — a. 

133. (4; 1.5). 1384. a << —2. 135. | a | > 

137. (a) log, 30 > log, 60; (b) log, 75 eer 9 11. 

139. {—2; —1; 0; 1}. 

144. x, = 1, y, = 0; z, == arccos (1/3); Y2 = (nm — arccos (1/3)?, 
ry == 1 — arccos (4/3), Y3 = ‘Gareces (1/3))2. 

145. (2; 2). 146. (4; 2 

147. (a) An open ray Ae froin the point (8/7; 9/7), passing 
through the point (5; 0). (b) The interior points of the quadrangle 
ABCD with vertices A(—2; 3), B(0; 1), C (4; 2), D1; 3) and the 
points belonging to the interval BC. 

148. (0; 1). 149. 5. 


CHAPTER 3 


1. (a) 1/15; (b) & (k -- 4), if k 
2. (a) 27; (b) 2 (c) 3; 14; (d) 10, “tb < < 10; (e) 3; (f) 10; 15 2}; (2) 
{O; 4; 2; 
3. (a) a 2; “oy (b) {43 9; 14; 15; 35}. 4. (a) 870; (b) 435. 
5. 12. 6. 16. 7. 219. 8. 576. 9. 18; 10. 10. 18. 14. 4060. 
12. 72. 13. (a) 120; (b) 60; (c) 420. 44. ar 
15. 5040. 16. 15 625. 17. 12. 18. 16. 19. (m + 4)! mi. 
20. 945. 21. 330. 22. They may not be enough. 
_23. If n< 7, then there are less numbers “witli the digit 9; if 
> 7, then there are more numbers with the digit 9. 


“OA. (a) (x + 4)? = x? + 728 4+ 2iz® + 3524 + 352% -+ 212% + 


7x +4; (b) (/ 4- y 2) = a5/2h-5/2 — 5a8/2h-3/2 + 


40a!/2b-2/2 — 10a-1/261/2 + 5a-3/2b3/2 — @-5/205/2, | 
25. (a) 89173 — 109 |/ 2; (b) 16. 
26. (a) 17160? V/ ab?; (b) 5005; (c) 153 Y/ 2 28; (d) C135 )x198°, 
27. (a) 60; (b) 625; 7000; 7000; 1120; 16. 28. 32. 
29. (a) 27/64; (b) As 40 50°C%. 30. (a) 378; (b) 245. 
31. (a) —1; (b) 1/46. 33. (a) 41/4 4; (b) Jey 2) 0; (d) 5/12. 
34. 5/36. 35. 93/168. 36. 120/343. 
38. 164/1081. 39. (a) 9/17; (b) iT. 
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CHAPTER 4 
1 (a) ett = sin ee (b) seg B= x 
4 ws AIA 
| I, ao __4)2/3 : ae =z, A 
tan ae 2 pe I (22 —1)2/3-+- C; (c) ; In|2z-+5|-+4 cot 5 f 3 A 


sin 3z2+C, 
2. (a) 2 Vi— cos 2241) cos 3— 4; (b) In Jz — 3] + 


{ 4 
pea a —Iln 1— > e?, 
a 3 bs] 
3. F (2) =-3 sin dz + 7 cosz+—-. 4. f (z)=2 e3x 4a, 
5. In the interval (—3; 1) we have ee z2— 


6z+C; in the interval (1; 3) we have F(x#)-=—@(z)+C for 
xr<2 and If (2)=9(@)-+¢ for zx >2, where p(t) == 3 — 


x? +- Sz. 

6. 2. 7. Not always. 

8. Not always, for instance, f(z) cosz, F (z) = sinz -|- 3. 
9. Yes. 


tl ~J 


10. (a) + 8 — 5 cos set e2X 1 C; (b) 4 cos 7t— 
u 2 7p { 2 . 2 
To cos5t+C; (c) 7 x7] +2r+—> 4 +C; (d) _— 7 la oe 
12 


2 
$2 ion 4.6; @) Ain feu 4142 ue rze; —() 


2 
zt+C,ifr>1, and — +2146, if w2<1; (g) —InJ1+ 


cosz|+C. 
11. (a) —zcosz-+sinz+C; oi z* Sinz -+ 2rcosz—2sinz+C; 


(c) (22 —22-+3) e*+C; (d) (=> sin Tirana! 
12, (a) 3.5; (b) 43 (c) sps-3 * (sin g—sin2); (d) © ln ; 
(e) 2 (84/5 24/8) (f) fea (zg) sin 14-cos 1— 1; 
(h) 4/(21n 2); (i) 4. ; 
7 7 — 
13. 4. 14. ae : B= >— 3nd? * 15. V 2m 
—1+ Y1i+8nx 


2 e 
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CUS U 
x 


16. (a) (x+4)e%; (b) —22tIn(i+e'); (c) —sinu-e 
sin? (2 cos u-+5)— cos u-e*!" &. sin (2 sin u-+- 5). 


17. (a) 15 (b) 5/42; (c) e+ 2—2 (d) S42 (e) 8/3 () 3— 


3 37 Y37—55 e . 45 
eer iemane 3. we We ae ee ae nes J acces (TE) 
tind’ (g) 71n3; (h) Bh ; (i) 9—41n4; (j) i In 2 

18. In2—2. 19. 0<a<i/6. 20. 200/243. 

21. 1/8. 23. = (37—15). 24. = wt, 

; > 3a+1 

oO) So Tent ¢ WiSaet () anes: 

Qn 3na V2 “ n 
ee ae. i ee ee fi eee 
 “atnery “| geFfayipoay Ete ZR 
if0O<e<i. 

CHAPTER 5 
oO. BO. $V3 0 5, ab. 6 1/4. 
V 4h? a? 4 4 
7. aaah fas 2-V da: we a 8. Vanes 9, 3/4; 1/3. 


10. a 11. Yn+2. 12. 20 cm?. 13. 2/1. 
SS (S,+ 5.) (S.+S3) : 15. 4/2. 


Me "S2 (S3— S158) 
/ na?+-mb? nat+ mds 1 >= 2rh 

16. . 17. — 2152+ 6ab. 19. —————, 
Va pee Vh(h—n) 


20. m(p+1)+p(nt+41)+n (m+4)+4. 24. +8. 


ae 3 7 
99, miamn+n 93 5/8 4/4. 2. Sa. 


(m-- n)? 
ou 77% 4 Ve a 
29. 77° 26. 


27. Hint. Draw a i line, through the points D and A, till 
it meets the line BM. Show that DM is a median of the resulting 


triangle. 


r | 2 3 
28. CV ee . 29. a . 30. R/3; 3R. 
4a V 4a? — B? 


st. 2V2 p32, SV pe 35, 0/2; 1/20, 
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eS oar eee ae ae eae 
34. / 2 R. 35. 6 cm?. 36. Y3/2. 37. 3/2. 
38. (n—m)/2m. 39. arctan (1/2). 40. 144 cm?. 

4A. Ym?+mn; Vn?+mn. 42. 2 (55V2+4 V3). 43. (V 41—4)/4 
44, Use vector algebra. 45. Use the result of Problem 44. 

46. a (R + n)/R. 47. 2. 48. 20/17. 49. 8 cm. 50. 12 cm. 

51. Y 7/2 om. 52. 3/2. 53. 8:7. 54. (2n + 1): 4. 


55. m/2; x/3; 6. 56, —UTe—*) irae. 


b—n 
57. 1/4, 58. 3.59. V4/3 — 3. 60. 0/3; 1/12; 70/42. 
b ) , 3 4. 3 Se as ace ee 

61. 8 (1—cos a) . 62. oy #- 63. To ; 3: 64. 2 arctan (6/7). 
65. 2 sin? a. 66. 2 cot? a. 67. 2 sin? a. 

4a cos? a sin2a , 
68. “1+-4 cos? a . 69. m3. 70. i a*, 

4 mm. On a te ae 
71. a A. 72. zi gi ez (see solution of Problem 15°) in 
Section I). 
CHAPTER 6 


1. A circle with diameter 40, where A is the given point and O 
is the centre of the given circle. 

2. A circle with centre at the midpoint of the segment AO (A 
being the given point and O, the centre of the given circle) and radius 
half that of the given circle. 

3. A circle with diameter AB. 

4. A circle with radius |A2B| and centre at the point B. 

5. A triangle OM,M,, where M, and M, are points lying on the 
sides of the given angle at the distance 7 from the vertex O. 

6. A segment. 


V2s— Tab 


8. A circle with radius and centre at the midpoint 


of the segment AB if 2s > | AB |?; a point (the midpoint of the seg- 
ment AB) if 2s = |AB|?; an empty set if 2s << |AB|?. 
9. A circle of diameter AB, the points A and B exclusive. 

10. A segment connecting the middle of the base w‘th the middle 
of the altitude dropped to the base. 

41. our points: the centre of the circle inscribed into the triangle 
formed by the given lines and three points which are the centres of 
the circles each of which touches one side of the indicated triangle 
and the extensions of the other two sides of that triangle. 

12. A circle with centre at the point C and radius |AC|, the 
point A exclusive. 
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i3. The line containing the hypotenuse. 
14. An octagon whose four sides are congruent and parallel to 


the sides of the square and are = a distant from the centre of the square. 


15. The line of intersection of the planes which are perpendicular 
to the sides of the trapezoid and pass through their midpoints. 

16. Four straight lines perpendicular to the plane a and passing, 
respectively, through the four points of that plane which are indi- 
cated in the answer to Problem 41. 

17. If A ¢ 1, then it is the line lying in the plane passing through 
Land A, parallel to J, not passing through A, and lying at a distance 
from JZ equal to the distance from A to l,. If A € l, then it is the line J. 

18. A straight line which is perpendicular to 2 and _ passes 
through A. 

19. If A ¢ 1 then it is a circle with diameter AA,, where A, is a 
point symmetric with respect to the point A about the line lJ. If A € 1, 
then it is the point A. 

20. A sphere with centre at the point B and radius |AB|. 

21. A sphere with centre at the point B and radius |AB}. 

22. An arc of a circle with diameter OA (O being the centre of the 
bail and A being the point of intersection of the given line 2 and the 
plane a which is perpendicular to 2 and passes through @), lying in 
the plane a and contained inside the ball. 


23. A sphere of radius vs R whose centre coincides with the centre 


of the given sphere, 
_ 24, Let h be the distance between J, and l,. If h = 0, then it is a 
circle with centre at the point of intersection of the lines J, and J, 


Fig. 283 


and with radius a/2 (Problem 2 in 14.2). IE[O<h<a, then it is a circle 
lying in the plane equidistant from the parallel planes containing 1 
and 2,, with centre at the midpoint of the common perpendicular o 
the lines 7, and J, and with radius |/ a? — h?/2 (for h = a the circle 
degenerates into a point). If kh > a, then it is an empty set. 

40. The point of tangency of the circle passing through the points 
A and B and the side of the angle. 

42, Hint. Consider the points symmetric with respect to the point 
M about the sides of the angle. 
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44, The pedestrian can be at any point of the figure bounded by 
two arcs K,K, and Kyk, (Fig. 283) and four segments A K,, K,A;4, 
A, Kg, KA. At the initial momen the pedestrian was at the point O; 
OA] = = 6 km, |OK,| = 3 km. 


CHAPTER 7 


2. It does not. 

6. If a! B, then y must be drawn so thal y 1a@4 @; if at B, 
then y should be drawn parallel to the line of ideroee tion of the planes 
am and 6. 

7. 1f the given lines are not parallel. 

9. Suppose a> a, @ || bs B= b, B || a. The problem has no solu- 
tions if M€a@ but M ¢ a, or if M €B but M € b. 

10. It is not unique. 11. (a) They can: (b) they cannot. 

12. (a) It can; (b) it can; (c) it cannot. 13. (a) It cannot; (b) it 
cannot; (c) it can. 


19. va a2, 20,4: 2.24. m —n-+ p 


22. 2:14, reckoning from the point M. 23. 1: 5. 

24. 2:3; 41:4. 25. 2:9. 26. 3:1, reckoning from the point K. 

a eae reckoning from the vertex S. 28. 2: 1, reckoning from 
the vertex S. 29.3: 7, reckoning from the vertex A). 30.5: 4, 
reckoning from the vertex B. 

31. a 2 ge Aa 


ae. 


33. A ae passing ee the midpoint of the edge AB. 
35. V2 36.1. YEa; 9, 4. 
3 V5 
3 ma — 


37.3 /4. 38.14/38, 39.4, 40, Sa. a. SO. 45, AP = 


5 — 4 —> — — 
a+ Fb+e, AQ=—| (4a+5b+4c). 46, MN=(1—1) AB+ACD. 


34. mpin. 


we 
49.4/4; 3/4. 50. sys. 54. 3:5. 


54. arccos (2/3); arccos (2/3); arccos (4/3). 
55. (a) arccos (1/|/ 10); (b) arccos (4/j/ 10); (c) arecos // 2/5. 


56. arccos (1/2 // 3). 57. a@/2; (n—a)/2. 58. (a) arccos (1/6); (b) 
arccos (5/6). 


(VY 3—1) -~/ 1 
59. a 60. a V2 (—-a). 
61. It does not exist. 64. arccos (=+ cos? a | 2 


65. arccos (5/(3 / 6)). 67. 2/3, 
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68. )/ b?— 2a? (1 + cosa); b> Ya. 69. a/f/2. 
38 


70. 1/1 2. n. V2 «, 72. au" 73. (a) ua a; 


(b) are a, 


74. n2/1, reckoning from the vertices A and D. 
75. 3/2, reckoning from the vertices D and B. 


76. c/Y 10. 77. V 23 a. 78, a; 3a. 79. a; ———. 
- 6 2V2 
83. arccos —z) . 84. —3a?, 
86. Assume that M and N are the midpoints of the segments AC 
and BD, p= (| AC |?—| BD |?). If M = N, then the desired set is: 


(a) the entire space for yp = p; (b) an empty set for yp  p. lf M 4 N, 
then the desired set is a plane perpendicular to the line MN. 


87. 8b2 + 4a2 (2+ V2). 

88. The midpoint of the segment PQ, where P and Q are the mid- 
points of the segments AB and CD (if the segment degenerates into a 
point, then this point is considered to be its middle). 


a2, 82. arccos (cos B— cosa). 


CHAPTER 8 

—14+2YV3. 772Y3 . 74 V3 
ee oa: ane =~), 
c (8 z2VS UA+2Y3. ae) 
9 . 9 ; 9 3 


6. m—2arcsin . 7, aY 1—2¢08 a. 


1 
V5 =e = Ss 
8. Zt: 9. SH=SA—SB-+SC. 10. a. 


73 S cot (a/2); (b) / 3S tan. 


4, V4 og 45. Sa, 17. at, 


2 
18. \/ b?—7a?, 1/b?—3a?. 19. 4 


20. (a) 2V1 a; (b) Vie. 21. y+ a. 


a. 


24. 


34. 
vertex 


36. 


arcsin (1/Y 3). 33. 
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ee Ns es ee | ee 
» (a) 357 CT (b) aR 2 23. ey 


(a) VE os, (b) 3 V'15 a®, 25 


4 
— gi sin2 
3 16 - asin? a. 


. 1/2, reckoning from the vertex S. 27. a3/6. 
.2Y 2a. 30. 2a V/ 1—cost a cos? B 


. 1/6. 32. (a) hy = Ay =A, =arecos (1/3); 


ay 3sinae 
4sin§ 


429 


al V6 al2y/ 6. 35. (a) 2/1; (b) 14/4; 2/3, reckoning from the 


arcsin (4/3). 38. 7. 39. 37/30; 0. 


40. (0; 0; 3), (0; 0; —2.5). 
41, D (4; 4; 1), Ay (45 3; 3), By (3; 4; 2), D, (13 6; ); 73. 
2 g2 
\ ennai 3 eV Baa 1) eee |p 
4Y2 4b V5 
45. 4 8, 46. 2/Y3. 47. 4.5 cm?. 48. 0.30. 
49. 10/6 cm. 50. 4.5a. 
M.ioao<l<a V 3, then a 2+ VS al -{-]?; if 2 > 
ra 9 9 9 
ays, then p= a a®- ]?, 
2, arcsin ( sin +) 
52, ares Sin @-cos a hs 
o4. arcsin ( = sin @} . 54. arccos Y —cos a. 
9). (a) arctan V 2; (b) ahr (c) eeoe: (d) arccos a 
3 ee V14 ° 
56. arctan V5. 57. (a) arceos (b) arecos =, 
b Y 4a?— b? | coe tey i 
58. (a) “~heosa. ’ (b) 6 cm$, 59, arccos (--cot @-cot yp). 
a oe ae V 2(1-+cos «)3/2 
». are : 7 ne ee ii eal ieestred Sa 
G0, man | 5 sin @-sin | 61. 3¢. 63. G+2eo aye" 


04. 


—. 65. 3a°. 66. arecos — , 
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67. 2 arecos —* Fan. 69. 3 )Y3a. 
2 sin = 


70. ay/ ta eeee M1. Qaresin 


a a ° 
V 2cos > 
a* 2 
72. [> in all cases. 73. = 38 sin? — 5 V cosa. 
7¥3 , UP cc eae 
74. a i 75. “g Sin 2a. 76. on — tang. 
77. + 8 VSsind tan 8. 79. 3:1. 80. sr . 81. mnp: ti. 


82. (a) 13:23; (b) 5:19: (c) 19:44. 
85. 9:5. 86. g2(3+4):(1+39). 87. - V (@—b%) (a), 


88. ss cm’; a cm. 89. pV. 90. 4 a, 

91. _ (AY 3cot p)* tang; m=—arctan (3— VY 3). 

92. 4V. 93. >. 94. 2-V. 95, ch A V. 

6. (S4 pte) md ate (S4h— A) 
if £44 ge > 0 

97, (20-14 72): 1. 98. sea V. 99. ave a3, 


100. (a) 2a; (b) Fig a. 101. (443 V6): 49. 


102. ~ (2 V2— V3) cm. 


CHAPTER 9 


1, r=h=7Vin. 2. 2038/3. 3. ig V. hay. 


5. na? V 23/9. 6. 70/8 V3. 8. 20n/9V3. 9. VILR/3, Y3R. 
10. One cylinder of radius (aC/3)/ 2) and three cylinders of radius 


al\/ 2. 


if. 


13. 
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2 arctan (2/3). 12. Ra t. 


If 2a < n/2, then the ee section has the greatest area equal 


to a l2 sin 2a; if 2a >> 2/2, then the section formed by the plane, 


2 


making an angle of arccos (|/ 2 cos «) with the axis, has the greates! 


vrea equal to > P. 


14. S (5/2; 5/2; 1), Ssec = 57/18. 15. 22.0. 
€ 
16. = a8. 17, = a®, 48. arccos (— 4/74). 
19. 2arctan Y Sin (@/2). 20.% 5/30 cm’. 24. 72/6 V3. 
22. 2(VY2—1)R. 23. 16 V3r. 24. 1:2. » . 
oe a _ Ray 
o7, £4 ns, 2g, © us Vv. 29. n/5V3. a0. OV S44n oo 
84 27 
mA V 2--5) 5) 18 Vf 2—20 
3f. aaa) ee o. sek 3] Tt. 
Vy 41 4sin?acosa 
4. a. 35. Sra FP. 
a DEV aV/ 3sina 
36, a. 37, =" — a. 38. heap By 
39, — 2. 40. V 3r. ena ee 
AY2- 3 3 
a 
43. (a) r: R--2Y 3-3; (b) 30°. 47, a" r. 


Visa. 49, £2V3 ae, 50, ov 7 


48 iG 
st. 2 om, 52, Y3+1 4 53 ~~ 

379 4Y/ 2 2 
54 tls cm; 104 cm. 99 an . 56. 2 Y2a 

7 7 V3 5+ 1 
57. arccos =. 58. It is true. 59. s. 

Rr 
| ete 2- 2. 2 
60. Ree ee) ia (b) 2a7; (c) 8a. 
62, re, 63, V3tV2 | gg 5. 

- 23 16 

2 3-3 . ; 

65. 5 maz, Hint. Consider the tetrahedron homothetic 


Lo the given tetrahedron, with centre at dA and the coefficieni 2. 
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67. 4.52a8, 


68. ‘The length of the base is +P, the length of the lateral 


side is =P. 
(n +1) (m—1) 5 oy 
9, 7 0. V/V 3. = V. 
ear reeeer yer al VIVA. Th. sa) 
Ss 


72. 28. 73. arecos(V/h—2). 75. arcsin ae 
es | 


76. arecos (——=-) , 717. 1:9. 


78. R (external tangency), 


3V3414+V 10462 
9 


3V2-1+V10—6y2 
9 


79. ab/2c, be/2a, ca/2b. 

80. d, = dg =—rcosa V1 -+ sin? a, | AB | = 2rcosa. 
81. 0.5 Yn (n + 2) a. 

82.4:(2Y2-+ 2):4; 17: (6 72+ 2):17. 

83. 0.5 r;3 1.5 r. 84. 7 (74.5 + 1). 85.1:2:4. 


86. —. 87 r. 88. (6-+-3 72) V. 


9) 
3 V3 
89, 2 arctan sina. 90. 2 arctan (3/2). 


R (internal tangency). 


APPENDIX 
1. —10. 2. {1 On, +a}. 3.9/2. 4 a< 4. 


5. 3. 6. {—1}U[2; +0). 7. — 42 + ont, ke. 


8. yore. 9, {6, 10, 14, 30, 42, 70, 105, 240}. 


10. (3— /5)/4. 44. + tak, kEZ. 12. M4 
13. 2,= —63/4, tr. = — 23/8. 14. n/4, m/4, 3/4, 30/4. 


15. 14/7170. 16. (—co; —2[U] 2; too). 17. ¥7 m. 
18. The point of minimunn is e; the intervals of decrease arc (0; 1) 
and (4; e], the interval of increase is [e; ++ 0). 


19. 60 km/h. 20. a + 2nk, —- +201 (k, 1€Z). 


ANSWERS TO PROBLEMS OF SECTION II AND APPENDIX 433 


21. The point xz = 0 is a point of minimum, the intervals of de- 
crease are (— oo; 0] and (1; -++ oo), the interval of increase is [O; 4). 


22. 310 + a. 23. tats k, ke Z. 
24. (— o0; —14/3) U (4; + oo). 25. {1/16, 4}. 
26. 40 kopecks, 60 cope: 80 kopecks, and 4 ruble, 


27, —62. 28. —1. 29, —2+mk, arctan 7+n/ (k, 1€Z). 


30. 13 2 . 31. 164850. 
32. For a€ (0; 1/2], BE (0; 1/2], a -& B there are two Solutions: 
V V 
snapo: " sinla pps oo ey enter as 
, a (YV ; _ 40 
there is one solution: sin (a8) here v= sin? @-cos xX 


sing - sin B. 


33. {(45; —412)}. 34. {—6n, —=, of. 


35. 100. 36. 4%, i a+ ah, ke’. 


37. (0; 8/5) Y pos + oo), 38. z = 3. 

39. —135/4. (— 0; —4) J [—3; 3) U [6; 00), 
41, 24: 0. 42, BUS. 43. 3nR3. 44. 100 tables and 400 chairs. 
45. {0, 4/3}. 46. (0; 4] U [4; 161. 


47. + kn, arctan2-+kn, k€ Z. 48. —24. 


49. 1/3. 50. + = 4 mk, k€ Z. 


51. A’ = (6; 3), M’ = M, C’ = (7; 9). 
52. C8, < C3, + C4,, (6, 7, 8, 9, 10, 14}. 


58 e+ 44, aie 54. (b) (10/3; +00). 


55. 1 + Qnk, + > + 2a (k, 1€ Z). 


a {10}. 57. 9. * 2a. 59. 0. 60. 12 — 5 In 5. 
. Hint. Under the homothetic transformation with centre 
(ACI 1 [BD] and the coefficient —| CD |/| AB |, the square con- 
structed on [AB] passes into a square constructed on [CD Di. 


62. (—3; —1). 63. 2 arctan 2-+ 27k, - arctan 2 — 5 + 2n1 


2 2 
(k, LEZ). 
64. The ratio between the volumes of the “upper” and “lower” 
polyhedts is 3/5. 
5. (—41; + 00). 66. {(4/2; 1/4), (1/8; 64)}. 


434. ANSWERS TO PROBLEMS OF SECTION II AND APPENDIX 


67. 50/12, 52/12, 7/12, 7nx/12. 68. =, ank——, ke Z. 
69. If V,/V,=2, then ¢t,/t,=2/3. 
70. arcsin 2 (v3—1) . a -—= 


8 e 
72. {(/3; 1), (7Y3; —1)}. 
~ % Ff 3 
73. V3 —1. 74. {—+, 2? =a}, 
75. If the base of the isosceles triangle obtained in the section 


2 
lies on the plane ABCD, then s- 
sin? a 


plane CDD,C, (or on the plane BCC,B,), then S= 


; if it lies on the 
a 
2y —cos2a ° 
4 492 7 = 4 19Q 
76. b>0, a€ (— / x, —¥>) U (¥ b; ye ») or 
bh <Q, a being any number. 
77. 294840. 78. For a€[0; 4), rc=ak, for a ¢ [0; 4), c—mk and 
= pas edeos ee ke€Z 
oo Sea 2(a—1)’ : 
a sin? (2/2) 
y/ 2 cos (a/2) (14-+ 7 — cos a)” 
82. 2nk, > 420k, kEZ. 83. (4; 3]. 
85. 6-+6. 86. Three sons and 2 daughters. 


1 wk : = 
87. aa ke Z. 88. {20}. 89. pa 10. 


79. 80. a=(2; —2; —-2). 81. 0. 


90. eine t)) | 1. * mis, < m/s. 


m =, mk 30 3 ¥30 
92. sk, a + > kEZ. 93. —z— cm, to om 
‘6 w¥-2 

94. {1/2} U (—0o; 0). 95. 5 ~ a3, u) a3, 
96. E42 k, KEL. 97. (0; +00). 98, b= 2a/3. Vas aH 

4, (tang+1)% = 
99. 13. 100. faa —antg? g = arc tan 2. - 
104. 32. 102. (0; 1/2] U (8; 16). 103. 576. 105. 87/2. 
106, [ 22 M1 —7+2y e. 

5 5 

107. (—1/6; 1/3] U [52/3; 6). 108. aR. 


109. 720. 410. (13 72) U (2; 4-00), 111. m4 20k, kEZ, 


List of Formulas 


TRIGONOMETRIC FORMULAS 


1°. Formulas for solving equations: 
sinz = a, z= (—1)" arcsina + an, n€Z (|a| < 1); 


cos z = a, x = +arccosa + 2nn, n€Z (la| <1); 
tan x = a, z = arctan a + fn, n€Z (a € R); 
cot z = a, x = arccot a -+ Xn, ne Z a€R); 

sinz=0, z=n; 

sinz=1, = + 2nn; 

: qt 

sinz= —1, T= ~~ 2aN; 

cos z=), b= an; 

cos x=1, z= 2mn; 

cosx=—i1, r=n-+2nn, 


where n€ 7. 2 
2°. Some values of inverse trigonometric functions: 


i 


a arc sina are cosa a arctana | arc cota 
V3 a ud 3 mz x 
2 3 6 V 3 6. 
V2 a 7 1 x mt 
2 4 4 4 4! 
as as ms =a m n 
2 6 3 VY 3 6 “3. 
4 2 an eee ee eu 
2 6 3 V3 6 3 
V2 — 3n _4 us 37 
2 4 4 A “47 
V3 _ BH Ys _= & 
2 3 6 “3. “6. 


‘he 


436 LIST OF FORMULAS 


3°. Recursion formulas: 


sin (—a) = — sina; 
sin (-—a)=sin (+4) =COS &, 
sin (17 — a) = sina; sin (xn + a) = —sin a; 
cos (—@) = cos a; 
TU P It ‘ 
cos (--—«] =—Sina@; cos (=-+¢] — --sin a, 
2 2 
cos (m7 — a) = cos (n + a) = —cos@a; 
tan (—a) = —tan a; 
tan (+-«) =cota, tan (+2) = — cot a; 
cot (—a)= — cot a; 


col (-—a) =tan a; cot (-+2)= —ftana,; 
2 2 
sin (a 4- mn) —(—1)" sin a; 


cos (a-+- mn) =(—1)" cosa, 
where n€ 7%. 


4°. Formulas which are true equalitics for all values of 
variables: 


sin? a@ -+- cos* a = 1; 
sin 2a = 2 sin a@ cos @; 
cos 2a == cos? a — sin? a = 2 cos? a@ — 1 = 1 — 2sin’ a; 


sin? (a@/2) = (1 — cos a)/2; cos? (a/2) = (4 + cos )/2; 


sin (a + B) = sin a cos B + cosa sin B; 
sin (a — 6) = sina cos B — cosa sin ; 
cos (x + B) = cosa cos B — sina sin B; 
cos (« — B) = cosacos f + sin a sin B; 
sin 3a = sin @ (2 cos 2a + 1) = singe (3 — 4 sin? a); 
cos 3a = cos @ (2 cos 2a — 1) = cos @ (4 cos? a —~ 3); 
sina cos B= 


(sin (a + B)-+ sin (a —B)); 


cos a cos f = = (cos (a+ B) + cos (a —f)); 


sina sin i= 5 (cos (a — B) —cos (a -+- f)); 


the 
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sin «+sinf =2 sin a cos 2 , 
sina—sin B=2 sin ces coe 
2 2 
cosa@-+cosp =2 cos TP cos asa: : 
cosa —cosf = 2 sin poe sin Pre : 


for all @ER and BER. 


5°. Formulas which are true equalities not for all values of the 
variables: 


Rae ore oo = tan 
for a = > , n€Z. 
2 tana 
tan 20 = 7 tant 


for a +> and @ # +a, n€Z; 


tana-+tan B 
1— tana tan B 


tan (a + 8) = 


fora+B <« +Hk, a # +a, B =< tam, k, l, m€Z; 


tan a—tan Bp 


tan (oP) sane tan 


for a—-B +S +ak,a4S+a, Be tn: kl, m€ 7; 


sin? a= lane ee 
~ 4+tan?q@ ’ ~ 4+tan?a ’ 

Sa 2tana . es 6 1— tan? a 
~ 4+tan?a ’ ~ 4+ tan?a 


fora + tan, n€ Z; 


Sin2e 1—cos 2a 


ea etc aE a 
me 4+ cos 2a ’ pene 1-+cos 2a 


for a tan, n€Z. 
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FORMULAS FOR LOGARITHMIC FUNCTIONS 


(in the indicated formulas, except for the last one, a > 0, a $ 1): 


BO 2h for b 0 


log, a&=b for DER; 

log, b¢=c log, b for b>0, cE R; 

log, 62% = 2n log, (— 6) for b<0, n€Z; 

log, be =log, b+ logge for b>0, c>0; 

log, bc = log, (— 6) + log, (—c) forb <0, c<0; 


loge = ogg b—loga ¢ for b>0, c>0; 
logy — = logg (—b) —loga (—¢) for b< 0, c<0; 
loga + = —loga t for b> 0; 


loge b 
gel dala for b>), c>Q0, ee 1; 


1 
BS a or for b>0, bx 1; 


log,.« bat log,b for c #0, b>0; 
log yanb = logy_g)b for n€Z, n= O, 
a<0,a~ —i, b>0. 


FORMULAS FOR THE VOLUME OF SOLIDS 


The volume of a rectangular parallelepiped with the dimensions 
a, b,c: 


V = abe; 
the volume of a prism: 
V= HS, 
where H is the altitude, S is the area of the base of the prisin; 
v=I1S,, 


where / is the length of the lateral edge, S, is the area of the perpen- 
dicular section of the prism; 
the volume of a pyramid: 
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where H is the altitude, S is the area of the base of the pyramid; 
the volume of a truncated pyramid: 


4 —— 
Vay (Sy+ V S1S2+Ss), 


where H is the altitude, S, and S, are the areas of the bases of the 
truncated pyramid; 
the volume of a cylinder: 


V = xnR?H, 


where R is the radius of the base. H is the altitude of the cylinder; 
the volume of a cone: 
1 
V=— nR2H, 
3 
where R is the radius of the base, H is the aliitude of the cone; 
the volume of a truncated cone: 


Vagal (R4+/Rr+7), 


where H is the altitude, R and r are the radii of the bases of the trun- 
cated cone; 
the volume of a ball: 
4 
V =— oR’, 
3 
where A is the radius of the ball; 
the volume of a spherical segment: 


H 
V=ni?(R——), 


where #H is the altitude of the segment, R is the radius of the ball; 
the volume of a spherical sector: 


2 
V =— xn Re 
3 7 H, 


where RF is the radius of the ball, H is the altitude of the spherical 
part of the sector; 

the volume of a solid of revolution: assume that a curvilinear trape- 
zoid is bounded by the graph of the continuous nonnegative function 
f (x), z € [a; b], the lines z = a and x = 3, and by the abscissa axis. 
Then the volume of the solid resulting from the rotation of that 
trapezoid about the abscissa axis can be calculated by the formula 


b 
V=n \ f? (x) dz. 


a 
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FORMULAS FOR THE AREA OF A SURFACE 


The area of the orthogonal projection of a polygon: 
Spr = S cos Q, 
where S is the area of the polygon, Spr is the area of the projection, » 
is the angle between the plane of the polygon and the plane of the pro- 
eae ‘area of the lateral surface of a prism: 
S=P,-l, 


where P , is the perimeter of the perpendicular section, J is the length 
of the lateral edge (for the right prism, P , is the perimeter of the base); 


the area of the lateral surface of a regular pyramid: 
4 
= P-h, 


where P is the perimeter of the base, A is the apothem; 
the area of the lateral surface of a regular truncated pyramid: 


4 
S=z (Prt P.) hy 
where P, and P, are the perimeters of the bases, h is the apothem; 
the area of the lateral surface of a cylinder: 
S = 2nROH, 
where Ff is the radius of the base, H is the altitude of the cylinder; 
the area of the lateral surface of a cone: 
S= 1Rl, 
where RF is the radius of the base, / is the length of the generating line; 
the area of the lateral surface of a truncated cone: 
S=n (Ry =e R,) +l, 
where RA, and R, are the radii of the bases, J is the length of the gen- 
erating line; 
the area of a sphere: 
S = 4nR2, 
where f is the radius; 
the area of a spherical segment: 
S = 2nRH, 
where F is the radius of the sphere, /#/ is the altitude of the segment, 


R 
° 
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TABLES OF TRIGONOMETRIC FUNCTIONS 


sin @ 


tan @ 


0.0000 


cot @ 


> > DO OT 
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moO WR 
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Qo 
bo 


= 
AS 
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a 
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bo 


| 


COS &@ 
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ae | ° pace sina | tana ac | rag; sina | tana 
0 0 0.000 0.000 94.7 14.6 4.000 —34.23 
5.73 0.4 0.400 -+0.100] 97.4 1.7 0.992 —7.697 
44.5 0.2 0.499 -+0.2031 103.4 1.8 0.974 —4.286 
17.2 0.3 0.296 ~+0.309] 4108.9 1.9 0.946 —2.927 
22.9 0.4 0.389 +0.4231 144.6 2.0 0.909 —2.185 
8.7 0.5 0.479 +0.546 120.3 2.4 0.863 —1.740 
34.4 0.6 0.565 +0.684| 126.1 2.2 0.808 —4.374 
40.1 0.7 0.644 -+0.842/ 131.8 2.3 0.746 —41.149 
45.0 > 0.707 +4.000| 435.0 a 0.707 —4.000 
45.8 0.8 0.747. -|-4 030 137.5 2.4 0.675 —0.916 
514.6 0.9 0.783 +4.260| 143.2 2.5 0.598 —0.747 
57.3 1.0 0.844 +4.557| 149.0 2.6 0.5146 —0.602 
63.0 1.4 0.891 +4.965) 4154.7 2.7 0.427 —0.473 
68.8 1.2 0.932 +2.572| 160.4 2.8 0.335 —0.356 
74.5 1.3 0.964 +3.602| 166.2 2.9 0.239 —0.246 
80.2 1.4 0.985 -+5.798] 174.9 3.0 0.144 —0.143 
86.0 1.5 0.997 +44.10 ] 177.6 3.1 0.042 —0.042 
90.0 > 4.000 = 180.0 = 0.000 0.000 
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